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Guaranteed positional guidance problem at the (pre-defined)
time

ẋ(t) = A(t)x(t) + B(t)u(t) + c(t), t0 ≤ t ≤ ϑ (1)
Open-loop control (program) u(·) is
measurable.
u(t) ∈ P ⊂ Rr , P is a convex compact set
x(t0) = x0 ∈ X0 ⊂ Rn, X0 is a finite set
x(ϑ) ∈ M ⊂ Rn, M is a closed and convex
set

Observed signal y(t) = Q(t)x(t), Q(·) ∈
Rq×n is left piecewise continuous

Problem statement
Based on the given arbitrary ε > 0 choose a closed-loop control strategy with
memory, whatever the system’s initial state x0 from the set X0, the system’s
motion x(·) corresponding to the chosen closed-loop strategy and starting at the time
t0 from the state x0 reaches the state x(ϑ) belonging to the ε-neighbourhood of the
target set M at the time ϑ.
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Guaranteed positional guidance problem by the
(pre-defined) time

W ⊂ (t0, ϑ] is a given finite set of admissible guidance times (AGT), and for each
t ∈W a convex closed non-empty target set M(t) ⊂ Rn is given.

Problem statement
Based on an arbitrary given ε > 0 it is required to construct such a closed-loop
strategy, that for any admissible initial state x0 ∈ X0 the motion x(·) of the system
(1), starting from this state at the time t0 and being driven by the constructed
strategy, is guided on the ε-neighbourhood of the target set M(tx0 ) at some time
tx0 ∈W
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Homogeneous signals

Homogeneous system, corresponding to (1)

ẋ(t) = A(t)x(t)

For each x0 ∈ X0 its solution is given by the Cauchy formula:

x(t) = F (t, t0)x0; F (t, s) (t, s ∈ [t0, ϑ]) is the fundamental matrix.

Homogeneous signal, corresponding to an admissible initial state x0 ∈ X0:

gx0 (t) = Q(t)F (t, t0)x0 (t ∈ [t0, ϑ], x0 ∈ X0).

Let G = {gx0 (·)|x0 ∈ X0} be the set of all homogeneous signals and let X0(τ |g(·)) be
the set of all admissible initial states x0 ∈ X0, corresponding to the homogeneous
signal g(·) ∈ G till time point τ ∈ [t0, ϑ]:

X0(τ |g(·)) = {x0 ∈ X0 : g(·)|[t0,τ ] = gx0 (·)|[t0,τ ]}.

5 / 27



Package guidance problem by the time

Program package is an open-loop
controls family (ux0 (·))x0∈X0 , satisfying
non-anticipatory condition: for any
homogeneous signal g(·), any time τ ∈
(t0, ϑ] and any admissible initial states
x ′0, x

′′
0 ∈ X0(τ |g(·)) the equality ux′0 (t) =

ux′′0 (t) holds for almost all t ∈ [t0, τ ].

A program package (ux0 (·))x0∈X0 is guiding by the time, if for any x0 ∈ X0 there is
tx0 ∈W such, that x(tx0 |x0, ux0 (·)) ∈ M(tx0 ). Package guidance problem by the
time is solvable, if there exists guiding by the time program package.
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Package guidance problem with a family of AGT

Admissible guidance times (AGT) family is an arbitrary family ω = (tx0 )x0∈X0 of
the elements of the set W .
Program package (ux0 (·))x0∈X0 is guiding with the AGT family ω = (tx0 )x0∈X0 , if for
any x0 ∈ X0 holds x(tx0 |x0, ux0 (·)) ∈ M(tx0 ).
Package guidance problem with the AGT family ω is solvable, is there exists a
program package, guiding with the AGT family ω.

Lemma 1

1) Program package is guiding by the time if and only if it is guiding with some AGT
family.
2) Package guidance problem by the time is solvable if and only if a package guidance
problem is solvable with some AGT family.
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Problems equivalence

Lemma 2

Let the package guidance problem by the time be not solvable. Then the guaranteed
positional guidance problem by the time is also not solvable.

Theorem 1

The guaranteed positional guidance problem by the time is solvable if and only if the
package guidance problem by the time is solvable.

Задача гарантиро-

ванного позицион-

ного наведения к 

моменту

Задача пакетного 

наведения к мо-

менту

Расширенная задача 

программного 

наведения с семей-

ством

Задача пакетного 

наведения с се-

мейством
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Homogeneous signals splitting
For an arbitrary homogeneous signal g(·) let

G0(g(·)) =
{
g̃(·) ∈ G : lim

ζ→+0
(g̃(t0 + ζ)− g(t0 + ζ)) = 0

}
be the set of initially compatible homogeneous signals
and let

τ1(g(·)) = max

{
τ ∈ [t0, ϑ] : max

g̃(·)∈G0(g(·))
max

t∈[t0,τ ]
|g̃(t)− g(t)| = 0

}
be its first splitting moment.

For each i = 1, 2, . . . let

Gi (g(·)) =
{
g̃(·) ∈ Gi−1(g(·)) : lim

ζ→+0
(g̃(τi (g(·)) + ζ)− g(τi (g(·)) + ζ)) = 0

}
be the set of all homogeneous signals from Gi−1(g(·)) equal to g(·) in the right-sided
neighbourhood of the time-point τi (g(·)) and let

τi+1(g(·)) = max

{
τ ∈ (τi (g(·)), ϑ] : max

g̃(·)∈Gi (g(·))
max

t∈[τi (g(·)),τ ]
|g̃(t)− g(t)| = 0

}
be the (i + 1)-th splitting moment of the homogeneous signal g(·).
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Initial states set clustering

Let
T (g(·)) = {τj(g(·)) : j = 1, . . . , kg(·)}

be the set of all splitting moments of the homogeneous signal g(·) and let

T =
⋃

g(·)∈G

T (g(·))

be the set of all splitting moments of all homogeneous signals. T is finite and
|T | ≤ |X0|. Let us represent this set as T = {τ1, . . . , τK}, t0 < τ1 < . . . < τK = ϑ.
For every k = 1, . . . ,K let the set

X0(τk) = {X0(τk |g(·)) : g(·) ∈ G}
be the cluster position at the time-point τk , and let each its element X0j(τk),
j = 1, . . . , J(τk) be a cluster of initial states at this time-point; J(τk) is the number
of clusters in the cluster position X0(τk), k = 1, . . . ,K .

Lemma 1

Open-loop control family (ux0
(·))x0∈X0 is a program package if and only if for any

k = 1, . . . ,K , any X0j(τk) ∈ X0(τk), j = 1, . . . , J(τk) and arbitrary initial states
x ′0, x

′′
0 ∈ X0j(τk) the equality ux′0 (t) = ux′′0 (t) holds for almost all t ∈ (τk−1, τk ] in

case k > 1 and for almost all t ∈ [t0, τ1] in case k = 1.
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Extended space

Let Rh (h = 1, 2, . . .) be a finite-dimensional Euclidean space of all families (rx0 )x0∈X0

from Rh with a scalar product 〈·, ·〉Rh defined as

〈r ′, r ′′〉Rh = 〈(r ′x0
)x0∈X0 , (r

′′
x0

)x0∈X0〉Rh =
∑
x0∈X0

〈r ′x0
, r ′′x0
〉Rh ((r ′x0

)x0∈X0 , (r
′′
x0

)x0∈X0 ∈ Rh).

For each non-empty set E ⊂ Rh (h = 1, 2, . . .) let us define its lower
ρ−(·|E) : Rh 7→ R and upper support functions ρ+(·|E) : Rh 7→ R:

ρ−((lx0 )x0∈X0 |E) = inf
(ex0

)x0∈X0
∈E
〈(lx0 )x0∈X0 , (ex0 )x0∈X0〉Rh ((lx0 )x0∈X0 ∈ Rh),

ρ+((lx0 )x0∈X0 |E) = sup
(ex0

)x0∈X0
∈E
〈(lx0 )x0∈X0 , (ex0 )x0∈X0〉Rh ((lx0 )x0∈X0 ∈ Rh)

11 / 27



Extended open-loop control control

Let P ⊂ Rm be the set of all families (ux0 )x0∈X0 of vectors from P.
Extended open-loop control control is a measurable function
t 7→ (ux0 (t))x0∈X0 : [t0, ϑ] 7→ P.
Let us identify arbitrary programs family (ux0

(·))x0∈X0 and an extended open-loop
control t 7→ (ux0 (t))x0∈X0 .

For each k = 1, . . . ,K let Pk be an extended admissible control set on (τk−1, τk ]
in case k > 1 and on [t0, τ1] in case k = 1 as a set of all vector families
(ux0 )x0∈X0 ∈ P such that, for each cluster X0j(τk) ∈ X0(τk), j = 1, . . . , J(τk) and any
x ′0, x

′′
0 ∈ X0j(τk) holds ux′0 = ux′′0 .

Extended open-loop control control (ux0
(·))x0∈X0 is admissible, if for each

k = 1, . . . ,K holds (ux0 (t))x0∈X0 ∈ Pk for almost all t ∈ (τk−1, τk ] in case k > 1 and
for almost all t ∈ [t0, τ1] in case k = 1;

Lemma 2

Extended open-loop control control (ux0
(·))x0∈X0 is a control package if and only if it

is admissible.
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Homogeneous signals, cluster positions and extended
open-loop control controls

Homogeneous signals splitting Initial states set clustering

Extended open-loop control control
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Extended program guidance problem with AGT family

Extended system (in the space Rn):{
ẋx0 (t) = A(t)xx0 (t) + B(t)ux0 (t) + c(t)

xx0 (t0) = x0

(x0 ∈ X0)

Extended target set for the AGT family ω = (tx0 )x0∈X0 is a setM(ω) of all families
(xx0 )x0∈X0 ∈ Rn such that xx0 ∈ M(tx0 ) for all x0 ∈ X0.
Extended admissible control (ux0 (·))x0∈X0 is guiding the extended system with the
AGT family ω = (tx0 )x0∈X0 , if (x(tx0 |x0, ux0 (·)))x0∈X0 ∈M(ω).
Extended program guidance problem with the AGT family ω is solvable, if there
exists an extended program guidance problem with the family ω.

Theorem 2

1) An admissible extended open-loop control is a guiding program package with the
AGT family ω if and only if it is guiding the extended system with this family.
2) Package guidance problem with the AGT family ω is solvable if and only if the
extended program guidance problem is solvable with this family .

14 / 27



Additional denotations

Let Ω be the set of all AGT families (tx0 )x0∈X0 . For each ω = (tx0 )x0∈X0 ∈ Ω let us
introduce the corresponding attainability set
A(ω) = {(x(tx0 |x0, ux0 (·)))x0∈X0 : (ux0 (·))x0∈X0 ∈ Uext} of the extended system.
For an arbitrary x0 ∈ X0 and an arbitrary l ∈ Rn let us introduce the function p(·, ·):

p(l , x0, tx0 ) = 〈l ,F (tx0 , t0)x0〉+

〈
l ,

tx0∫
t0

F (tx0 , t)c(t)dt

〉
(l ∈ Rn, x0 ∈ X0).

Let us denote

D(tx0 , t) = BT(t)FT(tx0 , t) (x0 ∈ X0, t ∈ [t0, ϑ]).

For each family ω = (tx0 )x0∈X0 let us introduce the set

X̄k(ω) = {x0 ∈ X0 : tx0 ∈ (τk−1, τk ]} (k = 1, . . . ,K )

and for any family of vectors l = (lx0 )x0∈X0 ∈ L(ω) let it be

lx0,ω(t) =

{
lx0 , t ≤ tx0

0, t > tx0

(t ∈ [t0, ϑ], x0 ∈ X0).
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Additional denotations
For an arbitrary family (lx0 )x0∈X0

of elements of some linear space and an arbitrary function f (·),
defined on this space let us use the following short notations:

Σ1f (Σ1,k
x0

lx0 ) =
∑

X0j (τ1)∈X (τ1)

f

 ∑
x0∈X0j (τ1)∩X̄k (ω)

lx0


(k = 1, . . . ,K , j = 1, . . . , J(τ1)),

Σr f (Σr,k
x0

lx0 ) =
∑

X0j (τr )∈X (τr )

f

 ∑
x0∈X0j (τr )∩X̄k (ω)

lx0


(r , k = 1, . . . ,K , k ≥ r , j = 1, . . . , J(τr )),

Σ1f

(
i∑

k=1

Σ1,k
x0

lx0

)
=

∑
X0j (τ1)∈X (τ1)

f

 i∑
k=1

∑
x0∈X0j (τ1)∩X̄k (ω)

lx0


(i = 1, . . . ,K , j = 1, . . . , J(τ1)),

Σr f

(
i∑

k=r

Σr,k
x0

lx0

)
=

∑
X0j (τr )∈X (τr )

f

 i∑
k=r

∑
x0∈X0j (τr )∩X̄k (ω)

lx0


(r , i = 1, . . . ,K , i ≥ r).
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Solvability criterion

For each pair of families (lx0 )x0∈X0 ∈ Rn и ω ∈ Ω let it be

γ((lx0 )x0∈X0 , ω) =
∑
x0∈X0

p(lx0 , x0) +

+
K−1∑
k=1

τk∫
τk−1

Σkρ−

(
Σk,k

x0
D(tx0 , t)lx0,ω(t) +

K∑
r=k+1

Σk,r
x0

D(tx0 , t)lx0

∣∣∣∣∣ P
)
dt +

+

τK∫
τK−1

ΣKρ−

(
ΣK ,K

x0
D(tx0 , t)lx0,ω(t)

∣∣∣∣∣P
)
dt −

∑
x0∈X0

ρ+ (lx0 |M(tx0 )) .

Theorem 3 (Extended problem of program guidance solvability criterion [1])

The extended program guidance problem with the AGT family ω = (tx0)x0∈X0 is solvable if
and only if

max
(lx0

)x0∈X0
∈L(ω)

γ((lx0)x0∈X0 , ω) ≤ 0. (2)
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Construction of the guiding program package with an AGT
family

Let the solvability criterion (2) hold. Let us introduce the function γ̂(·, ·, ·) : Rn × Ω× [0, 1] 7→ R:

γ̂((lx0 )x0∈X0
, ω, a) =

∑
x0∈X0

p(lx0 , x0) +

+ a

K−1∑
k=1

τk∫
τk−1

Σkρ−

Σk,k
x0

D(tx0 , t)lx0,ω(t) +
K∑

r=k+1

Σk,r
x0

D(tx0 , t)lx0

∣∣∣∣∣ P
dt +

+ a

τK∫
τK−1

ΣKρ−

(
ΣK ,K

x0
D(tx0 , t)lx0,ω(t)

∣∣∣∣∣P
)
dt −

∑
x0∈X0

ρ+ (lx0 |M(tx0 )) .

The program package (u0
x0

(·))x0∈X0
is zero-valued with family ω = (tx0 )x0∈X0

, if
u0
x0

(t) ≡ 0 (t ∈ [t0, tx0 ], x0 ∈ X0).

Lemma 3

Let the solvability criterion (2) for some family of admissible guidance times ω = (tx0 )x0∈X0
, and

zero-valued program package (u0
x0

(·))x0∈X0
with the family ω is not guiding the extended system.

Then exists a∗ ∈ (0, 1] such that

max
(lx0

)x0∈X0
∈L(ω)

γ((lx0 )x0∈X0
, ω, a∗) = 0. (3)
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Construction of the guiding program package with an AGT
family

Theorem 4 (Minimum condition for the extnded problem with an AGT family [1])

Let P be the strictly convex compact set, containing the zero vector inside; the condition (3) holds,
and the program package (u∗x0

(·))x0∈X0
satisfies the conditions u∗x0

(t) ∈ a∗P, x0 ∈ X0, t ∈ [t0, ϑ], Let
the clusters X0j (τk ) ∈ X0(τk ), k = 1, . . . ,K , j = 1, . . . , J(τk ) be regular, and for each of them holds

on the segments [τk−1, τk ], k = 1, . . . ,K − 1:〈 ∑
x0∈X0j (τk )∩X̄k (s)

D(tx0 , t)l∗x0,ω(t) +
K∑

r=k+1

∑
x0∈X0j (τk )∩X̄r (ω)

D(tx0 , t)l∗x0 , u
∗
X0j (τk )(t)

〉
=

= ρ−

 ∑
x0∈X0j (τk )∩X̄k (s)

D(tx0 , t)l∗x0,ω(t)
K∑

r=k+1

∑
x0∈X0j (τk )∩X̄r (ω)

D(tx0 , t)l∗x0

∣∣∣∣∣a∗P


on the segment [τK−1, τK ]:

〈 ∑
x0∈X0j (τk )∩X̄K (ω)

D(tx0 , t)l∗x0,ω(t), u∗X0j (τk )(t)

〉
= ρ−

 ∑
x0∈X0j (τk )∩X̄K (ω)

D(tx0 , t)l∗x0,ω(t)

∣∣∣∣∣a∗P


The the program package (u∗x0
(·))x0∈X0

is guiding with the AGT family ω.
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Construction of the ε-guiding positional strategy

Let us constructively define the ε-guiding positional strategy. Let us set the correction times

σk =

{
t0 + δ, k = 0,

τk + δ, k = 1, . . . ,K − 1.

Construction of the positional guidance problem takes place during the actual control
process of the system, starting from the concrete, but yet unknown point x̂0.

On each segment [τk , σk ], k = 0, . . . ,K − 1 the following procedure is applied:
An arbitrary test control is applied

⇓
The signal y(t) (non-homogeneous!) is observed

⇓
With the Cauchy formula the homogeneous signal is

derived
⇓

The cluster containing x̂0 is identified from the
homogeneous signal

⇓
The control (element of the program package)

corresponding to the cluster containing x̂0 is applied
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Construction of the guiding positional strategy

Lemma 3

Let the package guidance problem with the AGT family ω = (tx0 )x0∈X0 be solvable for
the system (1). Then such natural K̄ ≤ K exists, that max

tx0
∈ω

tx0 ≤ τK̄ , where K is the

number all the splitting moments τk , k = 1, . . . ,K of all the homogeneous signals
corresponding to admissible initial states x0 ∈ X0.

From this lemma and results obtained in [1] the following theorem follows.

Theorem 4

Let the package guidance problem with the AGT family ω = (tx0 )x0∈X0 be solvable for
system (1), and let the condition K̄δC ≤ ε, where C is some positive constant, hold
for rather small positive δ > 0. Then the closed-loop strategy S∗ = (σk ,Uk)K̄+1

k=0

corresponding to the guiding program package with the family ω is ε-guiding.
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Model example

Let us consider a dynamical controlled system on the segment [0, 2]:{
ẋ1 = x2, x1(0) = x01

ẋ2 = u, x2(0) = x02.

X0 =

{(
−2
0

)
,

(
3
2

− 1
2

)}
; M =

{(
x1(t)
x2(t)

)
∈ R2 : |x1| ≤ 1, x2 ∈ R

}

u(t) ∈ P = {u : |u| ≤ 1}, t ∈ [0, 2]; Q(t) =

{
(0, 0), t ∈ [0, 1]

(1, 0), t ∈ (1, 2].

W = { 3
2
, 5

2
} ⇒

1 ω1 = { 3
2
, 3

2
}, γ0(ω1) > 0;

2 ω2 = { 3
2
, 5

2
}, γ0(ω2) < 0;

3 ω3 = { 5
2
, 3

2
}, γ0(ω3) < 0;

4 ω4 = { 5
2
, 5

2
}, γ0(ω4) < 0.
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Model example

0.5 1.0 1.5 2.0 2.5 3.0

-1.0

-0.5

0.5

1.0

Guiding program package (u∗x0
(·))x0∈X0

with the
AGT family ω2.

0.5 1.0 1.5 2.0 2.5

-2

-1

0

1

2

System motion corresponding to the Guiding
program package (u∗x0

(·))x0∈X0
with the AGT

family ω2.

[M2]
ε(δ)

[M1]
ε(δ)

Guding positional strategy controls; δ = 0.1, ε = 0.27.
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Further steps

From the finite X0 to infinite set – approximation theorem has been proved by
P. G. Surkov [3].
From finite W to the continuous problem convergence – to be done
Minimal time problem
Numerical algorithms
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Further steps
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Thanks for your attention!


