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1 Introduction: minimum cost spanning tree situation (mcsts)

minimum cost spanning tree situation (mests) (Ng, C')

e N ={1,2,... ,n}: set of agents who are willing to be connected as cheap as possible
to a source

e 0 : source, supplier of a service
e Ny ={0}UN
o C' = (cij)ijen, : (n+1) x (n+1) cost matrix, ¢;; > 0, ¢;; =0

S C N — induced mcsts (Sy, C)

network 1" over Ny : subset of {(i,7) | i,7 € Ny, i # j}
each arc (7, 7) is undirected, i.e., (¢,7) = (J, 1) — ¢ij = ¢ji
Ts: network induced by T over S, i.e., Ts ={(i,j) | 7,5 € S}

i,7 € Npare connected in T if there exists a sequence of arcs (called path) { (i1, 4n)} _,
satisfying (i, _1,2,) € T forall h=1,... 1,7 =1y and j = 1



(spanning) tree is a network where there is a unique path from ¢ to 0 for all s € N
tree T = {(i°,4)}, 4" is the first agent (or source) in the unique path in 7" from 4 to 0

cost of a network T

¢(No,C.T) = > cij=c(T)

(¢,7)€T
minimum cost spanning tree (mt) for (Ny, C') is a tree T' such that
c(T) = min{c(T") | T" is a network s.t. Ny is connected in 7'} = min{c(T") | T" is a trec}

the cost associated with any mt T in (Ny, C') is denoted by m(Ny, C)
the minimum cost of an induced mcsts (Sy, C') is denoted by m(Sy, C') — game v (S)

mests (Ny, C') — mt T — minimal network associated with 7" (Bird)
T;; . unique path in 7" from 7 to 5

c;kj = max Cp
(k,1)€T;;

this value does not depned on T — irreducible form (Ny, C*)



mests (Ng, C)
e construction of a network of minimal cost connecting all agents to the source

— Prim algorithm 1957
— Kruskal algorithm 1956

e how to divide the cost of connecting agents to the source among them (cost
allocation rules)

— Prim algoritm — Bird 1976, Dutta and Kar 2004

— Kruskal algorithm — ERO rule (Feltkamp et al. 1994, Branzei et al. 2004)
obligation rules (Tijs et al. 2006, Bergantinos and Kar 2008,
Lorenzo and Lorenzo-Freier 2009)
generalized obligation rules (Bergantinos et al. 2007)
construct and charge rules (Moretti et al. 2007)

— cooperative game — core, nucleolus (Granot and Hubereman 1994)
Shapley value (Kar 2002)

— irreducible form — cooperative game (Bird 1976) — Shapley value etc.
optimistic game — weighted Shapley value (Bergantinos et al. 2007,8)



contruction of mt (1)

Prim algorithm

Stage 0: Let SU = {0} and TV = 0.

Stage 1: Take an arc (0, ¢1) such that cg;; = mi]e coj- Let ST ={0,41} and T' = {(0,41)}.
je

Stage p + 1: Assume that we have defined S C Ny and a tree T? on Ny. Take an arc

(g1, 9p41) With @), € SP and 4, € Ny \ S” such that ¢ ; = min ¢y Let

pHIPHL e8P 1E N\ SP
SPtt = SPU {ip1} and TP = TP U {<@'2+1> ip+1)}-
This process is completed in n stages.



contruction of mt (2)

Kruskal algorithm
Stage 0: Let A = {(¢,7) | 1,7 € Ny,i # j} and TV = 0.
Stage 1: Take an arc (i1,71) € A° such that ¢;,;, = min ¢ Let A' = A"\ {(iy51)}

(k,1)eAD
and 7" = {(i1,71)}.

Stage p + 1: Assume that we have defined AP and T?. Take an arc (7, j) € AP such that

cij = min cp. Two cases are possible:
(k,l)eAp

1. TP U{(i,7)} has a cycle. Go to the beginning of Stage p + 1 with AP = AP\ {(¢,7)}
and T? the same.

2. TP U {(i,7)} has no cycles. Take (ip11J,21) = (i,7), APt = AP U {(4,)} and
Tt =17 U{(i )}

This process is completed in n stages.



cost allocation rules v

mests (No, C) — (N, C) € RY

B rule (Bird 1976)
Stage p in the Prim algorithm — new agent 4, with new arc (:2, 4,)

p7
B;,(No, C) = ¢,

(i.e., Bi(Ngy, C) = c0;, where 7" is the first node in the unique path in mt 7" from 4 to 0)
[f there are more than one mts, take the average.
B rule provides a cost allocation in the core of the game (N, v¢)

DK rule (Dutta and Kar 2004)
Based on the Prim algorithm
admit interchange of costs



obligation rule (Kruskal sharing rule) (Tijs et al. 2006, Bergantinos and Kar 2008, Lorenzo
and Lorenzo-Freier 2009)
obligation function (sharing function) o : 20\ {#} — A(N)

A(N) = {x e R} | Z:Cizl}
AS)={zeRY| > =1}

i€S
e [f0 €S, forecach i € S\ {0}, 0;(S) =0.
e If0&ZS, 0(S) € A(S) and for each R D S and each i € S, 0;(R) < 0;(5).

network T — P(T) = {Si(T )}Zg) unique partition of Ny in connected components
induced by T°

o Ifi,j € SyT),iand j are connected in T
o lfic Si(T),j€ S)(T)and k #1, i and j are not connected in T.
S(P(T),1) : element of P(T') to which 7 belongs



obligation rule (Kruskal sharing rule) ¢ with obligation function o

n

O/ (No, ) = > cyj, (0i S(P(TP™),4)) = 0i( S(P(T?), 1))

p=1

where T? (p = 0,... ,n) is a tree with new arc (¢,, j,) obtained in Stage p of Kruskal
algorithm

ERO rule (Feltkamp et al. 1994, Norde et al. 2004, Tijs et al. 2006)
equal remaining obligation function o*

O(S)—|S|e—{0 iQS’SgN

ERO(Ny, C) = ¢” (No, C)



K rule (Kar 2002)
cooperative game (N, v¢) associated with mests (N, C)

Uc<S> = m<S(),C>, S C N
K(Ny,C) = Sh(N,ve) Shapley value

¢ rule (Bergantinos and Vidal-Puga 2007)
game (N, ve+) associated with irreducible form of mests (Ny, C)

p(No, C) = Sh(N,ve+) = K(No, C7)

ERO(N(), C) — gO(NQ, C) — K(No, C*> - B(]V()7 C*>
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existing research
relationships among rules

properties of rules

e core sclection (CS)

e strong cost moonotonicity (SCM)
e population monotonicity (PM)

e symmetry (SYM)

e restricted additivity (RA)

research in this talk
mcsts with some structures

e communication structure
e group structure (Bergantinos and Gémez-Rua)

e layer structure

— structures can be reflected in the cost matrix C
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2 Minimum cost spanning tree situation with a group structure

mests with a group structure (mests-g) (N, C, G) (Bergantinos and Gémez-Ria 2008)
e (Ny,C') : moests
e G ={G'G* ... ,G™} : partition of N, G’ = {0}
o GF: groups, k=0,1,... ,m

e cost of each inner (intragroup) arc is less than or equal to that of any outer (intergroup)
arc

max ¢;; < min - ¢
i,jeGF ieGk, j2Gk
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intergroup situation (Go, C%)
OGQZ{O,l,... ,m}

e CY: (m+1)x (m+1) cost matrix, ¢, = min Cij
ieGF jeGh

cost allocation for G* is denoted by g.(Gy, C%)

intragroup situation (G*,C*), k=1,... ,m
° Glg = GF U {0}
o C%: (IG*| +1) x (|G*| 4+ 1) cost matrix
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cost allocation rule in mests-g ¢ : (Ny, C, G) — (Ny, C,G) € RY

> i No, C,G) = m(Ny, C)

1€N

two-phase approach
Phase 1 : intergroup mests (Go, O%)
cost allocation rule g : (Gy, C g) — RY

> gr(Gy, CY) = m(Gy, C)
k=1
Condition (A) : gr(Go, C%) > min cij, forall k=1,... ,m
1,]€G
Phase 2 : intragroup mests (GE, C*) (k=1,... ,m)
cost allocation rule f*: (GE, C*) RS

icGk

final allocation rule

0i(No, C,G) = fHGE Ch), ieGF k=1,...
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Lemma Given an mests-g (Ny, C, G) we can find an mt T in (Ny, C') satisfying
1. For each k = 1,... ,m, Tg, is an mt in (G*, C).

2. T\ (| JTer) defined as {(k,k) : 3i € G*,j € G¥ with (i,j) € T} is an mt in

k=1
<G07 CG)

3. Under condition (A), for each k = 1,... ,m and each i € G*, T U{(0,4)} is an mt
in (G§,C").

Condition (A) : gx(Go, C%) > min ¢, forall k=1,... ,m

i,jeGK
Corollary Given an mests-g (N, C, G), under condition (A)

m(No,C) = m(Go, C%) + > m(G",C)
k=1
m(G, C*) = gr(Go, C%) +m(G*, C)
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D UilNo, C.G) = Y mi(Gg, CF) = (g(Go, C°) + m(GF, C))

1€N k=1 k=1

e two-phase approach provides an allocation rule under condition (A)

e We use the same rule (e.g. ¥) both in intergroup mests and intragroup mests’s
— allocation rule v in mests-g (N, C, &)

e [n the first phase, B rule, DK rule and obligation rules (including ERO rule) satisfy
condition (A), but K rule (Shapley value) does not generally.

e Generally
¢i<N07 C? G) # %’(NO, C)
o [f G = {{i}}z’e]\h then 7752'(]\/70, C, G) — ¢i<N()7 C)

e Properties of several rules can be investigated comparatively.
— will be presented on another opportunity
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ERO rule ¢ in both phases

Bergantinos and Gomez-Rua 2008

[I(N) : set of permutation (order) m on N (7 () is the position of agent ¢ € N in the
order )

Pre(i,m) ={j € N | m(j) < (i)}
permutation 7w € [I(N) is admissible w.r.t. group structure G
i,i' e GF, jeN, n(i) <n(j) <n(i) = jeG"

[I%(N) = {m € II(N) | 7 is admissible w.r.t. G }
(Ng, C*) : irreducible form of (N, C)

Theorem

QOZ'(NQ, C, G) = OUJ@(N, Vo, G)
- IHGE T e%:(m[vc*(pre(z,w) U {i}) — vo-(Pre(i, m))

17



Owen value is a random order value with the weight

1
wr = [I9(N)]
0 otherwise

if 7 € TI9(V)

Bergantinos and Kar 2008

random order value over (NN, ve+) is realized by an obligation rule ¢ for (Ny, C')

©(Ny, C, G) = ¢°(Ny, C) for some obligation function o for N

— we would like to obtain this o
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Lorenzo and Lorenzo-Freier 2009
Theorem If an allocation rule ( Ny, C) is realized as an obligation rule ¢°(Ny, O), i.c.,

(Np, C) = ¢°(Ny, C),
then
6(S) = (S, C), SCN,S 0
with the cost matrix C' = (¢ij)
01 -1
0= { 0 oo 0C= [0
10 - 0
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(No, C,G) : mests-g, S C N
G(S)={G'NS,...,G"N S} (deleted if empty) : group structure induced by S
intergroup mests ((G(S))y, C¢))

Ag(s)_{l if korl=0

i 0 otherwise
1
2((G(S))o, C“)) = . VK
A : G(S)]
intragroup mests (S§, CF) for S¥ = SN G* # ()
A 1
i( S5, C") = , Vie St
| [SHIG(9)]
Theorem Let (Ny, C, G) be an mests-g. Then
SO(N()v Ca G) — qbé(NOa C)
1 ifi € SNG*
if 4
0i(5) = ¢ [SNGH|G(S)
0 otherwise

two-phase ERO rule in mests-g (Ny, C, G) is realized by an ordinary obligation rule in
mests (Ng, C)
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3 Minimum cost spanning tree situation with a layer structure

mests with a layer structure (mests-1) (Ng, C, L)
e (Ny,C') : moests
o L={L' L? ... L™} : partition of N, L’ = {0}
o LV :layers, k=0,1,...,m
e cost conditions

1. cost of each arc in the same layer is higher than that of an arc between different
layers

kK e{0,... o mhLk£K i, jelrielr = ¢ >y
2. cost of each arc between adjacent layers is lower than that between farther layers

koK e{0,... mhkK<k—licLFjel! jelV=cj<cy
k7k/€ {07 7m}7k,> k—l_l?Z S Lk:] S Lk_l_l:j,e Lk/jczj < Cij!

3. cost in the upper layer is relatively higher

kel{l,... m—1Y4i,5€LFieLlrF?! e "= max{cy,cy ;b < max{c;y, ¢jj
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Characterization of mt in mests-1

Theorem Let (Ny, C, L) be an mests-1. For any mt 7' = {(:°,4) | i € N} of (Ny, O), if
i € L* then i" € L*~! (i.e., mt is a hierarchical tree having 0 as the root).

strict layer structure

1. cost of each arc in the same layer is higher than that of an arc between different layers
kK e{0,... omyk#kK i, jel"iell =c¢;>cy
2. cost of each arc between farther layers is higher

kKK €{0,... mhK' <k <k,ieL’i¢c LM i e LM = ¢ < cm
kKK €{0,... omh k<K <k ielLFiell el =cy<cum

3. cost in the upper layer is relatively higher

kKK e{l,... m—1 K <k<k'ijelFieclLl jelLt
= n/laX{CZ'/Z'7 Ci/j} < maX{CZ'j/7 ij/}
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(No,C, L) : mests-1, S € N
layer structure induced by S

L(S)={L'NnS,...,.L" NS}y ={L"S),... ,L™(S)} (deleted if empty and renumbered

Theorem Let (Ny, C, L) be an mcsts-1 with a strict layer structure L and S C N. Then
the layer structure L(.S) induced by S is also a (strict) layer structure.

Corollary Let (Ny, C, L) be an mests-1 with a strict layer structure L and S C N. For
any mt T = {(i°,4) | i € S} of (Sy,C), if i € L¥(S), then " € L*1(S) (ie., mt is a
hierarchical tree having 0 as the root).

obligation function o associated with a layer structure L

k(S) =min{k |ie LFNS}, SCN
S ={ieS|ic L9}
L.
. (5)
ob(S) = 4 T3] ifie L

(3
0  otherwise
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Theorem Let (N, C, L) be an mests-1 and o be an obligation function for N associated

with L. Then
L
¢’ (Ny, C') = B(Ny, C).
monotone layer structure L = {L', ..., L™} (monotone = strict)
For any sequence of agents {ih}lhzl satisfying i, € L" for h =1,... 1, we have

Coiy = Ciyig < oo S Gy iy

Theorem Let (Ny, C, L) be an mests-1 with a monotone layer structure L and o be an
arbitrary obligation function for /N. Then

¢°(No, C) = B(Ny, C) = DK(Ny, C') = B(Ny, C") = K(Ny, C").

Moreover, in the mests-1 (Ng, C*, L), we have the mt {(ix_1,i)|k = 1,... ,m} with

Cip i, =  min  ¢j 5 (trunk + intralayer arcs).
Jp1€LM L jre Lk
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5. Conclusion

minimum cost spanning tree situations with some structures
e group structure

two-phase approach can be justified under condition (A)
two-phase ERO rule can be realized by an ordinary obligation rule

e layer structure

hierarchical minimum cost spanning tree
relationships between Bird rule and obligation rules
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