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Basic elements of the process of group judgement
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The problem considered isthe following

Thereis a set of n aternatives O = { Oy, ...,0On} to be ranked by the
group of K experts from the point of view of agiven criterion or a set
of criteria. It is assumed that their judgements may have the form of
preference orders or pairwise comparisons and that ties can occur.
One has to determine agroup judgement being the aggregation of

experts opinions.



Basic notions and definitions

Pairwise comparisons
Given two elements O, Oji O. The expert is asked to express his
opinion on

(i) the aternative O; is better (according to a given criterion Q )

than O;; this condition is written as O, Q>Oj

(ii) the alternative Q is worse (according to a given criterion Q )

than O;; this condition iswritten as O, (—;Oj

(i) the alternative O; is equivalent (according to a given criterion Q)
to O;; this condition iswritten as O, > O,



Preferenceorders
Given set of elements O , the criterion Q and K experts. Each of
experts is asked to determine the preference order of elements of this
set. Two cases are to be distinguished:

(i) for O, O/1 O expert judgements may have the form O; = O, or
O, > Gjonly
The preference order of elements is as follows G, .......,O, and an

element placed at the first position is regarded as the best one and
that placed at the last position is regarded as the worst one, in other
words the element placed at the position i, is better (according to the
given criterion Q ) than that placed at the position iy, 1.e. O, > O; .

(i) some elements may be considered as equivalent, i.e
judgements given in the form O, » O, are accepted.

The preference order of elementsis
O, s ’Oi1|1’oi2|’ ..... ,O. ,..,0, ,...,0

l21, tl ltig
J . J

thefirst position  thesecondposition the t-th position

where the number of elements placed at the j-th position is equal to |;

t
and é_ l;=n,t £n. In the extreme case t=1 and all the elements of
ji=1

theset O are considered to be equivalent.



The Condor cet method

Given the experts preference orders {P¥} = {P!, ..., P}. For
this set one can construct the so called outranking matrix L

o 0O,]| | O, | WB,
g]

O, | - l, | - ] 1 | aly
/1
g

L=0, | I, - SR I P _a|2j ;

=1
g

On Inl In2 - . Inj
i

where |; is the number of expertsin whose opinion O; >~ O;

l;; is the number of expertsin whose opinion O;>O; or O;» O;.
It isclear that Iij + |ji =K, I,j =1,..ni1? j
To avoid ambiguity it is assumed that the number of expertsis odd.

The Condorcet winner is such an dternative O; that I >§,
j=1,2,..,nitj. A difficulty with the Condorcet winner is that in
general it need not exist.



The Borda method
Having assumptions as above it is worth to define so called

Borda coefficient WB; related to the alternative O,

WB = q |-

=L it
The Borda winner is such an alternative Q that WB; = WB .
The Borda winner may be aways (as opposite to the Condorcet
winner) defined.
According to the Borda rule, the order of the set of alternatives
O =[O0y, O,,..., Oy} is determined by diminishing values of WB;

coefficients.



Example

Given following judgements of eleven experts
P....,P'={0y, O, O3}

P..P"Y={0, 0;, O}

The outranking matrix is as follows

o)
Ol Oz 03 a Slj
L = majority of experts=6> —
O, 4 - 11 | 15 2
O, 4 0 - 4

Hence the alternative O, is the Condorcet winner and the alternative

O, isthe Borda winner.



The Arrow — Raynaud method

To avoid the disadvantages of the Borda method concerning the

change of group opinion when the number of objects changed,
Arrow i Raynaud proposed the following modification.
Given the outranking matrix L. For each row of the matrix L" (the
upper subscript has been added to denote the dimension of the matrix
L), it means for each alternative O; the maximum number of votes it
has got as compared with other alternatives

. =maxl., i=1,.,n is determined. The aternative O, , for
J n

i max ij ?

which |, =minl;, is placed at the last position. Next the row and

column related to that alternative are removed from the L" matrix
and lmax IS determined again. This procedure is repeated unless the

positions of all the alternatives are determined.



Example

Given outranking matrix L and the number of experts K=76.

O,

O,

O,

O,

WB,

i max

O

40

62

48

150

62

36

N

76

62

174

76 majority of experts > 7—26 = 38.

14

0

40

54

40

elfelfe

.| 28

14

36

/8

36

The alternative O, will be placed at the last position in the

preference order. After removing the fourth row and the fourth

column the new matrix L3 is asfollows

O, |0, | O; | WB; | e
(s_0i] - |40]62] 102 62
0,|36] - |76] 112 76
o,[14] 0] -] 14 14
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The alternative Os; will be placed at the last but one position on
preference order. After removing the third row and the third column

the new matrix L? is as follows

Ol C)2 VVB|2 Iimax
L>=0,| - |40| 40 | 40 .
0,36 - | 36 | 36

It can be seen that the alternative O, will be placed at the first
position and O, at the second one. Hence the preference order has the
form O, = O, = O3 = O,.

According to the Borda method the preference order is

O, = O = O4 > Oz and the Condorcet winner isthe alternative O;.
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Kemeny's median

Given a preference order of n alternatives presented by the k-th
expert (k=1,...,K)
P“=(0,,0,....0,) .

For such a preference order the following matrix of pairwise

comparison can be constructed

&y, ..., anl il forQ >0,
8 . .U |

A":g: : Hwhere af:io for O; » O,
Ak K (] T
@'ﬂll ey annH ’I" 1 for OI < O]



Definition 1

Assume that two preference orders P* and P*: are given. The
distance between these two preference orders can be expressed as

follows

AP, P) =22 G fap - af

i=1 j=1
Given a set of preference orders { P¥}={P",...,P*} . The distance of

some preference order P from this set is defined as follows

d(p,P*)= 2aéiz‘id.,(F’F’) 18844 —aaa\a, 3l

i=1 j=1 k=1 '—1 =1 k=1 i=1 j=1 k=1
Assume that in the preference order P O, >- O, , i.e. aij =1. In order

to determine the distance of this preference order from a given set

{ Pk} ., one can make use of coefficients defined as follows
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ri; are called the loss coefficients and the matrix R=[r;] is called the
loss matrix. It is assumed that r;=0 for all i=j. It should be noted that
elements of the matrix R depend upon the form of preference orders
P (k=1,...,K) only.

Making use of the coefficients r;; (i,j=1,...,n) the distance of
some preference order P from the set of experts opinion can be
rewrittenas =3 4 1 +3 & 4

i i ] k=1
() NI (R) N

aﬂ where

1) - the set of indices (i,j) for which O; > O, in the preference
order P or - in other words - the set of indices for which a;’ =1,
17 - the set of indices (i,j) for which O, » O; in the preference

order P or - in other words - the set of indices for which a;’ =0.
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Definition 2

A preference order PV such that M(P*,...., P )=argmind(p, P%)
P

is called the median of a set (Pl,...PK).

In other words it is such a preference order that in sense of the
distance is the "closest" one to all the preference orders of the set
{PYy,

To simplify considerations it is assumed that the set 1 is empty.
In other words it is assumed that equivalent alternatives do not occur
in the median. Henced=Q § I

i
()R

15



One can show that the problem of determining Kemeny's median
can be solved as an integer programming problem. The distance of

apreference order P from the set of preference orders { P} can be

written as
w PGt 19
d=8 & .., where i.:|l .
QAYHIEEN T i i 19

Hence, the problem of determining the Kemeny median for a given
set { PY} can be formulated as follows

min d subject to
Yi

- -1 .. L
Yi Y =1 foril j aayij:n(n ), ,]=1..,n, 11 ]

i=1 j=1 2
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Moreover, the y; variables should be chosen in such a way that

dternatives O; (i=1,...,n) form a preference order. This can be

written as
\Ill yilj :11 J ::Lan;J 1 il
P . L.
o110, - =1...n, ]t 1.l
thereexist:{ 2 * Yii =1 J - J S
I'a LTI PYTOR PR A P [ PR o P e P PR PR I8
1 a=2,.,n-1

Litvak introduced a modification of Kemeny's median which
corresponds to the group of positional methods developed from the
Borda method. He proposed a notion of so called preference vectors,
formulated the modified definition of the distance and proved

relevant theorems.
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Heuristic algorithm for determining Kemeny's median
Given the loss matrix R and the number of experts K.
Step 1° The matrix Q™ is to be determined

@ 1. 10
QM =EMRMEM \where E™ :g - 1u, dim E=n
&1 1 of

R" =R, dim R=n.
Step 2° The smallest element excluding those of the main diagonal
of the Q™ matrix (denoted as qf ., ) is to be determined.

(n- 2)(n- 3)

Next the values of v" =2K aswell as

df in =0 i - V" are determined.
The alternatives that determine the row and the column of
the qj i, element are denoted as O, and O, respectively.

Step 3° The rows and columns related to the alternatives O, aswell

as O, are removed from the R™ matrix. The new matrix

R™? is obtained.
Step 4° The matrix Q™? is to be determined
Q"2 = Em DR IEN-2)
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Step 5° The smallest element excluding those of the main diagonal
of the Q2 matrix (denoted as g2, ) is to be determined.

(n -UZ;](H - 9

Next the values of v™2 = 2K aswell as

diz, =qis - v are determined.

ji min
The alternatives that determine the row and the column of

the q{j"mzm element are denoted as O, and O, respectively.

Step 6° The rows and columns related to the alternatives O, aswell
as O, areremoved from the R™? matrix.

Steps 2 , 4 are repeated unless the number of alternatives to be
ordered is equal 4 —if nisan even number
3 —if nisan odd number.

If in any step of the algorithm an ambiguity occurs, i.e. the number
of elements qj.,, is greater than 1, al the next steps are to be
repeated for each one of these elements
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Example

Given the set of 7 alternatives O ={Oy, O,, O3, Os, Os, O, O7} and
the set of preference orders given by 11 experts for these alternatives
P' = {0y, Os, Og, Oy, Oz, O4, O3}

P> = {0y, Oy, Os, O, O, O7, O3}

P’ = {0, O, Oy, Os, Og, Oy, O1}

P* ={0s, O;, Og, Oy, Oy, O3, O3}

P> ={0y, O,, O Os, O7, O3, O}

P° = {05, Oy, O, Og, O4, O7, O3}

P’ ={0O,, O;, O3, Os, Oy, Og, Os}

P? ={0s, Oy, O7, O4, Os, Og, O}

P’ ={0;3, Oy, O4 O,, Og, Og, O7}

P°={0;, Oy, 03, Oy, Os, O, Og}

P* = {04, Oz, O;, Og, Os, O3, O3}



Theloss matrix R is as follows

é0 8 12 10 10 8 12y
é4 0 10 10 12 10 10U
%0 12 0 10 12 10 16Y
RM=32 12 12 0 8 6 10;
gl2 10 10 14 0 6 12
é4 12 12 16 16 0 16U
80 12 6 12 10 6 Of

Step1° QY matrix is

330 344 352 340 344 364 338)
€338 330 344 334 340 360 330U
©330 338 330 330 336 356 3324
QM =g342 348 352 330 342 362 336y
&338 342 346 340 330 358 334y
€318 322 326 320 324 330 3160
€344 352 350 346 348 366 330H

Step 2° qgmin = q67 = 316.

Alternative Oy is placed at the first position and Og at the last one.
The preference order to be considered is Oy,...,...peviyeinyennyens, Os.
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v'=220, df i =0 o - V' = 316-220 = 96
Rows and columns related to the alternatives O; and Og are removed
from the matrix R

Step3®  the new matrix R® isasfollows

¢0 8 12 10 10y
@4 0 10 10 120
R®=%0 12 0 10 12V
J92 12 12 0 8y
a2 10 10 14 0§

Step4°  Q® matrix is

gl32 145 148 146 148y
€140 132 140 140 1440
Q® =938 146 132 142 1464
240 146 144 132 142
al38 142 140 144 132j

Step 5° Q§mm =0y =05 =138
v°=66, d° i, =0 4, - V°= 13866 =72



Two orders are to be investigated.
1. For qi?mm =gy, aternative O, is placed at the first position and Os

at the last one. Hence the preference order to be considered is

The rows and columns related to alternatives O; and O, are removed
from the matrix R. The new matrix R® is
O, O, O
é0 10 1200,
R®=8&2 0 8UQ,
80 14 o0fo,
There are two equivalent orders of remaining alternatives:
05, O4, Os0r Oy, Os, O,
Theresulting preference orders are
Oz, Oy, Oy, Oy, Os, O3, Og or Oy, Oy, O4 Os, O, O3, O
The distance of these orders from the given set of experts’ ordersis

d=96+72+10+ 12+ 8 =198.
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2. For qﬁ’mm = Qs aternative O, is placed at the first position and Os

at the last one.
The preference order to be considered is O7, Oq,...,...,..., Os, Oe.
The rows and columns related to alternatives Os and O; are removed
from the matrix R.
The new matrix R? is
O, O, O,

é0 10 1000,
R® =82 0 10U0O,

82 12 oo,
The remaining alternatives should be ordered as follows O,, O3, O,.
The resulting preference order is O;, Oy, Oy, Os, Oy, Os, Og
The distance of this order from the given set of experts ordersis

d=96+72+ 10+ 10+ 10 =198.
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Theloss matrix R may be rewritten as

Oy, O, O, O4 Os O3 Oe Srij
Oy, 0 10 12 12 10 6 6 56
O, 12 0 8 10 10 12 8 48
O, 10 14 0 10 12 10 10 42
Oy 10 12 12 0 8 12 6 26
Os 12 12 10 14 0 10 6 16
Os 16 10 12 10 12 0 10 10
Oe 16 14 12 16 16 12 0 |d=198

25



[1]

[2]

[3]

[4]

Refer ences

de Borda J-C.: Memoire sur les elections au Scrutin Histoire de
I'Academie Royale des Sciences 1781.

de Condorcet M.: Essai sur I'Application de I'Analyse a la
Probabilité des Rendues ala Pluralité des Voix. Paris 1785.
Bury H., Petriczek G., Wagner D. Determining of group
opinion with the Kemeny's median method (in Polish). In:
Preference Modelling and Risk' 99, ed. T. Trzaskalik, Katowice
1999.

Bury H., Wagner D. The use of Kemeny's median for group
decision making. Integer programming approach. Proceedings
of the Sixth International Conference on Methods and Models
in Automation and Robotics, Miedzyzdroje, 28-31 August
2000.

26



[5]

6]
[7]

[8]

[9]

Bury H., Wagner D. Computer Group Support Systems (in
Polish). In: Information Technologies in Management.
Decision Support Systems, (eds.) J.Studzinski, L.Drelichowski,
O.Hryniewicz, J.Kacprzyk , Warszawa, 2000.

Kemeny J. Mathematics without numbers, Daedalus 88, 1959.
Kemeny J., Snell L. Mathematicah Models in the Socidl
Sciences. Ginn. Boston 1960.

Litvak B.G. Expert Information. Methods of acquisition and
analysis (in Russian). Radio and Communication, Moscow
1982,

Nurmi H. Comparing voting systems, Dordrecht, D.Reidel,
1987.

[10] Saari D.G., Merlin V.R. A geometric examination of Kemeny's

rule. Social Choice and Welfare, vol. 17, 2000.

27



