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Chapter 4
The Polymorphic Stochastic Model

In this chapter we present a fundamental representation of the coevolutionary processes

in ecological communities. We call the resulting mathematical description thegen-

eralized replicator equation. When excluding the effects of space, age structure and

genetics from consideration, this representation is as general as possible. It is from here

that the more reduced descriptions of coevolutionary dynamics are derived, which we

analyze in later chapters.

4.1 Characterization of Coevolutionary Communities

In this section notation and key concepts underlying our analysis of coevolutionary

dynamics are introduced.

Replicators

In Section 1.1 we already have mentioned the replicator concept, an attempt due to

Dawkins (1976) to capture the minimal conditions for evolution to occur by natural

selection. In other words, replicators are the smallest units capable of this type of

self-organization. They possess properties as below.

1. Reproduction.The replicator units can multiply by producing replicas.

2. Inheritance. The units have certain distinctive features that are basically inherited

in the process of replication.
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3. Variability. There exists some variation in the features of replicas with respect to

the original unit, not all replicas are true.

4. Interaction. The replicators exhibit some kind of interaction causing a dependence

of their reproduction or survival on the inherited features.

The following mathematical description of individuals in a community closely matches

these characteristics of Dawkins’ replicators. To allow not only for evolutionary but

for coevolutionary dynamics we consider communities comprising several species of

replicators.

Individuals, Populations and Species

The coevolutionary community under analysis is allowed to be made up of an arbitrary

numberN of species, the species are characterized by an indexi = 1; . . . ; N . At time

t there areni individuals in the population of speciesi. These individuals are identified

by an indexk = 1; . . . ; ni.

The individuals within each species can be distinct with respect toadaptive traitssi,

taken from setsbSi and being either continuous or discrete. For convenience we scale the

adaptive trait values such thatbSi � (0; 1). The restriction to one trait per species will be

relaxed in Section 8.1, it only obtains until then to keep the derivation conceivable and

the notation reasonably simple. Individuals have adaptive trait values or phenotypessik

with k = 1; . . . ; ni such that thephenotypic distributionpi(si) in speciesi is given by

pi =

niX

k=1

�sik (4.1)

with �y(x) = �(x� y) where� denotes Dirac’s�-function which in turn is defined by
R
f(x) � �(x� y) dx = f(y) for an arbitrary test-functionf . A population made up of

individuals with many different adaptive trait values is calledpolymorphic.

The development of the coevolutionary community is caused by the process of mutation,

introducing new mutants, and the process of selection, determining survival or extinction

of these mutants. The change of the population sizesni constitutes thepopulation

dynamics, that of the adaptive trait valuessi is called adaptive dynamics. Together

these make up thecoevolutionary dynamicsof the community.
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Selection

We first consider the process of selection. In an ecological community the environment

eik of an individualk in speciesi is affected by influences that can be either internal

or external with respect to the considered community. The former effects are functions

of the phenotypic distributionsp = (p1; . . . ; pN ) in the community, the latter may

moreover be subject to external effects like seasonal forcing which render the system

non-autonomous. We thus write

eik = eik(p; t) : (4.2)

The quantitiesbik anddik are introduced to denote theper capita birth and death rates

of an individualk in speciesi. These rates are interpreted stochastically as probabilities

per unit time and can be combined to yield the per capita growth rate

fik = bik � dik (4.3)

of the individual. They are affected by the trait valuesik of the individual as well as

by its environmenteik, thus with equation (4.2) we have

bik = bi(sik; p; t) and dik = di(sik; p; t) : (4.4)

Notice that the functionsbi and di are in fact functionals as they take the vector of

phenotypic distributionsp as an argument. By assuming in equation (4.4) these functions

not to depend on the particular individualk of speciesi we take the environment

to be spatially homogeneous. Since we are mainly interested in the phenomenon of

coevolution – an effect internal to the community – we will not always consider the

extra time-dependence in equations (4.4) which may be induced by external effects on

the environment.

Mutation

We now consider the process of mutation. In order to describe its properties we introduce

the quantities�ik and Mik.

The former denote thefraction of births that give rise to a mutationin the trait valuesik.

Again, these fractions are interpreted stochastically as probabilities for a birth event to
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produce an offspring with an altered adaptive trait value. These quantities may depend

on the phenotype of the considered individual itself,

�ik = �i(sik) ; (4.5)

although this complication is not frequently considered.

The quantities

Mik = Mi

�
sik; s

0

ik
� sik

�
(4.6)

determine theprobability distribution of mutant trait valuess0

ik
around the original trait

value sik. The functionsMi are not dependent on the indexk of an individual other

than via its adaptive trait valuesik. If the functionsMi and�i are independent of their

first argument, the mutation process is calledhomogeneous; if Mi is invariant under a

sign change of its second argument, the mutation process is calledsymmetric.

In the next two sections we show that the above functionsbi, di, �i andMi suffice to

construct a formal representation of the coevolutionary dynamics.

4.2 Stochastic Description
of Coevolutionary Community Dynamics

In this section the fundamental equation describing the polymorphic stochastic dynamics

of coevolutionary communities is introduced. When combined with the transition

probabilities per unit time derived in the next section we call the resulting representation

the generalized replicator equation.

Markov Property

The dynamics of the coevolutionary community are taking place in thepolymorphic

trait spacebP of phenotypic distributionsp. The events of birth, death and mutation of

individuals constitute a stochastic process onbP .

The coevolutionary dynamics possess no memory, for mutation and selection depend

only on the present state of the community. The corresponding stochastic process in

p thus will be Markovian, provided that the knowledge ofp suffices to determine the

potential for coevolutionary change in the immediate future. To meet this requirement

for real biological systems, a sufficient number of adaptive traits may need to be

considered, see Section 8.1.
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Master Equation

The coevolutionary dynamics of the community thus is described by a functional master

equation

d

dt
P (p; t) =

Z h
w
�
pjp0; t

�
� P

�
p0; t

�
� w

�
p0
jp; t

�
� P (p; t)

i
Dp0 (4.7)

for P (p; t), the probability density inbP of phenotypic distributionsp = (p1; . . . ; pN )

to be realized at timet. The probabilities per unit time for the transitionp ! p0 at

time t are denoted byw(p0
jp; t). The functional integration overbP is indicated by the

symbol D.

The equation (4.7) for the stochastic dynamics inp is an instance of a master equation

(see e.g. van Kampen 1981) and simply reflects the fact that the probabilityP (p; t) is

increased by all transitions top (first term) and decreased by all those fromp (second

term).

4.3 Transition Probabilities per Unit Time

The probabilities per unit timew(p0
jp; t) for the transitionp ! p0 at time t can be

constructed as below.

Preliminary Considerations

We start be introducing three helpful constructs.

1. Thenumber of individuals with adaptive trait valuesi in the population of species

i is obtained by

ni(si; pi) =

Z si+"

si�"

pi
�
s0i
�
ds0i (4.8)

for an arbitrarily small" > 0.

2. Theprobability distributions of offspring adaptive trait valuess0
i

arising from a birth

event in an individual with traitsi is given by

Bi

�
si; s

0

i � si
�
= (1 � �i(si)) � �

�
s0i � si

�
+

�i(si) �Mi

�
si; s

0

i � si
�
;

(4.9)

where the first term on the right hand side corresponds to birth events without

mutation and the second to those events with mutation.
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3. We define afunctional� in the spacesbPi by means of the identity
Z

F
�
p0

i

�
� �
�
p0

i � pi

�
Dp0

i = F (pi) (4.10)

holding for an arbitrary test functionalF .

From General Events to Events in a Single Species

Due to the nature of the master equation (4.7) it is only necessary to consider a single

stochastic event to cause a changedP of the probability distributionP (p; t) during the

infinitesimal time intervaldt (van Kampen 1981). Therefore the probabilities per unit

time w(p0jp; t) for the transitionp ! p0 at time t can be decomposed according to

w
�
p0jp; t

�
=

NX
i=1

wi

�
p0

i; p; t
�
�

NY
j=1
j 6=i

�
�
p0
j � pj

�
: (4.11)

Equation (4.11) can be read as guaranteeing thatw(p0jp; t) does not contribute to the right

hand side of equation (4.7) ifp0
i 6= pi happens to hold for more than onei = 1; . . . ; N .

From Events in a Single Species to Single Birth or Death Events

Let the considered stochastic event happen in speciesi. This event can remove or insert

a single individual to the population of speciesi. When we denote this individual’s trait

value bys0
i, the stochastic event is described by eitherp0

i = pi � �s0

i
or p0

i = pi + �s0

i
.

Since the stochastic event in speciesi can occur at any adaptive trait values0
i we have

wi

�
p0
i; p; t

�
=

Z h
w�

i

�
s0
i; p; t

�
��
�
p0
i �

�
pi � �s0

i

��
+

w+

i

�
s0
i; p; t

�
��
�
p0
i �

�
pi + �s0

i

�� i
ds0

i :

(4.12)

Single Birth or Death Events

The removal of an individual can only be due to a death event, thusw�

i (s
0
i; p; t) is

given by

w�

i

�
s0
i; p; t

�
= di

�
s0
i; p; t

�
� pi
�
s0
i; pi

�
; (4.13)

as multiplying the per capita death probability per unit timedi(s
0
i; p; t) of an individual

with trait s0
i by the densitypi(s0

i; pi) of individuals with that trait value yields the

transition probability density per unit time for a death event at that particular trait value.
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The insertion of an individual is due to a birth event either without a mutation or

accompanied by a mutation. By the same argument as above we obtain forw+

i
(s0

i
; p; t)

w+

i

�
s0

i; p; t
�
= bi

�
s0

i; p; t
�

� pi

�
s0

i; pi

�
+Z

bi(si; p; t) � pi(si; pi) � Mi

�
si; s

0

i � si

�
dsi

=

Z
bi(si; p; t) � pi(si; pi) �Bi

�
si; s

0

i � si

�
dsi :

(4.14)

The term in the first line corresponds to a birth event without mutation, that in the

second line to a birth event giving rise to a mutation fromsi to s0

i
. In the third line the

constructBi has been used to condense the result.

Conclusion

By collecting the results above we arrive at

w
�
p0jp; t

�
=

NX
i=1

Z h
di
�
s0

i; p; t
�
� pi
�
s0

i; pi
�
�

�
�
p0

i � pi + �s0

i

�
�

NY
j=1
j 6=i

�
�
p0
j � pj

�
+

Z
bi(si; p; t) � pi(si; pi) �Bi

�
si; s

0
i � si

�
dsi�

�
�
p0
i � pi � �s0

i

�
�

NY
j=1
j 6=i

�
�
p0
j � pj

� i
ds0

i :

(4.15)

Notice that after introducing the transition probabilities per unit time (4.15) into the

master equation (4.7) each functional�(. . . p0
i . . .) defined in the function spacesbPi

can be collapsed by a functional integration
R
. . . Dp0

i over bPi. This demonstrates

that neither the functional integration in equation (4.7) nor the occurrence of the�-

functionals in equation (4.15) causes problems in delineating the dynamics in terms

of the master equation; evaluated according to equation (4.10) they guarantee a well-

defined description of the function-valued stochastic process. In consequence, problems

of the sort having urged van Kampen to develop hismethod of compounding moments

(van Kampen 1981) do not arise in our mathematical framework.
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The above equation completes the specification of the coevolutionary process of the

community. By combining equations (4.7) and (4.15) we obtain our first and funda-

mental model of coevolutionary dynamics, thepolymorphic stochastic model. We refer

to the resulting formula as thegeneralized replicator equation.

4.4 An Algorithm for the Polymorphic Stochastic Model

An algorithm for the polymorphic stochastic model derived from equations (4.7,15)

is presented in Figure 4.1. In formulating the algorithm we choose first to restrict

attention to autonomous coevolutionary communities, i.e. systems without an extra

time dependence due to external effects on the environment. In this case the protocol

can utilize theminimal process method(Gillespie 1976; Feistel 1977) to simulate the

functional master equation. As to the validity of the presented algorithm for non-

autonomous coevolutionary communities, notice the remark at the end of this section.

Distribution of Waiting Times

According to Step D in Figure 4.1 the waiting times between two events of a sto-

chastic realization follow anexponential distribution– the standard result for processes

described by master equations that are homogeneous in time.

This inference can easily be apprehended as below. Suppose that the stochastic process

at timet is in statep with certainty. Until the next eventp ! p0 occurs at timet+�t

we thus haveP (p0; t) =
Q

N

i=1�(p
0

i
� pi). In the time interval(t; t+�t) the master

equation (4.7) then reduces to

d

dt
P (p; t) = w(pjp; t) � P (p; t)�

Z
w
�
p0
jp; t

�
Dp0

� P (p; t) : (4.16)

With w(pjp; t) = 0, the abbreviationT�1(p; t) =
R
w(p0jp; t) Dp0 and equation (4.15)

we thus obtain for the decay in the probability densityP (p; t) of the statep during the

considered time interval

P (p; t+�t) = exp

(
�

Z t+�t

t

T�1
�
p; t0

�
dt0

)
: (4.17)

Since a decrease in the probability densityP (p; t+�t) can only be due to an event

p ! p0 at time t + �t, the right hand side of equation (4.17) describes (after

normalization) the probability distribution of the waiting time�t until the next event
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An Algorithm for the

Polymorphic Stochastic Model

A. Initialize the phenotypic distributionspi with i = 1; . . . ;N at time t = 0

and specify the timetend when to stop the dynamics.

B. Calculate the birth and death probabilitiesbi(sik; p) and di(sik; p) for

each individuali = 1; . . . ; N , k = 1; . . . ; ni with phenotypesik in the

environment given byp.

C. Construct the sumswik = bi(sik; p) + di(sik; p), wi =
P

ni

k=1
wik and

w =
P

N

i=1
wi with i = 1; . . . ; N andk = 1; . . . ; ni.

D. Choose the waiting time�t for the next event to occur according to

�t = �

1

w
� ln r where 0 < r � 1 is a uniformly distributed random

number.

E. Choose speciesi with probability 1

w
� wi. Choose individualk in species

i with probability 1

wi
� wik. Choose then a birth or death event with

probability 1

wik
� bi(sik; p) and 1

wik
� di(sik; p), respectively.

F. If in Step E a birth event occurs for an individual with phenotypesik,

choose a new phenotypes0

ik
with probability densityBi(sik; s

0

ik
� sik).

G. Update time and phenotypic distributions according tot ! t + �t and

pi ! pi + �
s
0

ik
or pi ! pi � �sik for a birth or death event in speciesi

respectively.

H. Continue from Step B untilt � tend.

Figure 4.1 An algorithm for the polymorphic stochastic model. The protocol employs the minimal
process method described in the text.

happens, given that an event just has occurred at timet. For homogeneous master

equationsT�1 is independent oft and equation (4.17) reduces to

P (p; t+�t) = exp f��t=T (p)g : (4.18)

In this case waiting times simply are distributed exponentially with meanT (p).
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The Minimal Process Method

The distribution of waiting times, calculated above, is the backbone of the minimal

process method (Gillespie 1976; Feistel 1977; see also Fricke and Schnakenberg 1991).

The general algorithm can be decomposed into the repetition of four simple steps which

are outlined below.

1. Initialization of time and state.

(! Step A in Figure 4.1)

2. Calculation of all relevant transition probabilities per unit time.

(! Steps B and C in Figure 4.1)

3. Choice of a waiting time according to an exponential distribution.

(! Step D in Figure 4.1)

4. Choice of a particular event according to its relative transition probability.

(! Steps E and F in Figure 4.1)

5. Update of time and state; unless simulation completed, continuation from Step 2.

(! Steps G and H in Figure 4.1)

A set of random numbersrex, exponentially distributed according toPex(rex) =

exp f�rex=hrexig=hrexi for rex � 0 and Pex(rex) = 0 elsewhere, can be obtained

from another set of random numbersreq, equally distributed according toPeq(req) = 1

for 0 < req � 1 andPeq(req) = 0 elsewhere, by means of the following transformation

(see e.g. Schnakenberg 1991)

rex = �hrexi � ln req : (4.19)

This relation can be used to implement Step 3 above.

The minimal process method turns out advantageous compared to the simulation of a

stochastic process employing a constant time step not only because of efficiency but also

because of precision. The latter method has to simulate numerous time steps without

an event occurring and it can produce arbitrarily large deviations from the exact result

for large simulation times (Feistel 1977).
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Autonomous and Non-Autonomous Systems

Waiting times of homogeneous master equations (corresponding to autonomous systems)

have been shown above to be distributed exponentially.

Since the difference between equations (4.17) and (4.18) becomes negligible for time

steps�t being small compared to the time scale on whichT�1(p; t) changes, exponen-

tially distributed waiting times and thus the minimal process method may be applied

approximately even to non-homogeneous master equations (corresponding to systems

with an external time dependence), provided only that the typical number of events on

the timescale of the external perturbations is large. For reasonably large population sizes

within the non-autonomous coevolutionary community this simplification will usually

hold in good approximation; for more details see Section 8.2.

4.5 Sample Simulations and Further Inquiry

To illustrate the descriptive capacity of the polymorphic stochastic model, we present

some stochastic realizations of the generalized replicator equation. Examples are based

on the coevolutionary predator-prey community that is described in detail in Chapter 9.

Mutation Catastrophe

A high mutation ratio�i for a speciesi amounts to replicas seldom being true in this

population of replicators. Under these circumstances the broadening effect of mutation

on the phenotypic distributionpi is hardly counteracted by the narrowing impact of

selection. The variance of the distributionpi will continually grow, and consequently

the information comprised inpi, when initially narrow, gradually is lost. In resemblance

of the error catastropheintroduced by Eigen and Schuster (1979) we call this process

mutation catastrophe.

An example of such an almost unbiased broadening of a phenotypic distribution caused

by too large a mutation ratio is shown in Figure 4.2.
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p2(s2)
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    0:675

0 3

t=102
b

Figure 4.2 Realizations of the polymorphic stochastic model. The phenotypic distributions (a)p1(s1)
and (b)p2(s2) at each point in time are depicted by grayscales (black corresponds to the population
number of the prevalent adaptive trait value and white to absent adaptive trait values). The figures show
evolutionary dynamics characteristic for high mutation ratios: the broadening effect of mutation on the
phenotypic distributions is hardly counteracted by the narrowing impact of selection. The realizations
given are made up of roughly 100 000 single birth and death events in each species. Parameters of the
coevolutionary predator-prey community are as given in Figure 4.4 except�1 = 5 � 10�2, �2 = 5 � 10�1

and �1 = �2 = 2 � 10�3.

Evolutionary Branching

The phenomenon of phenotypic distributions that were unimodal initially to gradually

become bimodal in the course of an adaptation process is calleddisruptive selection.
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t=104a
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Figure 4.3 Realizations of the polymorphic stochastic model. The phenotypic distributions (a)p1(s1)
and (b)p2(s2) at each point in time are depicted by grayscales (black corresponds to the population
number of the prevalent adaptive trait value and white to absent adaptive trait values). The figures show
evolutionary dynamics characteristic of the monomorphic regime: evolution occurs via sequences of trait
substitutions. The trait substitution sequences given are made up of roughly 10 000 000 single birth
and death events in each species. The inset in (b) depicts a single trait substitution, the population of
the resident adaptive trait value is decreasing in size while that of the mutant trait value increases until
it has completely replaced the former resident. The dynamics displayed in this figure are a subset of
that presented in Figure 4.4, for comparison see the dotted box there. Parameters of the coevolutionary
predator-prey community are the same as in Figure 4.4.
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Evolutionary processes of this kind are important to notice as after the occurrence

of disruptive selection has caused the phenotypic distribution in a species to become

bimodal, describing the dynamics of this distribution in terms of its average adaptive

trait value obviously is misleading.

When phenotypic or mutation variances are large and moreover the environment, in

which a particular phenotypic distribution has evolved towards a unimodal shape, is

abruptly changed such as to make selection disruptive, bimodality is the expected

outcome. On the other hand, if phenotypic and mutation variances are small, disruptive

selection is more difficult to generate by external manipulations of the environment. For

this reason it is interesting to ask whether the evolutionary or coevolutionary process

itself could generate an environment that gives rise to disruptive selection. Such an

event has been calledevolutionary branchingby Metz et al. (1994) and has been shown

to be feasible when (i) considering only a single species’ adaptation to its constant

environment or (ii) assuming deterministic population dynamics.

The relevance of evolutionary branching for the present work stems from the fact that

its incidence would violate theprinciple of mutual exclusionintroduced in Section 5.1.

The mathematical system for the description of coevolutionary dynamics as presented

in Chapters 5 and 6, resting on this principle, then ought to be extended. Fortunately,

the analytic framework developed up to Chapter 7 allows to narrow down substantially

the circumstances under which evolutionary branching can occur, see Section 7.3. Even

in the remaining cases the potential for evolutionary branching is moot: when allowing

both for coevolution and for stochasticity in the species’ population dynamics – two

requirements met by the generalized replicator equation established above – no instance

of evolutionary branching has been observed by the author.

Trait Substitution Sequences

When mutation ratios�i are low,�i � 1, the change of the phenotypic distributions

pi over time takes an altogether different shape compared to the case of the mutation

catastrophe.

Now the process of selection is not dominated by that of mutation and consequently

the distributions of adaptive trait values remain narrow. In fact, the temporal change

of these distributions can accurately be described by a single adaptive trait value in

each species being replaced from time to time by another one. This is the characteristic
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s1

Figure 4.4 Realizations of the polymorphic stochastic model. Trait substitution sequences starting at the
five initial conditions (indicated by asterisks) are depicted by continuous lines. Each of these five trait
substitution sequences is made up of roughly 500 000 000 single birth and death events. The dotted box
indicates the region corresponding to the trait substitution sequences shown in detail in Figure 4.3. The
discontinuous oval line is the boundary of the region of coexistence, see Section 5.1. The coevolution
of both species drives their adaptive trait values towards a common equilibriumŝ. Parameters of the
coevolutionary predator-prey community are:h = 0:2, c1 = 2:0, c2 = 8:0, �1 = �2 = 5 � 10

�3 and
�1 = 10

�4; the remaining parameters are as given in Figure 9.3.

feature of what we designate themonomorphic regime. We call the adaptive trait value

that is prevalent at a point in time theresidentadaptive trait value and the event of

its replacement by a mutant adaptive trait value atrait substitution. The process of

evolution in each species consequently is described in terms of atrait substitution

sequence. The population processes underlying a single trait substitution are analyzed

in Section 5.1. The results obtained there underpin the derivation of the stochastic

dynamics for trait substitution sequences in Section 5.2 and 5.3.

Instances of such trait substitution sequences, as described by the generalized replicator

equation, are presented in Figure 4.3. The inset shows a single trait substitution: after

a mutant trait value has entered the population, it gradually increases in number such
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that resident and mutant trait values coexist until the mutant one has gone to fixation

by replacing the former resident one. In Figure 4.4 we have used the polymorphic

stochastic model to picture the combined dynamics of trait substitution sequences in

two coevolving species originating from different initial conditions. We will use these

five particular coevolutionary processes as running examples to illustrate the parallel

predictions made by our three dynamical models of coevolution (Figure 4.4, Figure 5.3,

Figure 5.4 and Figure 6.2).



Chapter 5
The Monomorphic Stochastic Model

In this chapter we establish a stochastic description of the monomorphic coevolutionary

dynamics. Under certain conditions it is possible to deduce from the generalized replica-

tor equation, which defines the polymorphic stochastic model, a reduced representation

of the coevolutionary process; this reduction leads us to the monomorphic stochastic

model. The central idea here is to envisage a sequence of trait substitutions as adirected

random walk in trait spacedetermined by the processes of mutation and selection.

5.1 The Monomorphic Regime and Trait Substitutions

In this section we take the first steps to deduce from the generalized replicator equation

the monomorphic stochastic model. In particular we stress the assumptions on which

the latter is based.

Conditions for Monomorphism

In Section 4.5 we have seen that the complexity inherent in the polymorphic stochastic

model can be substantially alleviated if only two requirements are met. First, when no

evolutionary branching occurs in the speciesi = 1; . . . ; N , the phenotypic distributions

pi stay unimodal in the course of the coevolutionary process. There is no disruptive

selection acting on the distributions which might turn them bimodal. Second, if�i is

sufficiently small for alli = 1; . . . ; N , the phenotypic distributionspi in each species
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will be sharply concentrated on a single phenotype, the resident phenotype. In this

case selection is strong enough to counteract the impact of mutation to broaden the

phenotypic distributions.

To proceed with the analysis of coevolutionary dynamics we now raise these observa-

tions to acquire the status of assumptions.

A1. The mutation ratios�i are sufficiently small for alli = 1; . . . ; N .

A2. No two adaptive trait valuessi and s0

i
can coexist in the populations of species

i = 1; . . . ; N for t ! 1 when not renewed by mutations.

These two condition specify what we call themonomorphic regime. The second

condition is sometimes referred to as theprinciple of mutual exclusion. Prerequisites

for this principle are investigated in Section 7.3.

Structure of Trait Substitutions

With these two provisions, we can take the phenotypic distributions as being given by

pi = ni � �si
at almost any point in time, whereni is the population size of species

i = 1; . . . ; N and si its resident phenotype. We call such a distribution of resident

phenotypesmonomorphic.

The simulations presented in Section 4.5 have shown that in this monomorphic regime

adaptive change occurs via a sequence of trait substitutions, where a resident phenotype

sj with j 2 1; . . . ; N is replaced by a mutant phenotypes0

j. The time period

corresponding to a single such trait substitutionsj ! s0

j can be partitioned into four

phases.

1. Stasis.Throughout a time interval�s the phenotypic distributionpj in speciesj is

given bypj = nj � �sj . Mutations occurring during this phase are not successful in

invading the resident populations.

2. Mutation. At the end of that time interval a mutation occurs introducing a mutant

phenotypes0

j into the population of speciesj such thatpj = nj � �sj + �s0

j
. This

mutant is going to be successful.

3. Invasion. The mutant grows in population size to exceed the critical threshold for

accidental extinction (Wissel and St¨ocker 1991). We then havepj = nj ��sj+n0

j ��s0

j
.
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4. Fixation. The principle of mutual exclusion requires that after invasion the mutant

phenotype will replace the once resident phenotype such thatpj = n0

j � �s0

j
, this

happens some time�f after the mutation had occurred.

Note that in the above equations forpj the quantitiesnj andn0

j denote the population

sizes of resident and mutant phenotype at the end of the particular phase considered

rather than the same fixed numbers throughout.

The four steps outlined above can be repeated many times. The resulting process is

a trait substitution sequence. According to condition A1 above we have�f � �s and

hence the phases 2, 3 and 4 take place on a timescale much shorter than that of phase 1.

Reduction of the Generalized Replicator Equation

We now utilize the generalized replicator equation (4.7,15) to analyze in detail the

successive steps of the trait substitution process.

Let us consider a trait substitution in speciesj. We formally assign the population of

the mutant adaptive trait value the indexi = 0: s
0
= s0

j, n0 = n0

j, b0 = bj andd
0
= dj .

In the course of this trait substitution the phenotypic distributions in the coevolutionary

community are given by

ep =
�
n
1
� �s1 ; . . . ; nj � �sj + n

0
� �s0; . . . ; nN � �sN

�
: (5.1)

To simplify notation we writeP (n; t) = P (ep; t), eb ji (si; s; n; t) = bi(si; ep; t) and
ed j
i (si; s; n; t) = di(si; ep; t) for i = 0; . . . ; N .

When introducingp = ep into equations (4.7) and (4.15) and accounting for the fact

that effectively only one mutation ought to be considered during a trait substitution

we arrive atZ
w
�
p0jep; t� � P (ep; t)Dp0

=

NX
i=0

hed j
i (si; s; n; t) � ni +

eb ji (si; s; n; t) � ni
i
� P (n; t)

(5.2)

and Z
w
�ep jp0; t

�
� P
�
p0; t

�
Dp0

=

NX
i=0

h ed j
i

�
si; s; n+ 1i; t

�
� (ni + 1) � P

�
n + 1i; t

�
+

eb ji �si; s; n� 1
i; t
�
� (ni � 1) � P

�
n � 1

i; t
� i

:

(5.3)
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The 1
i are vectors with components1i

j = �ij where�ij denotes the Kronecker symbol.

Note thateb ji �si; s; n� 1i; t
�
= 0 for ni = 0. Combining these two results according

to equation (4.7) we obtain a stochastic description for the population dynamics in the

course of a trait substitution

d

dt
P (n; t) =

NX
i=0

h ed j
i

�
si; s; n+ 1

i; t
�
� (ni + 1) � P

�
n+ 1i; t

�
+

eb ji �si; s; n� 1i; t
�
� (ni � 1) � P

�
n� 1i; t

�
�

ed j
i (si; s; n; t) � ni � P (n; t)�

eb ji (si; s; n; t) � ni � P (n; t)
i
:

(5.4)

To account for the single successful mutation in phase 2 of such a trait substitution,

see above, we use in equation (5.4) initial conditionsP (n; t) / �0;n0 for phase 1 and

P (n; t) / �1;n0 for phase 3.

Resident Population Dynamics

To further simplify this stochastic description of the population dynamics during a trait

substitution we introduce additional assumptions.

A3. The populations of the resident adaptive trait values are sufficiently large during

the stasis phase of a trait substitution in order not to be subject to accidental

extinction.

A4. The population dynamics of the resident adaptive trait values settle (apart from

fluctuations) towards an equilibrium point.

A5. There is no external impact on the environment of the coevolutionary community

that renders the system non-autonomous.

Relaxations of conditions A4 and A5 are provided in Section 8.2.

Owing to condition A3 we may safely describe the population dynamics of the resident

adaptive trait values during phase 1 of the trait substitution by means of a deterministic

approximation

d

dt
ni = ni � ef j

i (si; s; n) (5.5)

following from equation (5.4) for resident population sizesn = (0; n1; . . . ; nN ) treated

as continuous variables and with

ef j
i (si; s; n) =

eb ji (si; s; n)� ed j
i (si; s; n) : (5.6)
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We then exploit condition A4 in combination with equations (5.5) to define theequi-

librium population sizeŝn = (0; n̂1; . . . ; n̂N) of the resident adaptive trait valuess by

ef j
i (si; s; n̂(s)) = 0 (5.7)

for all i = 1; . . . ; N . According to condition A3 these population sizes are also

approximately valid in the course of phases 2 and 3 of the trait substitution during

which the mutant is rare.

For a given sets of resident adaptive trait values, equations (5.7) determine whether

these trait values can coexist. As we are interested in the coevolutionary dynamics of

theN -species community, we need to consider the subspace of themonomorphic trait

spacebS in which the resident populations of all species have positive population sizes,

bSc =
n
s 2 bS j n̂i(s) > 0 for all i = 1; . . . ; N

o
: (5.8)

We call this subspace ofbS the region of coexistence. Since equations (5.5) are only

valid for large resident population sizesni, extinction of a resident population is not

only certain for resident adaptive trait valuess outside the regionbSc but is also probable

for those close to the boundary@ bSc of bSc
Mutant Population Dynamics

By virtue of conditions A3 to A5 together with equation (5.4) we can finally approximate

the stochastic population dynamics of the mutant adaptive trait value during phase 3 of

the trait substitution by means of the following equation

d

dt
P
�
n0

j; t
�
=dj

�
s0

j; s
�
�

�
n0

j + 1
�
� P

�
n0

j + 1; t
�
+

bj
�
s0

j; s
�
�

�
n0

j � 1
�
� P

�
n0

j � 1; t
�
�

dj
�
s0

j; s
�
� n0

j � P
�
n0

j; t
�
�

dj
�
s0

j; s
�
� n0

j � P
�
n0

j; t
�
:

(5.9)

Here we have introduced the abbreviations

bj
�
s0

j; s
�
= eb jj �s0

j; s; n̂(s)
�

(5.10)

and

dj
�
s0

j; s
�
= ed j

j

�
s0

j; s; n̂(s)
�

(5.11)
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for the per capita birth and death rates of a mutant adaptive trait values
0

j in an

environment determined by the monomorphic resident populations with adaptive trait

values s.

Note that although these probabilities per unit time can formally be combined to yield

f j

�
s0

j; s
�
= bj

�
s0

j; s
�
� dj

�
s0

j; s
�
; (5.12)

the per capita growth rate of a mutant adaptive trait values0

j in an environment

determined by the monomorphic resident populations with adaptive trait valuess, it is

essential to recognize that a deterministic approximation of mutant population dynamics,
d
dt
n0

j = n0

j � f j

�
s0

j; s
�
, is not permitted during the invasion phase 3 as the mutant then

is rare. Mutants enter the system at population size1, hence there is no alternative to

a stochastic treatment of their population dynamics.

The equations derived above are the bases of our stochastic description of trait sub-

stitution sequences and will be employed in Section 5.3 to derive the monomorphic

stochastic model of coevolutionary dynamics.

5.2 Stochastic Description
of Trait Substitution Sequences

In this section we present a stochastic description of the monomorphic coevolutionary

dynamics by envisaging trait substitution sequences as directed random walks in the

monomorphic trait space. The stochastic description is completed by the transition

probabilities per unit time derived in the next section.

Markov Property

The adaptive dynamics of theN -species coevolutionary community are taking place in

the subspacebSc of the monomorphic trait space of adaptive trait valuess. The trait

substitution events constitute a stochastic process onbSc. Stochasticity is imposed by (i)

the process of mutation and (ii) the impact of demographic stochasticity on rare mutants.

The adaptive dynamics possess no memory, for mutation and selection depend only on

the present state of the community. The corresponding stochastic process ins thus will

be Markovian, provided that the knowledge ofs suffices to determine the potential for

adaptive change in the immediate future. To meet this requirement for real biological
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systems, a sufficient number of adaptive traits might need to be considered, see Section

8.1.

Master Equation

The stochastic adaptive dynamics of theN -species community inbSc thus is described

by a master equation

d

dt
P (s; t) =

Z h
w
�
sjs0; t

�
� P
�
s0; t

�
� w

�
s0
js; t

�
� P (s; t)

i
ds0: (5.13)

for P (s; t), the probability density of resident adaptive trait valuess = (s1; . . . ; sn) to

be realized at timet. The probabilities per unit time for the transitionss ! s0 at time

t are denoted byw(s0
js; t).

The equation above in principle is capable of describing the stochastic adaptive process

in the coevolutionary community even for environments that are subject to time-

dependent external influences. Yet, in the following sections we will restrict attention to

autonomous systems, where such a time dependence is absent. The reason for this is that

the principle of mutual exclusion, see also Section 7.3, on which in turn the assumption

of monomorphism rests, is not generally valid for arbitrarily varying environments. We

come back again to the general case in Section 8.2.

5.3 Transition Probabilities per Unit Time

We now turn to the derivation of the transition probabilities per unit timew(s0
js).

From General Events to Trait Substitution Events in a Single Species

Since the changedP in the probabilityP (s; t) is only considered during the infinitesimal

evolutionary time intervaldt it is understood that only transitions corresponding to a

trait substitution in a single species have a nonvanishing probability per unit time. This

is denoted by

w
�
s0
js
�
=

nX
i=1

wi

�
s0

i
; s
�
�

nY
j=1

j 6=i

�
�
s0
j
� sj

�
(5.14)

where � is Dirac’s delta function.

For a givens, the ith component of this sum can be envisaged in the space of alls0
� s

as a singular probability distribution that is only nonvanishing on theith axis.
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From Trait Substitution Events in a Single Species
to Mutation and Selection Events

The derivation ofwi(s
0

i
; s), the transition probability per unit time for the trait substi-

tution si ! s0

i
, comes in three parts.

First, as explained in Section 5.1, a trait substitution comprises four phases: stasis,

mutation, invasion and fixation. The latter two correspond to the process of selection. As

the phases of mutation, invasion and fixation are statistically uncorrelated, the probability

per unit timewi for a complete trait substitution event can be decomposed into the

probability per unit timeMi that the mutant enters the population (phase 2: mutation)

times the conditional probabilitySi for invasion given mutation, i.e. the probability of a

single mutant individual to successfully escape accidental extinction (phase 3: invasion)

wi

�
s0

i; s
�
=Mi

�
s0

i; s
�
� S i

�
s0

i; s
�
: (5.15)

An additional factor (phase 4: fixation) would have been required, had we not assumed

the principle of mutual exclusion which guarantees that invasion implies fixation.

Therefore the corresponding conditional probability of fixation given invasion is of

value 1.

Mutation Events

Second, we compute the probability per unit timeMi that the mutant enters the

population.

The processes of mutation in distinct individuals are statistically uncorrelated. Thus the

probability per unit timeMi is given by the product of the following three terms.

1. The per capita mutation rate�i(si) � bi(si; s) for the traitsi. The termbi(si; s) is

the per capita birth rate of resident individuals of theith species in the environment

determined by the monomorphic resident populations with adaptive trait valuess,

and�i(si) denotes the fraction of births that give rise to mutations in the speciesi.

2. The population sizêni(s) of the ith species. The product of this factor with the

first term yields the overall mutation rate in the population of speciesi.

3. The probability distributionMi(si; s
0

i
� si) for the mutation process in the traitsi.
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Figure 5.1 Invasion success of a rare mutant. The probabilitySi(s
0

i
; s) of a mutant population initially

of size1 with adaptive trait values0

i
in a community of monomorphic resident populations with adaptive

trait valuess to grow in size such as to eventually overcome the threshold of accidental extinction is
dependent on the per capita growth and death rates,f

i
(s0

i; s) anddi(s
0

i; s), of individuals in the mutant
population. Deleterious mutants withf

i
(s0

i
; s) < 0 go extinct with probability1 but even advantageous

mutants withf i
(s0

i
; s) > 0 have a survival probability less than1. Large per capita deaths rates hinder

invasion success while large per capita growth rates of the mutant favor it.

Collecting the expressions above we obtain

Mi

�
s0

i; s
�
= �i(si) � bi(si; s) � n̂i(s) �Mi

�
si; s

0

i � si

�
(5.16)

as the probability per unit time that the mutant enters the population.

Selection Events

Third, we consider the process of selection determining the probabilityS i of escaping

extinction.

Since mutants enter initially in a single individual, the impact of demographic stochas-

ticity on their population dynamics must not be neglected (Fisher 1958). The situation is

different, however, for the resident populations; here we have assumed that the equilib-

rium population sizeŝni(s) are large enough for there to be negligible risk of accidental

extinction.
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Two results stem from this.

1. Frequency-dependent effects on the population dynamics of the mutant can be

ignored when the mutant is rare relative to the resident.

2. The actual equilibrium size of the mutant after fixation is not important as long as

it is large enough to exceed a certain threshold. Above this threshold the effect of

demographic stochasticity is negligible (Wissel and St¨ocker 1991).

The probability that the mutant population reaches sizen starting from size1 depends

on its per capita birth and death rates,b andd. Based on equation (5.9) and considering

the result 1 above, this probability can be calculated analytically . The result is given by

[1� (d=b)]=[1� (d=b)
n

] (Bailey 1964; Goel and Richter-Dyn 1974) with the per capita

birth and death rates of the rare mutant,b = b
i
(s0

i
; s) and d = d

i
(s0

i
; s). We exploit

result 2 by taking the limitn ! 1.

The probabilityS i of escaping extinction is thus given by

S
i

�
s0

i
; s
�
=

�
1 � di(s

0

i
; s)=bi(s

0

i
; s) for di(s

0

i
; s)=bi(s

0

i
; s) < 1

0 for d
i
(s0

i
; s)=b

i
(s0

i
; s) � 1

= b
�1

i

�
s0
i
; s
�
�

�
f
i

�
s0
i
; s
��
+

(5.17)

where the function(. . .)
+

: x ! x � �(x) leaves positive arguments unchanged and

maps negative ones to zero.

In consequence of equation (5.17), deleterious mutants (with a per capita growth rate

smaller than that of the resident type) have no chance of survival but even advantageous

mutants (with a greater per capita growth rate) experience some risk of extinction, see

Figure 5.1.

Conclusion

We conclude that the transition probabilities per unit time for the trait substitutions

si ! s0
i

are given by

wi

�
s0
i
; s
�
=�i(si) � bi(si; s) � n̂i(s) �Mi

�
si; s

0

i
� si

�
�

b
�1

i

�
s0
i
; s
�
�

�
f
i

�
s0
i
; s
��
+
:

(5.18)

This result completes the stochastic representation of the mutation-selection process in

terms of the master equation. By combining equations (5.13), (5.14) and (5.18) we have

derived our second model of coevolutionary dynamics, themonomorphic stochastic

model.
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Recovery of Invasion Criterion

From equation (5.18) it is easy to conclude that a sufficient condition for a resident

population with adaptive trait valuesi not to be invadable by a mutant adaptive trait

values
0

i
(in an environment determined by the monomorphic resident populations with

adaptive trait valuess) is given byf i(s
0

i
; s) < 0 or equivalently by

f i(si; s) > f i

�
s0

i; s
�
: (5.19)

This condition closely resembles the inequality (2.1) for evolutionarily stable strategies,

which is thus recovered from our stochastic approach.

We only note in passing that when resident populations are not assumed to be sufficiently

large for not being subject to accidental extinction, invasion always is possible with

some finite probability per unit time.

5.4 An Algorithm for the Monomorphic Stochastic Model

An algorithm for the monomorphic stochastic model derived from equations (5.13,14,18)

is presented in Figure 5.2. As in the case of the polymorphic stochastic model we again

restrict attention to autonomous coevolutionary communities in order to employ for the

algorithm the minimal process method introduced in Section 4.4.

Distribution of Waiting Times

According to Step C in Figure 5.1 the waiting times between two events of a stochastic

realization follow an exponential distribution. By the same line of reasoning as given in

Section 4.4 we obtain for the distribution of waiting times between two subsequent trait

substitution events in the monomorphic stochastic model (apart from normalization)

P (s; t+�t) = exp

(
�

Z t+�t

t

T�1
�
s; t0

�
dt0

)
: (5.20)

with T�1(s; t) =
R
w(s0js; t) ds0. For homogeneous master equations (5.13) equation

(5.20) reduces to

P (s; t+�t) = exp f��t=T (s)g : (5.21)
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An Algorithm for the

Monomorphic Stochastic Model

A. Initialize the adaptive trait valuessi with i = 1; . . . ; N at timet = 0 and

specify the timetend when to stop the dynamics.

B. Construct the integralswi =
R
wi(s

0

i
; s) ds0

i
with i = 1; . . . ; N and the

sum w =
P

N

i=1
wi.

C. Choose the waiting time�t for the next event to occur according to

�t = �

1

w
� ln r where 0 < r � 1 is a uniformly distributed random

number.

D. Choose speciesi with probability 1

w
� wi.

E. Choose for speciesi a new phenotypes0

i
with probability density 1

wi
�

wi(s
0

i
; s).

F. Update time and adaptive trait values according tot! t+�t andsi ! s0

i
.

G. Continue from Step B untilt � tend.

Figure 5.2 An algorithm for the monomorphic stochastic model. The protocol employs the minimal
process method described in Section 4.4.

Autonomous and Non-Autonomous Systems

The remarks in Section 4.4 on the validity of the presented algorithm for non-

autonomous coevolutionary communities apply equally to the monomorphic stochastic

model. For time steps�t being small compared to the time scale on whichT�1(s; t)

changes, exponentially distributed waiting times and thus the minimal process method

may be applied approximately even to non-homogeneous master equations (correspond-

ing to systems with an external time dependence), provided only that the typical number

of events on the timescale of the external perturbations is large.

This prerequisite coincides with the condition that is required for the principle of mutual

exclusion to hold even in the case of varying environments. For more details see

Sections 7.3 and 8.2.
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Figure 5.3 Realizations of the monomorphic stochastic model. Five directed random walks in trait
space for each of the five initial conditions (indicated by asterisks) are depicted by continuous lines. The
discontinuous oval line is the boundary of the region of coexistence. The coevolution of both species
drives their adaptive trait values towards a common equilibriumŝ. Parameters of the coevolutionary
predator-prey community are the same as in Figure 4.4.

5.5 Sample Simulations and Further Inquiry

The information contained in the stochastic representation of the adaptive process can

be used in several respects.

Bundles of Trait Substitution Sequences

First, we can employ the algorithm presented in the last section to obtain actual

realizations of the stochastic mutation-selection process.

We again illustrate this method by means of an example of predator-prey coevolution. A

portion of the two-dimensional monomorphic trait spacebS of this system is depicted in

Figure 5.3. The dashed line surrounds the region of coexistencebSc. Within this region

several trait substitution sequences(s1(t); s2(t)) are displayed by continuous lines.
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Figure 5.4 Mean paths of the monomorphic stochastic model. Ten trait substitution sequences for each
of the five initial conditions (indicated by asterisks) are combined to obtain the mean paths, depicted by
continuous lines. The jaggedness of these lines is caused by the finite number of ten trait substitution
sequences used for constructing the mean paths. The discontinuous oval line is the boundary of the region
of coexistence. The coevolution of both species drives their adaptive trait values towards a common
equilibrium ŝ. Parameters of the coevolutionary predator-prey community are the same as in Figure 4.4.

Note that trait substitution sequences starting from the same initial state are not identical.

This underlines the unique, historical nature of any evolutionary process. But, though

these paths are driven apart by the process of mutation, they are kept together by the

directional impact of selection.

Definition of Mean Paths

Second, the latter observation underpins the introduction of a further concept from

stochastic process theory.
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By imagining a large numberr of independent trait substitution sequencess
j
(t) =

�
s
j
1
(t); . . . ; s

j
N (t)

�
, with j = 1; . . . ; r, starting from the same initial state, it is straight-

forward to apply an averaging process in order to obtain themean pathhsi(t) by

hsi(t) = lim
r!1

1

r
�

rX

j=1

s
j
(t) : (5.22)

The construction of these mean paths is illustrated in Figure 5.4 for the case of predator-

prey coevolution. By comparison of Figure 5.4 to Figures 5.3 and 4.4 it can be seen

that the mean paths appear to capture the essential features of the adaptive process. This

observation is further exploited in the next chapter.
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Abstract. In this paper we develop a dynamical theory of coevolution in
ecological communities. The derivation explicitly accounts for the stochastic
components of evolutionary change and is based on ecological processes at
the level of the individual. We show that the coevolutionary dynamic can be
envisaged as a directed random walk in the community’s trait space. A quant-
itative description of this stochastic process in terms of a master equation is
derived. By determining the first jump moment of this process we abstract the
dynamic of the mean evolutionary path. To first order the resulting equation
coincides with a dynamic that has frequently been assumed in evolutionary
game theory. Apart from recovering this canonical equation we systematically
establish the underlying assumptions. We provide higher order corrections
and show that these can give rise to new, unexpected evolutionary effects
including shifting evolutionary isoclines and evolutionary slowing down of
mean paths as they approach evolutionary equilibria. Extensions of the
derivation to more general ecological settings are discussed. In particular we
allow for multi-trait coevolution and analyze coevolution under nonequilib-
rium population dynamics.

Key words: Coevolution — Stochastic processes — Mutation-selection systems —
Individual-based models — Population dynamics — Adaptive dynamics

1 Introduction

The self-organisation of systems of living organisms is elucidated most success-
fully by the concept of Darwinian evolution. The processes of multiplication,
variation, inheritance and interaction are sufficient to enable organisms to
adapt to their environments by means of natural selection (see e.g. Dawkins
1976). Yet, the development of a general and coherent mathematical theory of
Darwinian evolution built from the underlying ecological processes is far from



complete. Progress on these ecological aspects of evolution will critically de-
pend on properly addressing at least the following four requirements.

1. ¹he evolutionary process needs to be considered in a coevolutionary
context. This amounts to allowing feedbacks to occur between the evolutionary
dynamics of a species and the dynamics of its environment (Lewontin 1983). In
particular, the biotic environment of a species can be affected by adaptive
change in other species (Futuyma and Slatkin 1983). Evolution in constant or
externally driven environments thus are special cases within the broader co-
evolutionary perspective. Maximization concepts, already debatable in the
former context, are insufficient in the context of coevolution (Emlen 1987;
Lewontin 1979, 1987).

2. A proper mathematical theory of evolution should be dynamical. Although
some insights can be gained by identifying the evolutionarily stable states or
strategies (Maynard Smith 1982), there is an important distinction between
non-invadability and dynamical attainability (Eshel and Motro 1981; Eshel 1983;
Taylor 1989). It can be shown that in a coevolutionary community comprising
more than a single species even the evolutionary attractors generally cannot be
predicted without explicit knowledge of the dynamics (Marrow et al. 1996).
Consequently, if the mutation structure has an impact on the evolutionary
dynamics, it must not be ignored when determining evolutionary attractors.
Furthermore, a dynamical perspective is required in order to deal with evolution-
ary transients or evolutionary attractors which are not simply fixed points.

3. ¹he coevolutionary dynamics ought to be underpinned by a microscopic
theory. Rather than postulating measures of fitness and assuming plausible
adaptive dynamics, these should be rigorously derived. Only by accounting
for the ecological foundations of the evolutionary process in terms of the
underlying population dynamics, is it possible to incorporate properly both
density and frequency dependent selection into the mathematical framework
(Brown and Vincent 1987a; Abrams et al. 1989, 1993; Saloniemi 1993). Yet,
there remain further problems to overcome. First, analyses of evolutionary
change usually cannot cope with nonequilibrium population dynamics (but
see Metz et al. 1992; Rand et al. 1993). Second, most investigations are aimed
at the level of population dynamics rather than at the level of individuals
within the populations at which natural selection takes place; in consequence,
the ecological details between the two levels are bypassed.

4. ¹he evolutionary process has important stochastic elements. The process
of mutation, which introduces new phenotypic trait values at random into the
population, acts as a first stochastic cause. Second, individuals are discrete
entities and consequently mutants that arise initially as a single individual are
liable to accidental extinction (Fisher 1958). A third factor would be demo-
graphic stochasticity of resident populations; however, in this paper we
assume resident populations to be large, so that the effects of finite population
size of the residents do not have to be considered (Wissel and Stöcker 1989).
The importance of these stochastic impacts on the evolutionary process has
been stressed by Kimura (1983) and Ebeling and Feistel (1982).
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Only some of the issues above can be tackled within the mathematical
framework of evolutionary game dynamics. This field of research focuses
attention on change in phenotypic adaptive traits and serves as an extension
of traditional evolutionary game theory. The latter identifies a game’s payoff
with some measure of fitness and is based on the concept of the evolutionarily
stable strategy (Maynard Smith and Price 1973). Several shortcomings of the
traditional evolutionary game theory made the extension to game dynamics
necessary. First, evolutionary game theory assumes the simultaneous avail-
ability of all possible trait values. Though one might theoretically envisage
processes of immigration having this feature, the process of mutation typically
will only yield variation that is localized around the current mean trait value
(Mackay 1990). Second, it has been shown that the non-invadability of a trait
value does not imply that trait values in the vicinity will converge to the
former (Taylor 1989; Christiansen 1991; Takada and Kigami 1991). In conse-
quence, there can occur evolutionarily stable strategies that are not dynam-
ically attainable, these have been called ‘Garden of Eden’ configurations
(Hofbauer and Sigmund 1990). Third, the concept of maximization, underly-
ing traditional game theory, is essentially confined to single species adapta-
tion. Vincent et al. (1993) have shown that a similar maximization principle
also holds for ecological settings where several species can be assigned a single
fitness generating function. However, this is too restrictive a requirement
for general coevolutionary scenarios, so in this context the dynamical per-
spective turns out to be the sole reliable method of analysis.

We summarize the results of several investigations of coevolutionary
processes based on evolutionary game dynamics by means of the following
canonical equation

d

dt
s
�
"k

�
(s) ·

�
�s�

�

¼
�
(s�
�
, s) �s�

�
"s

�

. (1.1)

Here, the s
�
with i"1, . . . , N denote adaptive trait values in a community

comprising N species. The ¼
�
(s�
�
, s) are measures of fitness of individuals with

trait value s�
�
in the environment determined by the resident trait values s,

whereas the k
�
(s) are non-negative coefficients, possibly distinct for each

species, that scale the rate of evolutionary change. Adaptive dynamics of the
kind (1.1) have frequently been postulated, based either on the notion of
a hill-climbing process on an adaptive landscape or on some other sort of
plausibility argument (Brown and Vincent 1987a, 1987b, 1992; Rosenzweig
et al. 1987; Hofbauer and Sigmund 1988, 1990; Takada and Kigami 1991;
Vincent 1991; Abrams 1992; Marrow and Cannings 1993; Abrams et al. 1993).
The notion of the adaptive landscape or topography goes back to
Wright (1931). A more restricted version of equation (1.1), not yet allowing for
intraspecific frequency dependence, has been used by Roughgarden (1983).
It has also been shown that one can obtain an equation similar to the
dynamics (1.1) as a limiting case of results from quantitative genetics (Lande
1979; Iwasa et al. 1991; Taper and Case 1992; Vincent et al. 1993; Abrams et al.
1993).
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In this paper we present a derivation of the canonical equation that
accounts for all four of the above requirements. In doing this we recover the
dynamics (1.1) and go beyond them by providing higher order corrections to
this dynamical equation; in passing, we deduce explicit expressions for the
measures of fitness ¼

�
and the coefficients k

�
. The analysis is concerned with

the simultaneous evolution of an arbitrary number of species and is appropri-
ate both for pairwise or tight coevolution and for diffuse coevolution
(Futuyma and Slatkin 1983). We base the adaptive dynamics of the
coevolutionary community on the birth and death processes of individuals.
The evolutionary dynamics are described as a stochastic process, explicitly
accounting for random mutational steps and the risk of extinction of
rare mutants. From this we extract a deterministic approximation of the
stochastic process, describing the dynamics of the mean evolutionary path.
The resulting system of ordinary differential equations covers both the
asymptotics and transients of the adaptive dynamics, given equilibrium popu-
lation dynamics; we also discuss an extension to nonequilibrium population
dynamics.

The outline of the paper is as follows. Section 2 provides a general
framework for the analysis of coevolutionary dynamics. The relationship of
population dynamics to adaptive dynamics is discussed in a coevolutionary
context and we describe the basic quantities specifying a coevolutionary
community. For the purpose of illustration we introduce a coevolutionary
predator—prey system that serves as a running example to demonstrate most
of the ideas in this paper. In Sect. 3 we derive the stochastic representation of
the coevolutionary process, explaining the notion of a trait substitution
sequence and giving a dynamical description of these processes in terms of
a master equation. In Sect. 4 we utilize this representation in combination
with the stochastic concept of the mean evolutionary path in order to con-
struct a deterministic approximation of the coevolutionary process. From this
the canonical equation (1.1) is recovered and we demonstrate its validity up to
first order. This result is refined in Sect. 5 by means of higher order correc-
tions, where a general expression for the adaptive dynamics is deduced
allowing for increased accuracy. The higher order corrections give rise to new,
unexpected effects which are discussed in detail. We also provide the conditions
that must be satisfied for making the canonical equation exact and explain in
what sense it can be understood as the limiting case of our more general process.
In Sect. 6 we extend our theoretical approach to a wider class of coevolution-
ary dynamics by discussing several generalizations such as multiple-trait
coevolution and coevolution under nonequilibrium population dynamics.

2 Formal framework

Here we introduce the basic concepts underlying our analyses of coevolution-
ary dynamics. Notation and assumptions are discussed, and the running
example of predator—prey coevolution is outlined.
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2.1 Conceptual background

The coevolutionary community under analysis is allowed to comprise an
arbitrary number N of species, the species are characterized by an index
i"1, . . . , N. We denote the number of individuals in these species by n

�
, with

n"(n
�
, . . . , n

�
). The individuals within each species can be distinct with

respect to adaptive trait values s
�
, taken from sets SK

�
and being either continu-

ous or discrete. For convenience we scale the adaptive trait values such that
SK
�
L(0, 1). The restriction to one trait per species will be relaxed in Sect. 6.2,

but obtains until then to keep notation reasonably simple.
The development of the coevolutionary community is caused by the

process of mutation, introducing new mutant trait values s�
�
, and the process of

selection, determining survival or extinction of these mutants. A formal
description will be given in Sects. 2.2 and 3.2; here we clarify the concepts
involved. The change of the population sizes n

�
constitutes the population

dynamics, that of the adaptive trait values s
�

is called adaptive dynamics.
Together these make up the coevolutionary dynamics of the community. We
follow the convention widely used in evolutionary theory that population
dynamics occurs on an ecological timescale that is much faster than the
evolutionary timescale of adaptive dynamics (Roughgarden 1983). Two im-
portant inferences can be drawn from this separation.

First, the timescale argument can be used in combination with a principle
of mutual exclusion to cast the coevolutionary dynamics in a quasi-monomor-
phic framework. The principle of mutual exclusion states that no two adaptive
trait values s

�
and s�

�
can coexist indefinitely in the population of species

i"1, . . . , N when not renewed by mutations; of the two trait values event-
ually only the single more advantageous one survives. For the moment we
keep this statement as an assumption; in Sect. 6.1 we will have built up the
necessary background to clarify its premisses. Together with the timescale
argument we conclude that there will be one trait value prevailing in each
species at almost any point in time. This is not to say that coexistence of
several mutants cannot occur at all: we will regard an evolving population as
quasi-monomorphic, if the periods of coexistence are negligible compared to
the total time of evolution (Kimura 1983). The adaptive state of the co-
evolutionary community is then aptly characterized by the vector
s"(s

�
, . . . , s

�
) of prevailing or resident trait values and the state space of the

coevolutionary dynamics is the Cartesian product of the monomorphic trait
space SK "X�

���
SK
�
LR� and the population size space NK "X�

���
NK

�
"Z�

�
.

When considering large population sizes we may effectively replace NK
�
"Z

�
by NK

�
"R

�
.

Second, we apply the timescale argument together with an assumption of
monostable population dynamics to achieve a decoupling of the population
dynamics from the adaptive dynamics. In general, the population dynamics
could be multistable, i.e. different attractors are attained depending on initial
conditions in population size space. It will then be necessary to trace the
population dynamics �

��
n is size space NK simultaneously with the adaptive
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dynamics �
��

s in trait space SK . This is no problem in principle but it makes the
mathematical formulation more complicated; for simplicity we hence assume
monostability. Due to the different timescales, the system of simultaneous
equations can then be readily decomposed. The trait values s or functions
thereof can be assumed constant as far as the population dynamics �

��
n are

concerned. The population sizes n or functions F thereof can be taken
averaged when the adaptive dynamics �

��
s are considered, i.e.

FM (s)" lim
���

1

¹ · �
�

�

F(s, n(s, t)) dt (2.1)

where n (s, t) is the solution of the population dynamics �
��

n with initial
conditions n (s, 0) which are arbitrary because of monostability. With the help
of these solutions n(s, t) we can also define the region of coexistence SK

�
as that

subset of trait space SK that allows for sustained coexistence of all species

SK
�
"�s3SK � lim

���

n
�
(s, t)'0 for all i"1, . . . , N� . (2.2)

If the boundary �SK
�
of this region of coexistence is attained by the adaptive

dynamics, the coevolutionary community collapses from N species to a
smaller number of N� species. The further coevolutionary process then has to
be considered in the corresponding N�-dimensional trait space. There can also
exist processes that lead to an increase in the dimension of the triat space, see
e.g. Sect. 6.1.

2.2 Specification of the coevolutionary community

We now have to define those features of the coevolutionary community that
are relevant for our analysis in terms of ecologically meaningful quantities.

We first consider the process of selection. In an ecological community the
environment e

�
of a species i is affected by influences that can be either internal

or external with respect to the community considered. The former effects are
functions of the adaptive trait values s and population sizes n in the commun-
ity; the latter may moreover be subject to external effects like seasonal forcing
which render the system non-autonomous. We thus write

e
�
"e

�
(s, n, t) . (2.3)

The quantities b�
�
and dI

�
are introduced to denote the per capita birth and death

rates of an individual in species i. These rates are interpreted stochastically as
probabilities per unit time and can be combined to yield the per capita
growth rate fI

�
"b�

�
!dI

�
of the individual. They are affected by the trait value

s�
�
of the individual as well as by its environment e

�
, thus with equation (2.3) we

have
b�
�
"b�

�
(s�
�
, s, n, t) and dI

�
"dI

�
(s�
�
, s, n, t) . (2.4)

Since we are mainly interested in the phenomenon of coevolution — an effect
internal to the community — in the present paper we will not consider the extra
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time-dependence in equations (2.4) which may be imposed on the environment
by external effects.

We now turn to the process of mutation. In order to describe its properties
we introduce the quantities �

�
and M

�
. The former denote the fraction of births

that give rise to a mutation in the trait value s
�
. Again, these fractions are

interpreted stochastically as probabilities for a birth event to produce an
offspring with an altered adaptive trait value. These quantities may depend on
the phenotype of the individual itself,

�
�
"�

�
(s
�
) , (2.5)

although in the present paper we will not dwell on this complication. The
quantities

M
�
"M

�
(s
�
, s�

�
!s

�
) (2.6)

determine the probability distribution of mutant trait values s�
�

around the
original trait value s

�
. If the functions M

�
and �

�
are independent of their first

argument, the mutation process is called homogeneous; if M
�
is invariant under

a sign change of its second argument, the mutation process is called symmetric.
With equilibrium population sizes nL (s) satisfying fI

�
(s
�
, s, nL (s))"0 for all

i"1, . . . , N, the time average in equation (2.1) is simply given by
FM (s)"F(s, nL (s)). In particular we thus can define

fM
�
(s�
�
, s)"fI

�
(s�
�
, s, nL (s)) (2.7)

and analogously for b�
�

and dM
�
. We come back to the general case of

nonequilibrium population dynamics in Sect. 6.3.
We conclude that for the purpose of our analysis the coevolutionary

community of N species is completely defined by specifying the ecological
rates b�

�
, dI

�
and the mutation properties �

�
, M

�
. An explicit example is

introduced for illustration in Sect. 2.3. We will see that our formal framework
allows us to deal both with density dependent selection as well as with
interspecific and intraspecific frequency dependent selection.

2.3 Application

To illustrate the formal framework developed above, here we specify a co-
evolutionary community starting from a purely ecological one. The example
describes coevolution in a predator—prey system.

First, we choose the population dynamics of prey (index 1) and predator
(index 2) to be described by a Lotka—Volterra system with self-limitation in
the prey

d

dt
n
�
"n

� · (r�!� · n�!� · n�
) ,

(2.8)
d

dt
n
�
"n

� · (!r
�
#� · n�

)
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where all parameters r
�
, r

�
, �, � and � are positive. These control parameters of

the system are determined by the species’ intraspecific and interspecific inter-
actions as well as by those with the external environment.

Second, we specify the dependence of the control parameters on the
adaptive trait values s"(s

�
, s

�
)

� (s
�
, s

�
)/u"c

� ·� (s
�
, s

�
)

� (s
�
, s

�
)/u"exp(!	�

�
#2c

� · 	� · 	�
!	�

�
) , (2.9)

�(s
�
)/u"c

�
!c

� · s�
#c

� · s��
with 	

�
"(s

�
!c

	
)/c



and 	

�
"(s

�
!c

�
)/c

�
; r

�
and r

�
are independent of s

�
and s

�
. The constant u can be used to scale population sizes in the community.

For the sake of concreteness s
�

and s
�

may be thought of as representing the
body sizes of prey and predator respectively. According to the Gaussian
functions � and �, the predator’s harvesting of the prey is most efficient at
(s
�
"c

	
, s

�
"c

�
) and, since c

�
'0, remains particularly efficient along the line

(s
�
, s

�
"s

�
), i.e. for predators having a body size similar to their prey. Accord-

ing to the parabolic function �, the prey’s self-limitation is minimal at
s
�
"c

�
/2c

�
. Details of the biological underpinning of these choices are dis-

cussed in Marrow et al. (1992).
Third, we provide the per capita birth and death rates for a rare mutant

trait value s�
�

or s�
�

respectively,

b�
�
(s�
�
, s, n)"r

�
,

dI
�
(s�
�
, s, n)"� (s�

�
) · n�

#� (s�
�
, s

�
) · n�

,

b�
�
(s�
�
, s, n)"�(s

�
, s�

�
) · n�

,

dI
�
(s�
�
, s, n)"r

�
.

(2.10)

These functions are the simplest choice in agreement with equations (2.8) and
can be inferred by taking into account that mutants are rare when entering the
community.

Fourth, we complete the definition of our coevolutionary community by
the properties of the mutation process,

�
�
,

M
�
(s
�
, �s

�
)" 1

�2
 · ��

· exp �!
1

2
�s�

�
/��

�� ,

�
�
,

M
�
(s
�
, �s

�
)" 1

�2
 · ��

· exp �!
1

2
�s�

�
/��

�� .

(2.11)

The standard numerical values for all parameters used in subsequent simula-
tions are given in Table 1.

Although the coevolutionary community defined by (2.10) and (2.11)
captures some features of predator—prey coevolution, other choices for the
same purpose or for entirely different ecological scenarios could readily be
made within the scope of our approach. Many features of the model presented
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Table 1. The default parameter values for the coevolutionary predator—prey community

will be analyzed in the course of this paper; additional discussion is provided
in Marrow et al. (1992, 1996) and Dieckmann et al. (1995).

3 Stochastic representation

In this section we establish the stochastic description of the coevolutionary
dynamics. The central idea is to envisage a sequence of trait substitutions as
a directed random walk in trait space determined by the processes of mutation
and selection.

3.1 Stochastic description of trait substitution sequences

The notion of the directed random walk is appropriate for three reasons. First,
the current adaptive state of the coevolutionary community is represented by
the vector s"(s

�
, . . . , s

�
) composed of the trait values prevalent in each

species. This is due to the assumption of quasi-monomorphic evolution
discussed in the last section. So a trait substitution sequence is given by the
dynamics of the point s in N-dimensional trait space (Metz et al. 1992).
Second, these dynamics incorporate stochastic change. As already noted in
the Introduction, the two sources for this randomness are (i) the process of
mutation and (ii) the impact of demographic stochasticity on rare mutants.
Third, the coevolutionary dynamics possess no memory, for mutation and
selection depend only on the present state of the community. The trait
substitution sequence thus will be Markovian, provided that s determines the
state of the coevolutionary system. To meet this requirement for realistic
systems, a sufficient number of traits may need to be considered, see Sect. 6.2.

By virtue of the Markov property the dynamics of the vector s is described
by the following equation

d

dt
P (s, t)"� [w(s � s�) ·P (s�, t )!w (s� � s ) · P(s, t)] ds� . (3.1)
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Here P(s, t) denotes that probability that the trait values in the coevolutionary
system are given by s at time t. Note that P (s, t) is only defined on the region of
coexistence SK

�
. The w (s� � s ) represent the transition probabilities per unit time

for the trait substitution s P s�. The stochastic equation above is an instance
of a master equation (see e.g. van Kampen 1981) and simply reflects the fact
that the probability P(s, t) is increased by all transitons to s (first term) and
decreased by all those from s (second term).

Transition probabilities per unit time

We now turn to the definition of the transition probabilities per unit time.
Since the change dP in the probability P(s, t) is only considered during the
infinitesimal evolutionary time interval dt, it is understood that only
transitions corresponding to a trait substitution in a single species have
a nonvanishing probability per unit time. This is denoted by

w (s� � s)" �
�
���

w
�
(s�
�
, s) ·

�

	��
	9�

	 (s�
	
!s

	
) (3.2)

where 	 is Dirac’s delta function. For a given s the ith component of this sum
can be envisaged in the space of all s�!s as a singular probability distribution
that is only nonvanishing on the ith axis. The derivation of w

�
(s�
�
, s ), the

transition probability per unit time for the trait substitution s
�
P s�

�
, comes in

three parts.

1. Mutation and selection are statistically uncorrelated. For this reason the
probability per unit time w

�
for a specific trait substitution is given by the

probability per unit time M
�
that the mutant enters the population times

the probability S
�
that it successfully escapes accidental extinction

w
�
(s�
�
, s)"M

�
(s�
�
, s ) ·S

�
(s�
�
, s) . (3.3)

2. The processes of mutation in distinct individuals are statistically uncor-
related. Thus the probability per unit time M

�
that the mutant enters the

population is given by the product of the following three terms.
(a) The per capita mutation rate �

�
(s
�
) · b�

�
(s
�
, s) for the trait value s

�
. The

term b�
�
(s
�
, s ) is the per capita birth rate of the ith species in the

community determined by the resident trait values s, and �
�
(s
�
) denotes

the fraction of births that give rise to mutations in the species i.
(b) The equilibrium population size nL

�
(s) of the ith species.

(c) The probability distribution M
�
(s
�
, s�

�
!s

�
) for the mutation process in

the trait s
�
.

Collecting the results above we obtain

M
�
(s�
�
, s )"�

�
(s
�
) · b�

�
(s
�
, s ) · nL

�
(s) · M

�
(s
�
, s�

�
!s

�
) (3.4)

for the probability per unit time that the mutant enters the population.
3. The process of selection determines the mutant’s probability S

�
of escaping

initial extinction. Since mutants enter as single individuals, the impact of
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demographic stochasticity on their population dynamics must not be
neglected (Fisher 1958). We assume, however, that the equilibrium popula-
tion sizes nL

�
are large enough for there to be negligible risk of accidental

extinction of the established resident population. Two consequences stem
from this.
(a) Frequency-dependent effects on the population dynamics of the mutant

can be ignored when the mutant is rare relative to the resident.
(b) The actual equilibrium size of the mutant after fixation is not important

as long as it is large enough to exceed a certain threshold. Above this
threshold the effect of demographic stochasticity is negligible (Wissel
and Stöcker 1991).

The probability that the mutant population reaches size n starting from
size 1 depends on its per capita birth and death rates, b and d. Based on
the stochastic population dynamics of the mutant (Dieckmann 1994) and
on statement (a) above, this probability can be calculated analytically. The
result is given by [1!(d/b)]/[1!(d/b)
] (Bailey 1964; Goel and Richter-
Dyn 1974). We exploit statement (b) above by taking the limit n PR. The
probability S

�
of escaping extinction is then given by

S
�
(s�
�
, s )"�

1!dM
�
(s�
�
, s )/b�

�
(s�
�
, s)

0

for dM
�
(s�
�
, s )/b�

�
(s�
�
, s)(1

for dM
�
(s�
�
, s )/b�

�
(s�
�
, s)71

(3.5)

"b� �
�

(s�
�
, s) · ( fM

�
(s�
�
, s ))

�

where the function ( . . . )
�

: x Px · �(x), the product of the identity and
the Heaviside function, leaves positive arguments unchanged and maps
negative ones to zero. It follows from equation (3.5) that deleterious
mutants (with a per capita growth rate smaller than that of the resident
type) have no chance of survival but even advantageous mutants (with a
greater per capita growth rate) experience some risk of extinction, see Fig. 1.

We conclude that the transition probabilities per unit time for the trait
substitutions s

�
P s�

�
are

w
�
(s�
�
, s )"�

�
(s
�
) · b�

�
(s
�
, s) · nL

�
(s) · M

�
(s
�
, s�

�
!s

�
) · b� �

�
(s�
�
, s ) · ( fM

�
(s�
�
, s))

�
. (3.6)

This expression completes the stochastic representation of the mutation-
selection process in terms of the master equation.

3.3 Applications

The information contained in the stochastic representation of the coevoution-
ary dynamics can be used in several respects.

First, we can employ the minimal process method (Gillespie 1976) to obtain
actual realizations of the stochastic mutation-selection process. We illustrate
this method by means of our example of predator—prey coevolution.
The two-dimensional trait space SK of this system is depicted in Fig. 2a. The
dashed line surrounds the region of coexistence SK

�
. Within this region
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Fig. 1. Invasion success of a rare mutant. The probability S
�
(s�
�
, s) of a mutant population

initially of size 1 with adaptive trait value s�
�
in a community of monomorphic resident

populations with adaptive trait values s to grow in size such as to eventually overcome the
threshold of accidental extinction is dependent on the per capita growth and death rates,
fM
�
(s�
�
, s ) and dM

�
(s�
�
, s), of individuals in the mutant population. Deleterious mutants with

fM
�
(s�
�
, s )(0 go extinct with probability 1 but even advantageous mutants with fM

�
(s�
�
, s )'0

have a survival probability less than 1. Large per capita deaths rates hinder invasion success
while large per capita growth rates of the mutant favor it

different trait substitution sequences (s
�
(t), s

�
(t)) are displayed by continuous

lines. Note that trait substitution sequences starting from the same initial
states (indicated by asterisks) are not identical. This underlines the unique,
historical nature of any evolutionary process. But, although these paths are
driven apart by the process of mutation, they are kept together by the
directional impact of selection.

Second, the latter observation underpins the introduction of a further
concept from stochastic process theory. By imagining a large number r of trait
substitution sequences s�(t)"(s�

�
(t), . . . , s�

�
(t)), with k"1, . . . , r, starting

Fig. 2a. Stochastic representation of
the adaptive dynamics: trait substitu-
tion sequences as defined by equa-
tions (3.1), (3.2) and (3.6). Ten directed
random walks in trait space for each
of five different initial conditions (in-
dicated by asterisks) are depicted by
continuous lines. The discontinuous
oval curve is the boundary of the
region of coexistence. The coevolu-
tion of both species drives the trait
values towards a common equilib-
rium sL . The parameters of the co-
evolutionary predator—prey com-
munity are given in Table 1
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Fig. 2b. Stochastic representation of
the adaptive dynamics: mean paths as
defined by equation (3.7). Ten trait
substitution sequences for each of the
five different initial conditions (in-
dicated by asterisks) are combined to
obtain estimates for the mean paths,
depicted by continuous lines. The
jaggedness of the lines is caused by
the finite number of ten trait substitu-
tion sequences. The discontinuous
oval curve is the boundary of the
region of coexistence. The parameters
of the coevolutionary predator-prey
community are as in Fig. 2a

Fig. 2c. Deterministic approxima-
tion of the adaptive dynamics: phase
portrait as defined by equations
(4.12). The deterministic trajectories
which correspond to the trait substi-
tution sequences in Fig. 2a and to the
mean paths in Fig. 2b are depicted by
continuous lines (initial conditions
are indicated by asterisks). Other
trajectories have been added to sup-
plement the phase portrait. The struc-
ture of the evolutionary flow in trait
space thereby becomes visible. The
discontinuous oval curve is the
boundary of the region of coexistence.
The dotted curves are the inner evolu-
tionary isoclines of the two species
(straight line: predator, curved line:
prey). The parameters of the co-
evolutionary predator—prey com-
munity are as in Fig. 2a

from the same initial state, it is straightforward to apply an averaging process
in order to obtain the mean path �s� (t) by

�s� (t)" lim
���

1

r
·

�
�
���

s�(t) . (3.7)

The construction of these mean paths is illustrated in Fig. 2b. Since the mean
path obviously summarizes the essential features of the coevolutionary pro-
cess, it is desirable to obtain an explicit expression for its dynamics. This issue
will be addressed in the next two sections.
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4 Deterministic approximation: first order

We now derive an approximate equation for the mean path of the co-
evolutionary dynamics. In this section we obtain a preliminary result and
illustrate it by application to predator—prey coevolution. The argument in this
section will be completed by the results of Sect. 5.

4.1 Determining the mean path

The mean path has been defined above as the average over an infinite number
of realizations of the stochastic process. Equivalently, we can employ the
probability distribution P (s, t) considered in the last section to define the mean
of an arbitrary function F (s) by �F(s)� (t)"� F (s) ·P (s, t) ds. In particular we
thereby obtain for the mean path

�s� (t)"� s · P(s, t) ds . (4.1)

The different states s thus are weighted at time t according to the probability
P(s, t) of their realization by the stochastic process at that time. In order to
describe the dynamics of the mean path we start with the expression

d

dt
�s� (t)"� s ·

d

dt
P(s, t) ds , (4.2)

and utilize the master equation to replace �
��

P (s, t). One then finds with some
algebra

d

dt
�s� (t)"� � (s�!s) · w (s� � s) ·P (s, t) ds�ds . (4.3)

By exploiting the delta function property of w (s� � s), see equation (3.2), and
introducing the so called kth jump moment of the ith species

a
��
(s)"� (s�

�
!s

�
)� · w

�
(s�
�
, s ) ds�

�
(4.4)

with a
�
"(a

��
, . . . , a

��
) we obtain

d

dt
�s� (t)"�a

�
(s)� (t) . (4.5)

If the first jump moment a
�
(s) were a linear function of s, we could make

use of the relation �a
�
(s)�"a

�
(�s�) giving a self-contained equation for

the mean path

d

dt
�s� (t)"a

�
(�s� (t)) . (4.6)
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However, the coevolutionary dynamics typically are nonlinear so that the
relation �a

�
(s)�"a

�
(�s�) does not hold. Nevertheless, as long as the devi-

ations of the stochastic realizations from the mean path are relatively small or,
alternatively, the nonlinearity is weak; the equation above provides a very
good approximation to the dynamics of the mean path. A quantitative
discussion of this argument is provided in van Kampen (1962) and Kubo
et al. (1973). To distinguish between the mean path itself and that actually
described by equation (4.6), the latter is called the deterministic path (Serra
et al. 1986).

4.2 Deterministic approximation in first order

We can now calculate the deterministic path of the coevolutionary dynamics
by substituting (3.6) into (4.4) and the result into (4.6). Since from now on we
concentrate on this deterministic approximation we will cease denoting it by
angle brackets � . . . �. So we obtain

d

dt
s
�
"�

�
(s
�
) · b�

�
(s
�
, s ) · nL

�
(s) ·

�R
�
(s)

(s�
�
!s

�
) · M

�
(s
�
, s�

�
!s

�
) · b� �

�
(s�
�
, s ) · fM

�
(s�
�
, s) ds�

�
, (4.7)

where, as an alternative to employing the function ( . . . )
�

in the integrand, we
have restricted the range of integration in (4.7) to s�

�
3R

�
(s) with

R
�
(s)"�s�

�
3SK

�
� fM

�
(s�
�
, s)'0� . (4.8)

Note that the process of mutation causes the evolutionary rate of s
�
to be

dependent on the per capita growth and birth rates of all possible mutant trait
values s�

�
. This dependence is manifested both by the integrand of (4.7) and in

the range of integration (4.8). In order to transform the global coupling into
a local one we apply a Taylor expansion to fM

�
(s�
�
, s ) and b� �

�
(s�
�
, s ) · fM

�
(s�
�
, s) about

s�
�
"s

�
. Higher orders in these expansions are discussed in Sect. 5; in this

section we will use the results only up to first order

fM
�
(s�
�
, s)"��

�
fM
�
(s
�
, s ) · (s�

�
!s)#O[(s�

�
!s

�
)�] (4.9)

and

b� �
�

(s�
�
, s ) · fM

�
(s�
�
, s)"b� �

�
(s
�
, s ) · ��

�
fM
�
(s
�
, s ) · (s�

�
!s )#O[(s�

�
!s

�
)�] . (4.10)

We have exploited the condition fM
�
(s
�
, s )"0 above, for the population dy-

namics of the resident species are assumed to be at equilibrium. Since derivat-
ives of the ecological rate functions will be used throughout this paper, we
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apply the abbreviated notations

��
�
fM
�
" �

�s�
�

fM
�
, �

�
fM
�
" �

�s
�

fM
�

(4.11)

and analogously for all functions taking the arguments (s�
�
, s ). From (4.8) and

(4.9) we can infer that the range R
�
(s) of integration in this first order result is

either (s
�
, #R) or (!R, s

�
), depending only on the sign of ��

�
fM
�
(s
�
, s ). If we

assume the mutation process to be symmetric, we obtain the same result in
both cases by substituting (4.10) into (4.7)

d

dt
s
�
"1

2
·�

�
(s
�
) · ��

�
(s
�
) · nL

�
(s) · ��

�
fM
�
(s
�
, s ) (4.12)

where

��
�
(s
�
)"��s�

�
· M

�
(s
�
,�s ) d�s

�
, (4.13)

denotes the second moment of the mutation distribution M
�
. Since the first

moment of M
�
vanishes due to symmetry, the second moment of this distribu-

tion equals its variance.
The set of equations (4.12) provides a first order, deterministic approxima-

tion of the coevolutionary dynamics. The rate of evolution in the trait s
�
is

determined by two factors.

1. The first terms in equation (4.12) represent the influence of mutation. This
product is affected by the fraction �

�
(s
�
) of mutations per birth and by the

variance ��
�
(s
�
) of the mutation distribution M

�
. For homogeneous muta-

tion processes these terms are constant. The third factor nL
�
(s) is the equilib-

rium population size. All these three terms make up the evolutionary rate
coefficient which is non-negative and serves to scale the rate of evolutionary
change.

2. The last factor accounts for the impact of selection. The function

��
�
fM
�
(s
�
, s )" �

�s�
�

f
�
(s�
�
, s ) �s�

�
"s

�

" lim
�s

�
P0

1

�s
�

· [ fM
�
(s
�
#�s

�
, s )!fM

�
(s
�
, s)] (4.14)

" lim
�s

�
P0

1

�s
�

· fM
�
(s
�
#�s

�
, s)

which we call the selection derivative (Marrow et al. 1992), indicates the
sensitivity of the per capita growth rate of a species to a change in the trait
value s

�
. It is a measure of the selection pressure generated by the environ-

ment through the ecological interactions. Consequently, this factor deter-
mines the direction of adaptive change. When the selection derivative of fM

�
is positive (negative), an increase (a decrease) of the trait value s

�
will be

advantageous in the vicinity of the resident trait value.
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The sign of the selection derivative evidently carries important information on
the dynamical structure of the mutation-selection process; yet, in Marrow et
al. (1996) we demonstrate that this information in general is not sufficient to
predict evolutionary attractors.

By means of equation (4.12) we have recovered the canonical equation (1.1)
from the stochastic ecological processes underlying the adaptive dynamics.
For the evolutionary rate coefficients we obtain k

�
(s)"�

� · �
�
(s
�
) ·��

�
(s
�
) · nL

�
(s).

In addition, we have shown the appropriate measure of fitness to be given by
the per capita growth rate of a rare mutant evaluated while resident popula-
tion sizes are at equilibrium, ¼

�
(s�
�
, s )"fM

�
(s�
�
, s).

4.3 Applications

The deterministic approximation (4.12) readily allows us to calculate phase
portraits of the adaptive dynamics. The application to predator—prey coevolu-
tion is depicted in Fig. 2c. The evolutionary trajectories given by the deter-
ministic paths coincide with the mean paths calculated from the stochastic
process itself, see Fig. 2b. In Fig. 3 phase portraits of the predator—prey system
are displayed that correspond to other choices of parameters. We see that the
coevolutionary dynamics can either lead to extinction of one species (Fig. 3a),
approach one of several coevolutionary stable states (Fig. 3b), or it can give
rise to continuous, in particular cyclic, coevolutionary change (Fig. 3c); see
Dawkins and Krebs (1979) for a discussion of the ecological and evolutionary
implications and Dieckmann et al. (1995) for a detailed investigation of the
cyclic regime.

However, some caveats are necessary for understanding the validity of any
deterministic approximation of a stochastic process. First, if the adaptive
dynamics turn out to be multistable (as in Fig. 3b), it will be possible for trait
substitution sequences to exhibit jumps between the existing basins of attrac-
tion. This must be kept in mind while applying the deterministic approxima-
tion to initial states very close to the basin boundary. Figure 4a illustrates this
point. In principle, large fluctuations between the multiple stable states them-
selves can happen. However, the latter will typically be associated with
extremely small probabilities per unit time, which are negligible on ecological
and even on evolutionary timescales; moreover, when the mutation distribu-
tions are bounded, such large jumps become impossible altogether. Second, if
the flow of the dynamical system describing the deterministic path is expand-
ing, i.e. trajectories are diverging (as in some regions of Fig. 3b), the deviations
of the stochastic realizations from the mean path can grow too fast for the
identification of the deterministic path with the mean path to be reliable
(see Fig. 4b). Note that the construction of phase portraits based on the
deterministic path is useful in any case, since these allow qualitative predic-
tions of the stochastic dynamics by considering the combined process of
movement along the trajectories accompanied by jumps between them. For
illustration compare Figs. 2a and 2c, see also Fig. 4b. Third, if the attractors of
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Fig. 3a–c. Deterministic approxima-
tion of the adaptive dynamics: phase
portraits. The deterministic trajecto-
ries are depicted by continuous lines.
Three qualitatively distinct outcomes
of two-species coevolution are illus-
trated. a Evolutionary extinction (the
coevolution of both species drives the
trait values towards a boundary isoc-
line where the predator becomes ex-
tinct). b Evolutionary multistability
(depending on initial condition the
coevolution of both species drives the
trait values towards one of two equi-
libria which are separated by
a saddle). c Evolutionary cycling (the
coevolution of both species eventual-
ly forces the trait values to undergo
sustained oscillatory change). The
discontinuous oval curve in each fig-
ure is the boundary of the region of
coexistence. The dotted curves are the
inner evolutionary isoclines of the
two species (straight lines: predator,
curved lines: prey). The parameters of
the coevolutionary predator—prey
community are as in Table 1, except
for: c

�
"1, c

�
"3, c

�
"0, c

�
"0 and

�
�
"10	 (Fig. 3a); c

�
"1, c

�
"3,

c
�
"10 and �

�
"10	 (b); c

�
"0.11,

c
�
"3, c

�
"10 and �

�
"10	 (c)
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Fig. 4a, b. Descriptive capacity of the
stochastic representation. Ten di-
rected random walks in trait space
with a common initial condition are
depicted in each figure by continuous
lines. a The set of trait substitution
sequences splits permanently into two
separate bundles as the initial condi-
tion is close to an existing basin
boundary (depicted as a curve of dots
and dashes). b The splitting of the set
of trait substitution sequences into
two separate bundles is only tempor-
ary and is caused by the existence of
an expanding flow (shown as thin
curves) in a region that contains the
initial condition. Deterministic de-
scriptions of the dynamics of the
mean path cannot capture these fea-
tures. The discontinuous oval curve
in each figure is the boundary of the
region of coexistence. The parameters
of the coevolutionary predator—prey
community for a are as in Fig. 3b, and
for b as in Fig. 2c except for
�
�
"10	

the adaptive dynamics turn out to have dimensions other than 0 (as in
Fig. 3c), the deterministic approximation in principle cannot predict aspects
of the asymptotic mean dynamics of the stochastic process tangential to the
attractor. The reason is that the tangential fluctuations are not balanced by
counteracting forces. In consequence, for example, the asymptotic mean phase
of stochastic limit cycle dynamics is not defined, though the asymptotic mean
period is accurately described (Dieckmann et al. 1995).

In addition to investigating the coevolutionary dynamics by
means of phase portraits, much insight is gained by applying techniques
from bifurcation analysis to the deterministic approximation (4.12). The effects
of varying different ecological parameters, which have an impact on the
adaptive dynamics, can then be systematically explored (Dieckmann et al.
1995).
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5 Deterministic approximation: higher orders

The first order result that we have obtained in Sect. 4 for the adaptive
dynamics is not always sufficient. In this section we will enhance the determin-
istic approximation by accounting for the higher order corrections. In particu-
lar, two interesting consequences, the shifting of evolutionary isoclines and the
phenomenon of evolutionary slowing down will be discussed.

5.1 Deterministic approximation in higher orders

The process of mutation has induced a global coupling in the adaptive
dynamics (4.7). To substitute it precisely by a local one, an infinite number of
orders in the Taylor expansions of fM

�
(s�
�
, s ) and b� �

�
(s�
�
, s ) · fM

�
(s�
�
, s ) about s�

�
"s

�
is required. The jth order results are given by

fM
�
(s�
�
, s )" 	

�
���

(s�
�
!s

�
)� ·

1

k!
· ���

�
fM
�
(s
�
, s)#O[(s�

�
!s

�
)	��] (5.1)

and

b� �
�

(s�
�
, s ) · fM

�
(s�
�
, s)" 	

�
���

(s�
�
!s

�
)� ·

1

k!
·

�
�
��
�
k

l � · ��
�

fM
�
(s
�
, s) · ���

�
b� �
�

(s
�
, s )

#O[(s�
�
!s

�
) 	��] . (5.2)

Again we have already accounted for fM
�
(s
�
, s)"0. Substituting (5.2) into (4.7)

yields the result for the deterministic approximation of the coevolutionary
dynamics in jth order

d

dt
s
�
"�

�
(s
�
) · nL

�
(s) ·

	
�
���

m
���� �

(s ) ·
1

k!
·

�
�
��
�
k

l � · ��
�

fM
�
(s
�
, s ) · ���

�
b� �
�

(s
�
, s)

(5.3)

with

m
��
(s)"�R

�
(s)

(s�
�
!s

�
)� ·M

�
(s
�
, s�

�
!s

�
) ds�

�
. (5.4)

The range of integration in (5.4) is given by substituting (5.1) into (4.8)

R
�
(s)"�s��3SK

�
�

	
�
���

(s�
�
!s

�
)� ·

1

k!
· ���

�
fM
�
(s
�
, s )'0� . (5.5)

The interpretation of the adaptive dynamics (5.3) is analogous to that given
for (4.12) in Sect. 4.2. The m

��
(s) are called the kth mutation moments of the ith

species. They actually coincide with the kth moments of the mutation distribu-
tion M

�
only if the range of integration R

�
(s) is (!R, #R). However, as (5.5)
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indicates, this is generically not the case. Even in the first order result the
range of integration was restricted to either (s

�
, #R) or (!R, s

�
) and the

situation gets more complicated now that higher orders are considered.
Notice that in the derivation above we did not require any symmetry proper-
ties of the mutation process so the result (5.3) is independent of this assump-
tion.

The corrections arising from the higher order result (5.3) in comparison to
the first order result (4.12) can be small for two reasons.

1. The ratios of the per capita growth and birth rates, fM
�
(s�
�
, s ) and b� �

�
(s�
�
, s),

can be almost linear, i.e. they can possess only weak nonlinearities in
s�
�
around s

�
. In this case the ith derivatives ��

�
(b� �

�
fM
�
) (s

�
, s) with i72 are

small compared to the first order derivative.
2. Moreover, the mutation distributions M

�
can be narrow, i.e. they may have

only small variances. Then the higher order mutation moments m
��
(s) are

negligible compared to the second order moment.

We conclude that in either limit — that of vanishing nonlinearity or that of
vanishing variance — the first order result (4.12) of the adaptive dynamics
becomes an exact representation of the deterministic path. The virtue of the
dynamics (4.12) is its simplicity combined with good accuracy as long as one
of the two conditons above is met. The virtue of the dynamics (5.3) is its
generality, as it covers the coevolutionary dynamics of mutation-selection
systems allowing both for nonlinearities in the ecological rates and for finite
mutational steps as well as for asymmetric mutation processes. However, it
should be kept in mind that both results describe the dynamics of the
deterministic path; conditions for it to coincide with the mean path have been
discussed in Sect. 4.1. To illustrate the importance of the higher order correc-
tions in specific circumstances we now investigate two consequences. Both
effects, the shifting of evolutionary isoclines and the phenomenon of evolu-
tionary slowing down, only become visible in the deterministic dynamics
when second and higher order correction terms are considered.

5.2 Shifting of evolutionary isoclines

Given expression (5.3) which describes the coevolutionary dynamics beyond
the first order result, we can now analyze the conditions under which evolu-
tion in single traits or in the whole community comes to a halt.

The evolutionary s
�
-isoclines are defined as those manifolds in trait space

SK on which �
��

s
�
"0 holds. The intersection of all isoclines coincides with the

set of fixed points of the adaptive dynamics. In a first step we analyze the
location of the evolutionary isoclines considering only infinitesimal mutational
steps, in accordance with assumptions usually made in the literature (see e.g.
Reed and Stenseth 1984; Taylor 1989). The result (4.12) is then exact, and we
infer that the evolutionary s

�
-isoclines are given by the union of manifolds on

which either the selection derivative ��
�
fM
�
(s
�
, s) or the population size nL

�
(s)
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vanishes. We refer to the former as inner isoclines (these are subsets of SK
�
) and

call the latter boundary isoclines (as they are subsets of �SK
�
). Since extinction of

one species terminates the coevolutionary process of the N-species system, we
concentrate on the inner isoclines. These can be classified as below (Metz et al.
1994).

1. Inner isoclines on which ���
�

fM
�
(s
�
, s )(0 holds are called 	-stable or non-

invadable.
2. Inner isoclines whose points satisfy ���

�
fM
�
(s
�
, s )!��

�
fM
�
(s
�
, s )(0 are called

m-stable or convergent.
3. Inner isoclines characterized by ���

�
fM
�
(s
�
, s)#��

�
fM
�
(s
�
, s)(0 are said to be

not mutually invadable.

The notions of 	- and m-stability are due to Taylor (1989) the other names
have been used by Metz et al. (1994). For illustration, the evolutionary
isoclines of the predator-prey system are given in Figs. 2c, 3 and 4, the dotted
curve corresponding to the prey, the dotted straight line to the predator. The
conditions above can be slightly generalized in order to account also for those
cases where the right hand side of the inequalities vanishes; for brevity this
issue will not be covered here.

Now we consider the second order result. According to equation (5.5) the
range of integration here is given by R

�
(s)"�s�

�
3SK

�
� (s�

�
!s

�
) · ��

�
fM
�
(s
�
, s)#

(s�
�
!s

�
)� · �� · ���

�
fM
�
(s
�
, s)'0�. For ��

�
fM
�
(s
�
, s )"0 this range either vanishes or

extends to (!R, #R), depending on the sign of ���
�

fM
�
(s
�
, s ). Thus if an inner

s
�
-isocline is non-invadable, the mutation moment m

	�
(s), see equation (5.4),

and in consequence the second order correction in equation (5.3) drops out
owing to the vanishing integration range. If the inner s

�
-isocline is invadable,

the same conclusion holds true for symmetric mutation distributions since
m

	�
(s) now coincides with the vanishing third moment of those distributions.

For asymmetric mutation distribution we already in second order get a shift-
ing of invadable inner evolutionary isoclines. For symmetric mutation distri-
butions, however, the evolutionary isoclines of the second order result match
those already established by the first order result. In both cases the inner
isoclines are determined by the vanishing of the selection derivative,
��
�
fM
�
(s
�
, s )"0.

This simple picture changes when we consider the adaptive dynamics in
terms of the third and higher order results. We first examine the case of
invadable evolutionary s

�
-isoclines. Since in general the integration range is

now no longer symmetric, the odd mutation moments do not vanish, and
neither do the even mutation moments. Further, the second and higher order
derivatives ��

�
fM
�
(s
�
, s ) and the first and higher order derivatives ���

�
b� �
�

(s
�
, s )

in equation (5.3) usually contribute. The third and higher order corrections
therefore cause a displacement of the invadable inner evolutionary isoclines.
These displacements are quantitative deviations from the first order result.
But the higher order corrections can give rise even to qualitative discrepan-
cies. Consider a manifold in trait space on which ��

�
fM
�
(s
�
, s)"���

�
fM
�
(s
�
, s)"0

but ��	
�

fM
�
(s
�
, s )90 hold. In terms of the first order result (4.12) this manifold
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would be called an evolutionary s
�
-isocline. In terms of the more general

higher order result (5.3) we notice that this manifold is not an isocline at all, for
the evolutionary rate �

��
s
�
, though probably being small, does not vanish here.

The deviations are not so dramatic for non-invadable s
�
-isoclines. Here the

range of integration cannot contain the resident trait value s
�
. The displace-

ment of the isocline thus will only be significant, if the mutation distribution
M

�
(s
�
, s�

�
!s

�
) extends considerably beyond that zero s�

�
of fM

�
(s�
�
, s ) which is

closest to the zero at s
�
itself. In general however, inner evolutionary isoclines

are no longer determined by the vanishing of the selection derivative.
We summarize that the shift of inner evolutionary isoclines owing to the

finiteness of mutational steps is a second or third order effect, depending on
the symmetry of the mutation distribution. This shift is illustrated for the case
of predator—prey coevolution by the dotted curve in Fig. 5a. Note that not
only the isoclines can be displaced, but in consequence also the fixed points
themselves. Thus the shifting discussed here may affect the asymptotic station-
ary states of the coevolutionary system.

5.3 Conditions for evolutionary slowing down

For illustration, we consider the two dynamical systems �
��

x
�
"!x

�
and

�
��

x
�
"!x	

�
. Both examples possess a locally stable fixed point at the origin.

The time evolution of these systems is described by x
�
(t)"x

�
(0) · e� and

Fig. 5a. Shifting of evolutionary isoclines: the effect of finite mutation variance. The
discontinuous oval curve is the boundary of the region of coexistence. The continuous
curves are the inner evolutionary isoclines of the two species (straight line: predator, curved
line: prey) for infinitesimal mutation variances �

�
P 0 and �

�
P 0. The dotted curve is the

inner evolutionary isoclines of the predator for finite mutation variances, �
�
"5 · 10� and

�
�
"5 · 10�. The other parameters of the coevolutionary predator—prey community are as

in Table 1

Coevolutionary dynamics based on stochastic ecological processes 601



Fig. 5b. Evolutionary slowing down: algebraic approach towards a fixed point. The con-
tinuous curve shows the mean path dynamics of the predator’s trait value close to the
evolutionary equilibrium sL in Fig. 2 (constructed from 20 trait substitution sequences). The
fixed point sL lies on a non-invadable predator isocline. In the figure the actual algebraically
slow approach to sL is compared to the exponentially fast one, depicted by the discontinuous
curve, that is obtained from the first order result which cannot account for evolutionary
slowing down. The inset confirms the derived power law s

�
(t)!sL

�
Jt��	 by means of

a double logarithmic plot, the jaggedness of the continuous curve stems from the extreme
amplification of single trait substitutions due to the logarithmic scale. The dotted straight
line resulting from a linear least square fit to the time series turns out to have a slope of
!0.3154, close to the predicted value of !1/3. The parameters of the coevolutionary
predator—prey community are as in Table 1

x
�
(t)"$[x�

�
(0)#2t]���. Note that for t PR the first system ap-

proaches the fixed point exponentially, x
�
(t) Je�, while in the second case

the approach is only algebraic, x
�
(t)Jt���, and therefore much slower. The

latter effect is called slowing down. It can occur at fixed points that are not
only characterized by the vanishing of the rate of the dynamical system,
�
��

x"0, but also by a vanishing of the rate’s slope, �
��

�
��

x"0.
In general, a dynamical system �

��
x"F (x) is said to exhibit jth order

slowing down at a fixed point xL if F (x)"��
��	

ak$ · (x!xL )� around x"xL
with (i) j'1 and with (ii) $aj$(0 for j even and aj$(0 for j odd. The
distinction $ refers to the two cases $(x!xL )'0 and is necessary to
account for slowing down of even order. Condition (ii) only ensures the local
stability of the fixed point x"xL , whereas condition (i) implies the vanishing of
the rate’s slope at x"xL . The algebraically slow approach towards the fixed
point is described by x(t)!xL J$(aj$ · t)1/(1!j).

The phenomenon of slowing down does arise in the context of co-
evolutionary dynamics. Before turning to the general case, for intuition we
first utilize the second order result. We consider a locally stable fixed
point of the adaptive dynamics which is situated on a non-invadable inner
evolutionary s

�
-isocline such that ���

�
fM
�
(s
�
, s )(0 holds in the vicinity of

this isocline. Thus the range of integration is given according to
(5.5) by R

�
(s)"(s

�
, s

�
!2 · ��

�
fM
�
(s
�
, s)/���

�
fM
�
(s
�
, s )) for ��

�
fM
�
(s
�
, s )'0 and by
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R
�
(s)"(s

�
!2 · ��

�
fM
�
(s
�
, s )/���

�
fM
�
(s
�
, s), s

�
) for the other side of the isocline.

Evidently, the range of integration in second order vanishes on the isocline
itself. The ecological interpretation of this statement is intuitive: fewer and
fewer mutants s�

�
are advantageous while approaching the fixed point, until

finally all possible mutants are deleterious. In order to prove formally that this
process gives rise to evolutionary slowing down, we examine the coefficients
aj$ defined above in the case of the adaptive dynamics described by equation
(4.7). For adaptation in a single species the results obtained are a0$"a1$"
a2$"a3$"0 whereas a4#"!a4!(0. Thus we are confronted with
slowing down of fourth order.

We conclude that evolutionary stable fixed points of the adaptive dy-
namics are attained at a rate that is algebraically slow in those traits s

�
whose

isoclines are non-invadable at the fixed point. In principle, the evolutionary
slowing down thus can drastically increase the length of evolutionary transients.
Let us now briefly consider invadable isoclines. Here, the evolutionary rate �

��
s
�

in the vicinity of the isoclines actually is increased by a factor 2, since here the
integration range is doubling rather than vanishing. Compared to the first order
result, this amounts only to a quantitative but not to a qualitative change.

The phenomenon of evolutionary slowing down can be exemplified in the
coevolutionary predator—prey system. Figure 5b shows the algebraically slow
dynamics taking place in lieu of an exponentially fast approach towards
a stable fixed point of the adaptive dynamics. A double logarithmic plot in the
inset confirms the predicted power law s

�
(t)!sL J$t��	 and thus the

fourth order of the evolutionary slowing down.

6 Extensions and open problems

In this section we discuss generalizations and limitations of our approach. We
point out how to extend the theoretical framework presented, in order to
cover more complicated ecological and evolutionary scenarios.

6.1 Polymorphic coevolution

We have assumed in Sect. 2.1 that without mutations two or more trait values
s
�
within a species cannot coexist indefinitely, only the single more advantage-

ous trait value surviving. This principle of mutual exclusion can be proved for
the case of Lotka—Volterra population dynamics (Dieckmann 1994).

The theorem is as follows. Consider the population sizes n
�

and n�
�

of
a resident trait value s

�
and a sufficiently close mutant trait value s�

�
respec-

tively in an environment defined by trait values s
	
and population sizes n

	
with

j"1, . . . , N9i. The dynamics of the population sizes are assumed to be of
Lotka—Volterra type. When the mutant is absent we call the remaining
dynamical system for the population sizes the resident system, when the
resident is absent the mutant system, and when both are present the combined
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system. Provided that, first, the selection derivative ��
�
fM
�
(s
�
, s) does not vanish,

and that, second, the Lotka—Volterra interaction matrix is regular and varies
smoothly with s�

�
, there exists no fixed point of the combined system in R���

�
.

It can then be shown that the mutant will either go to fixation or to extinction.
To our knowledge there exists no proof of the principle of mutual exclusion
for coevolutionary communities not of Lotka—Volterra type, although even in
such cases the principle has been tacitly assumed (e.g. Rand et al. 1993).

We pointed out in Sect. 2.1 that the quasi-monomorphic feature of the
populations rests on two requirements, the principle of mutual exclusion and
a timescale separation. We can now investigate the conditions for and the
consequences of a violation of these requirements.

1. The principle of mutual exclusion may fail to hold for species i in the
vicinity of an inner evolutionary s

�
-isocline, since this isocline is close or

identical to the manifold given by ��
�
fM
�
(s
�
, s)"0. Whether this failure

actually happens, depends on the class of the isocline as defined in Sect. 5.2.
In particular, the population will remain quasi-monomorphic, if the iso-
cline is not mutually invadable. Metz et al. (1994) have suggested that
otherwise the population can become polymorphic via a process of evo-
lutionary branching.

2. As a second possibility, the timescale separation may be violated. Again,
this can occur for species i in the vicinity of an inner evolutionary
s
�
-isocline, since here the per capita growth rates of a resident trait value

and a close mutant trait value will differ only slightly. For this reason it
may take a relatively long time until the mutant replaces the former
resident.

Both cases can best be treated within a polymorphic framework that allows for
phenotypic distributions p

�
(s
�
) describing the density distribution of trait values

s
�
in each species’ population (Dieckmann 1994; Dieckmann et al. 1995).

6.2 Multi-trait coevolution

So far we have restricted attention to the case that each species i possesses
only a single adaptive trait s

�
. To understand the significance of coevolution-

ary phenomena on the adaptive dynamics this was sufficient.
However, in real ecosystems adaptive change not only simultaneously

happens with respect to multiple species but also with respect to multiple
traits within species. For instance, life-history traits like rates of reproduction
and growth at given ages typically undergo concurrent evolution (Stearns
1992). We allow multiple traits within species by turning s

�
into a vector

s
�
"(s

�
) with a species index i"1, . . . , N and a trait index l"1, . . . , �

�
.

Moreover, allowing for multiple adaptive traits per species can be a pre-
requisite for the reliability of the Markov assumption, introduced in Sect. 5.2;
knowledge of all the trait values at present ought to be sufficient to determine
the potential of further adaptive change in the immediate future.
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A third reason for considering multiple traits in phenotypic coevolution is
that the path of evolution can be constrained. In addition to natural bounds
on certain trait values — e.g. fecundities or weights necessarily must be
non-negative — which already ought to be accounted for when considering
only one trait per species, the set of accessible trait values is further restricted
by constraints on the combinations of different trait values. These constraints
may depend on simple matters of physics — e.g. surface to volume ratios cannot
decrease beyond a certain threshold. Alternatively, the constraints may be an
outcome of developmental pathways of the organism — e.g. an organism that
matures at a small size has only a small amount of resources to give to
reproduction. Constraints may also follow from the mapping from genotype to
phenotype — e.g. if the same gene influences two traits, the trait values that
result are not independent; this effect is called pleiotropy (Falconer 1989). For
a more detailed discussion of constraints see Maynard Smith et al. (1985),
Loeschcke (1987) or Stearns (1992). We allow for such constraints as follows.

1. Constraints restrict the set of trait values accessible within each species to
a subset of SK

�
which we denote by SK

����
. The Cartesian product of all these

sets is called SK
��
"��

���
SK
����

. The adaptive dynamics of the N-species
community are then confined to the subset SK

�
of SK with SK

�
"SK

�
�SK

��
where

SK
�
denotes the region of coexistence as defined in equation (2.2).

2. Due to pleiotropy the effects of mutations on different traits can be
correlated. For this reason we write the probability distribution for
a change �s

�
from a given trait value s

�
due to mutation as a single

multivariate distribution M
�
(s
�
,�s

�
) rather than as a product of �

�
separate

distributions M
�
(s
�
, �s

�
).

Here we generalize the results obtained in the previous sections to match the
extended framework of multiple-trait coevolution. The results for the stochas-
tic representation in Sect. 3, in particular equations (3.1), (3.2) and (3.6), carry
over without alteration. Notice first that the delta functions in equation (3.2)
now take vectors as arguments such that the usual definition
	(s

�
)"�

�

��
	(s

�
) applies, and second that the mutation distribution in equa-

tion (3.6) now is multivariate. In addition, the principle of mutual exclusion is
more likely to be violated in multi-trait coevolution, but resulting polymor-
phisms will usually be of a transient type. The results for the deterministic
approximation in Sect. 4 generalize as below. No modifications are required
in equations (4.7) and (4.8). However, the integral in equation (4.7) now is
multi-dimensional with ds

�
"�

�

��
ds

�
, and consequently the range R

�
(s) of

integration in (4.8) now becomes a subspace of dimension �
�
instead of an

interval. In generalizing equations (4.12) and (4.13) we obtain

d

dt
s
�
"1

2
· �

�
(s
�
) · ��

�
(s
�
) · nL

�
(s) ·��

�
fM
�
(s
�
, s ) (6.1)

as the first order result for the deterministic approximation of the multi-trait
coevolutionary dynamics in S

�
. Here ��

�
fM
�
(s
�
, s) with ��

�
"(��

��
, . . . , ��i�

�
)
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denotes the selection gradient for species i, a vector being composed of simple
selection derivatives ��

�
fM
�
(s
�
, s ) with ��

�
"�/�s�

�
for the traits l"1, . . . , �

�
of

species i. In the case of multi-trait coevolution ��
�

is the variance-covariance
matrix of the multivariate mutation distribution M

�
. The elements of this

square matrix ��
�
"(��

� ��
) are given by

��
���

(s
�
)"��s

�
·�s

�� ·
M

�
(s
�
, �s

�
) d�s

�
(6.2)

with l, l�"1, . . . , �
�
.

Notice that finite off-diagonal elements in ��
�

(non-vanishing covariances)
cause the adaptive dynamics to take a suboptimal path, i.e. the direction of
adaptive change is not parallel to the selection gradient. Notice also that up to
first order the inner evolutionary isoclines of the adaptive system (6.1) for
species i are now given by those manifolds in S

�
where the selection gradient

��
�
fM
�
(s
�
, s) either vanishes or lies in the null space of the variance-covariance

matrix ��
�
. The location and type of boundary isoclines on �S

�
is less easy

to settle and phase portraits of the system (6.1) will prove useful in this
circumstance.

6.3 Coevolution under nonequilibrium population dynamics

In this section we discuss the issue of coevolution under nonequilibrium
population dynamics. In relaxing the assumption of a fixed point attractor in
population size space made at the end of Sect. 2.1 we now allow for arbitrary
attractors A that give rise to periodic, quasi-periodic or chaotic population
dynamics. We first outline some mathematical concepts that have been
considered in this context and then investigate how these relate to the
stochastic formalism developed in this paper.

To decide upon the initial increase of a rare mutant s�
�
in an environment

given by the residents s the following constructs have been suggested

E
�
(s�
�
, s )" lim

���

1

¹ · �
�

�

fI
�
(s�
�
, s, n (t) ) dt ,

E
�
(s�
�
, s )" lim

���

1

¹ · log
��n(¹ )�
��n(0)�

, (6.3)

E
	
(s�
�
, s )"�A (s)

fI
�
(s�
�
, s, n ) d� (n) .

The first quantity E
�
is the time average of the per capita growth rate of the rare

mutant along a trajectory n (t) that starts on the attractor A(s) of the resident
system. This construct immediately follows from our formal framework set
out in Sect. 2.1; in generalization of equation (2.7) we thus write
fM
�
(s�
�
, s)"E

�
(s�
�
, s ). The second quantity E

�
(Metz et al. 1992) is the ¸yapunov
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exponent of the combined system along the direction of the mutant’s popula-
tion size for a point on the attractor A (s) of the resident system. It is given by
the average logarithmic growth rate of the distance between two specific
trajectories. The first trajectory n (t) starts from n (0) on the attractor A(s) itself,
the second trajectory nJ (t) has initial conditions nJ (0)"n (0)#�n(0) where
�n(0) denotes an initial displacement in the direction of the mutant’s popula-
tion size. The distance between these two trajectories is given by ��n (t)� with
�n(t)"nJ (t)!n (t), where the particular choice of the distance function � . . . �
does not affect the result. Note that the mathematical definition of
a Lyapunov exponent requires the time development of nJ (t) to be evaluated
according to the linearization of the dynamics of the combined system along
the attractor A(s) (Eckmann and Ruelle 1985). As a convenient alternative for
numerical estimations of Lyapunov exponents one might utilize the combined
system directly but then choose a small �n(0) and extend the average only
over a finite time interval (0, ¹ ); nonetheless in order to cover the attractor
A(s) sufficiently, several repetitions of this procedure usually are necessary
where each single repetition is followed by a rescaling � · �n(¹ ) P�n(0) with
�;1 (Baker and Gollub 1990). The third quantity E

	
(Rand et al. 1993) is

called invasion exponent and in our case is simply the phase average of the per
capita growth rate of the mutant on the attractor A (s) of the resident system
weighted by the natural measure d�(n) of this attractor. Taking the natural
measure rather than an arbitrary invariant measure is important when the
attractor A (s) is chaotic (Ott 1993). For practical applications this caveat
however is immaterial due to the noise inevitably associated with any numer-
ical estimation (Schuster 1989).

In the literature, the condition for initial increase of the rare mutant is
taken to be E

�
'0 with k"1, 2, 3 (e.g. Metz et al. 1992; Rand et al. 1993).

The equivalence of the three criteria can readily be established. First, the time
average E

�
coincides with the phase average E

	
(Ott 1993) — there can be

exceptional initial conditions n(0) that do not satisfy this identity, but since
the set of these has Lebesque measure zero they are irrelevant for realistic
systems. Second, the time average E

�
equals the Lyapunov exponent E

�
. To

show this we linearize the dynamics of the combined system about
the trajectory n (t) and obtain �

��
�n(t)"J (n (t)) ·�n(t) where J (n) denotes the

Jacobian matrix of the dynamics of the combined system evaluated at n.
From the population dynamics of the combined system we get
�n

�
(0)"0 N�n

�
(t)"0 (the left hand side holds since the initial displacement

between n(0) and nJ (0) is only affecting the mutant’s population size n�
�
) as well

as n�
�
(0)"0 Nn�

�
(t)"0 (the left hand side holds for the trajectory n(t) since it

starts on the attractor of the resident system where the mutant is absent).
From the first implication we obtain ��n (t)�"��n�

�
(t)� and applying the second

impliction to the linearized dynamics yields �
��

�n�
�
(t)"fI

�
(s�
�
, s, n )�n"n (t) · �n�

�
(t).

From these equations we conclude ��n(¹ )�/��n(0)�"exp ��
�

fI
�
(s�
�
, s, n(t) ) dt

which completes the proof of E
�
"E

�
.

We investigate whether or not we recover the condition E
�
'0 for the

initial increase of a rare mutant in the light of our stochastic approach.
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Already in the case of a fixed point attractor in population size space we had
to distinguish between the timescale �

�
of adaptive change and the timescale

�
�
;�

�
on which a mutant either goes extinct or reaches fixation while the

population dynamics of the combined system attain its attractor. With popu-
lation dynamics settling to a nonequilibrium attractor A(s), an additional
timescale �

�
for the motion on this attractor is introduced. We assume

�
�
<�

�
<�

�
. In this case the invasion of a successful mutant happens slowly

compared to the dynamics on the attractor A(s); this is typical for mutants
whose trait values s�

�
are sufficiently close to the resident trait values s

�
. In

generalizing equations (3.6) and (4.12) we obtain for the probabilities per unit
time in the stochastic representation

w
�
(s�
�
, s)"�

�
(s
�
) · b

�
(s
�
, s ) · n

�
(s) · M

�
(s
�
, s�

�
!s

�
) · b� �

�
(s�
�
, s) · ( fM

�
(s�
�
, s ))

�
(6.4)

and for the adaptive dynamics the deterministic approximation in first order
yields

d

dt
s
�
"1

2
· �

�
(s
�
) ·��

�
(s
�
) · b� �

�
(s
�
, s ) · b

�
(s
�
, s) · n

�
(s) · ��

�
fM
�
(s
�
, s) . (6.5)

The construction of the higher order deterministic approximations for the
adaptive dynamics follows the same scheme as in Sect. 5.1 and is not repeated

here. Note that in result (6.5) the term b� �
�

(s
�
, s ) · b

�
(s
�
, s ) · n

�
(s) will differ more

from nN
�
(s) the larger the variation in the resident population size of species i is

along the attractor A(s).
We now turn to the invasion criteria. A rare mutant s�

�
can successfully

invade a community given by the resident trait values s provided that there is
a positive transition probability per unit time for the trait substitution s

�
P s�

�
,

i.e. w
�
(s�
�
, s)'0. We easily draw the conclusion that our stochastic approach

yields the criterion E
�
'0 which is equivalent to those proposed previously.

To see this, consider equation (6.4) together with the definitions of ( . . . )
�

and
that of fM

�
(s�
�
, s )"E

�
(s�
�
, s) in equation (6.3). However, our analysis not only

yields these criteria for the initial increase of a rare mutant but provides us
also with a full dynamical description of the adaptive process. We emphasize
that the results above readily generalize to cover the issue of coevolution in
slowly varying environments where the additional time dependence stems
from external influences rather than from internal interactions.

7 Conclusions

In this paper we have established the canonical equation (1.1) of adaptive
dynamics from the underlying stochastic ecological processes. In the course of
this derivation we revealed the implicit assumptions, on which this result
is based. Moreover, our approach allowed us to relax many of these
assumptions and thus to provide generalized descriptions of coevolutionary
dynamics.
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To conclude, we briefly summarize these generalizations.

1. To obtain a dynamics like equation (1.1) from a mutation-selection process
certain symmetry properties of the mutation distributions are needed, see
Sect. 4.2. Both our deterministic approximation in higher order, see
Sect. 5.1, and the stochastic representation in general remove this
assumption.

2. Being a deterministic description of the coevolutionary dynamics, the
canonical equation describes the mean path and thus does not cover the
full richness of dynamical effects that can occur in stochastic mutation-
selection systems, see e.g. the discussion in Sect. 4.3. We have provided
a stochastic representation in Sects. 3.1 and 3.2 that accounts for these
features. Two examples illustrating the difference are given in Figs. 4a
and 4b.

3. We have recovered the canonical equation as an exact description of the
coevolutionary deterministic path, provided that the mutational steps are
considered to be infinitesimal. Although the canonical equation gives
a good approximation for small finite mutation variance, the
approximation becomes inaccurate as the variance increases and consid-
eration of higher order correction terms is recommended, see the derivation
in Sect. 5.1.

4. The canonical equation does not permit interdependencies between several
traits within one species. In Sect. 6.2 we could show how the stochastic
approach to the coevolutionary mutation-selection process in this case
naturally leads to the introduction of the variance-covariance matrix for
the mutation distributions. The latter can give rise to less direct pathways
towards evolutionary attractors.

5. The scope of the canonical equation is confined to coevolutionary systems
with equilibrium population dynamics and a constant external environ-
ment. We have demonstrated in Sect. 6.3 that this limitation can be
overcome such that more general ecological scenarios may be tackled.

Such relaxation of the restrictions of the canonical equation are variations on
a single theme: In modelling complex systems, like those exhibiting co-
evolutionary dynamics, one can always trade descriptive capacity for math-
ematical simplicity. The canonical equation may indeed be sufficient for
specific goals, but this depends on what assumptions can reasonably be made.
We have shown in this paper that new and distinct evolutionary phenomena
emerge by removing any of these assumptions. Conversely, if the generaliza-
tions summarized above are not to be made, it is important to be aware of the
evolutionary phenomena that are then sacrificed.
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A model for the coevolution of two species in facultative symbiosis is used to investigate conditions under
which species merge to form a single reproductive unit. Two traits evolve in each species, the ¢rst a¡ecting
loss of resources from an individual to its partner, and the second a¡ecting vertical transmission of the
symbiosis from one generation to the next. Initial conditions are set so that the symbiosis involves
exploitation of one partner by the other and vertical transmission is very rare. It is shown that, even in
the face of continuing exploitation, a stable symbiotic unit can evolve with maximum vertical
transmission of the partners. Such evolution requires that eventually deaths should exceed births for both
species in the free-living state, a condition which can be met if the victim, in the course of developing its
defences, builds up su¤ciently large costs in the free-living state. This result expands the set of initial
conditions from which separate lineages can be expected to merge into symbiotic units.

Keywords: adaptive dynamics; coevolution; evolutionary transitions; mutualism; symbiosis; vertical
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1. INTRODUCTION

Evolutionary biologists are accustomed to think of macro-
evolution as a branching process in which lineages
diverge as they descend from common ancestors, giving
rise to a tree-like phylogeny (Darwin 1859, p. 56). This
picture is reinforced in many studies, a good example
being the phylogeny of life based on comparisons of the
small subunit of ribosomal RNA (Sogin 1991).

While in no way questioning the central role of this
mode of evolution, here we consider the reverse process in
which lineages, remote by descent, merge to form
symbioses capable of reproducing themselves as a single
unit. (In using the term s̀ymbiosis', we do not mean to
imply a mutualistic association; we simply mean that the
association is intimate and potentially long-lasting (Lewis
1985).) There is no doubt that such mergers have
happened, a striking example being the evolution of the
chloroplast of eukaryotes. This is thought to have begun
with one or more mergers of photosynthetic Gram-
negative bacteria and early eukaryotes arguably about
2000 million years ago (Dyer & Obar 1994, p. 12).
Following this, there seems to have been a complex
sequence of changes, perhaps involving the transfer of
chloroplasts of one eukaryote to another (euglenoids and
dino£agellates), and uptake of complete photosynthetic
eukaryotes by other eukaryotes (cryptomonads, diatoms
and brown algae) (Cavalier Smith 1992; MacFadden &
Gilson 1995).

The emergence of new, symbiotic units, built from
independent subunits, lies at the heart of some of the
major steps in the evolution of life (Buss 1987; Maynard

Smith & Szathmäry 1995). How the transition is achieved
is not at all obvious, as it is quite possible for natural
selection, operating at the level of the subunits, to disrupt
their integration into the larger unit. It is particularly
di¤cult to see how it can come about in cases where the
subunits are genetically unrelated and there is no
opportunity for kin selection to take place. Attempts to
¢nd evolutionary paths leading to integration of unrelated
organisms have usually presupposed that each subunit
can provide some bene¢t to its partner so that the success
of one is bound to the success of the other; the hypercycle
of prebiotic evolution is a case in point (Eigen & Schuster
1977). But evolution of cooperative associations can be
di¤cult to get started as the bene¢t each species provides
to its partner may have to be greater than a threshold
value (Frank 1995).

Arguably, a more likely starting point would involve
the exploitation of one partner by the other. One way in
which a symbiotic unit could emerge from such an initial
state is through vertical transmission (Fine 1975); if the
continued existence of the exploiter depends in part on its
partner's survival, it will not pay to exploit the partner
too heavily (Ewald 1987). A model presented by
Yamamura (1993, 1996) indicated that an obligate
parasite, which starts with enough vertical transmission,
will cause evolution of greater vertical transmission and a
decrease in exploitation, leading eventually to a
mutualistic symbiosis.

For a stable symbiotic unit to emerge, an association is
needed in which births exceed deaths in the symbiotic
state of both partners, and correspondingly deaths
exceed births in the free-living state. A symbiosis in
which both species bene¢t from resources provided by
the other will have this property. But such mutual
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bene¢t is not necessary for merging of the lineages. We
show here the existence of an evolutionary path from a
facultative association to a stable symbiotic unit with
coupled reproduction of the partners, in the face of
continued exploitation of one partner by the other. This
result expands the set of initial conditions from which
separate lineages can be expected to merge into
symbiotic units (Frank 1997).

2. A COEVOLUTIONARY MODEL OF SYMBIOSIS

We investigate the interaction of two species, indexed 1
and 2, using separate resources in the free-living state.
When the species come together, they can form a
symbiosis, and there is transfer of resources between the
partners. Species 1, the èxploiter', restricts the £ow to its
partner more than the other, the `victim'. The composite,
symbiotic unit may be temporary, or it may have a more
extended existence; we emphasize its separate existence
by calling it the `holobiont', following Margulis (1993,
p. 169).

To examine the evolution of the community, we use a
dynamical system coupling two phenotypic traits in each
species. The ¢rst a¡ects the transfer of resources from the
species to its partner; we refer to the value of this trait as
si1 for species i. The second a¡ects the probability of
coupled birth events of the partners in symbiosis. Such
coupled births maintain the integrity of the holobiont
from one generation to the next and are critical for
merger of the lineages. We refer to the value of this
second trait as si2 for species i. The four trait values that
predominate at a given time are collected into a vector
s�(s11, s12, s21, s22).

How the traits evolve depends on the abundance and
phenotypic state of each species and its partner, an
environment which itself is evolving. Disentangling the
causal pathways involved is not trivial, and it helps to

think of a hierarchy of three separate time-scales: a
microscopic (physiological) scale on which resources are
taken up by individuals, a mesoscopic (ecological) scale
on which the population dynamics determining
abundance occur, and a macroscopic (evolutionary) scale
on which phenotypic change takes place (Dieckmann &
Law 1996; Marrow et al. 1996). Abundance of the species
is then set by the current phenotypic states, but gradually
changes as the system evolves.

(a) Microscopic time-scale
We start with the smallest, physiological time-scale,

on which abundances and trait values can be taken as
constant. To keep a simple mechanistic underpinning for
the phenotypic traits and their e¡ects on birth and
death events, we use a resource-based model; ¢gure 1
shows the £ows involved. We assume that there are two
resources, 1 and 2, at an external concentration C1, C2 in
the environment; they might, for instance, be thought
of as two sources of carbon. In the free-living state,
species i uses resource type i only; in symbiosis,
however, resource j can move into species i, in so doing
being converted into resource i. The resource concentra-
tion within each individual comes rapidly to
equilibrium, and the birth rate of the individual is
proportional to this concentration. Details of resource
£ows in and out of individuals, and how these determine
the per capita rates of reproduction are given in
Appendix A.

(b) Mesoscopic time-scale
On the time-scale of ecological dynamics, we de¢ne a

system of equations for the dynamics of population size n1,
n2 and n¬ of the exploiter, victim and holobiont, respectively,
still holding the trait values constant. The £ows between
these populations are shown diagrammatically in ¢gure 2,
and the dynamics are given by the following expressions:
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Figure 1. Model of resource
dynamics across the boundaries of
free-living and symbiotic indivi-
duals of two species. The heavy
arrows refer to the £ow of resources
between individuals in symbiosis,
and there is net £ow of resources
from the victim to the exploiter.
Internal concentrations of resource
are c1, c2. Greek symbols are rate
constants used in Appendix A,
equation (A1).



_n1 � �b1n1 ÿ d1n1 ÿ en1n2 � ~b1 ~n� ~d2 ~n; (1a)

_n2 � �b2n2 ÿ d2n2 ÿ en1n2 � ~b2 ~n� ~d1 ~n; (1b)
_~n � ÿ ~d1 ~nÿ ~d2 ~n� en1n2 � ~b~n. (1c)

The tildes here and below identify terms that apply to the
symbiotic state. These equations are perhaps the simplest
formulation that makes explicit both the free-living and
symbiotic states. They include the rate at which free-
living individuals of species i give rise to free-living
o¡spring (bi), the rate at which symbiotic individuals of i
give rise to free-living (~bi) and symbiotic ( ~b) o¡spring,
the death rates of species i in the free-living (di) and
symbiotic (~di) states, and encounters at rate e between
free-living individuals creating holobionts.
The populations are regulated by the availability of

resources C1, C2 in the environment, as described in
Appendix A. An e¡ect of this regulation is the existence
of an equilibrium point at which both species have posi-
tive population sizes, which is the solution in all our
integrations that start with positive populations. Thus, on
the mesoscopic time-scale, the populations tend to these
equilibrium abundances for constant trait values. For
interpretation of the conditions for increase of mutants
used later, it should be noted that, once equilibrium has
been reached, the following property applies to each
species:

~di5~bi � ~b, di4bi; (2)

in other words, if births exceed deaths in the symbiotic
state, then deaths must exceed births in the free-living
state.

(c) Mutant trait values
Consider now a community that has reached

equilibrium population sizes for a given vector s of
resident trait values. To describe the evolutionary
dynamics, we need to know whether a mutant trait s0ij is
able to spread when it enters the community. These
mutants a¡ect the birth rates in symbiosis, and we write
the birth rates at ecological equilibrium as functions
~̂bi(s
0
ij,s), ~̂b(s 0ij,s), the ¢rst argument being the mutant trait

value of the individual itself, and the second being the
trait values of the resident community in which it occurs.
In the free-living state, the birth rate b̂i(s) is una¡ected
by mutation and has only one argument, this being the
state of the resident community.

How the traits a¡ect birth rates in symbiosis is shown
schematically in ¢gure 3. The ¢rst trait s 0i1 scales the rate
at which the individual loses resource to its partner; this
is a dimensionless quantity in the range [0, 1]. With the
assumptions made above about resource £ow between
the symbionts, the total birth rate of a symbiotic
individual ~̂Bi(s

0
i1,s), which is de¢ned by summing over

the rate at which it produces both free-living and
symbiotic o¡spring, decreases linearly as the rate at
which it loses resource to its partner increases. An indivi-
dual in the symbiotic state therefore produces more
o¡spring the smaller s0i1 is. This e¡ect is a passive
consequence of the concentration at which resources
equilibrate within individuals; we are not suggesting a
`ma¢a'-like manipulation of the victim by the exploiter
(Soler et al. 1995).
The second trait, s0i2, a¡ects the probability of a coupled

birth event in symbiosis; this is also dimensionless in the
range [0,1]. This trait partitions the total birth rate of
symbiotic individuals among free-living and symbiotic
o¡spring. We make the assumption that the rate at which
symbiotic o¡spring are born depends on the product s12s22
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Figure 2. Model of population dynamics,
showing the £ows between populations of
free-living exploiters, victims and holo-
bionts, with population sizes n1, n2, ~n.
Other symbols are rate constants used in
equations (1).



over both species; it is then enough for one species to have a
trait value si2�0 for there to be no coupled births. The rate
at which these holobiont births occurs is taken to be
~̂b(s0i2,s) � min( ~̂Bi(s

0
i2,s)s

0
i2sk2, ~̂Bk(sk2,s)s

0
i2sk2), where k 6� i;

the reason for using this function is that the holobiont
cannot reproduce itself faster than any of its components. So
the rate at which symbiotic o¡spring are born is the same
for both species (there is one individual of each species in
the o¡spring), and we adjust the rate at which free-living
o¡spring are born accordingly: ~̂bi(s

0
i2,s) � ~̂Bi(s

0
i2,s)

ÿ ~̂bs 0i2,s). A numerical illustration of how this works is
given in ¢gure 3.

A cost to evolution will also be considered below. This
is motivated by costs found in an experimental study on
the evolution of a bacterial infection of Amoeba (Jeon 1972,
see ½ 4).We introduce the cost as a death rate di(s

0
i1) in the

free-living state, which increases as s0i1 diverges from the
value s�0�i1 before evolution starts, and use a function
symmetric around s�0�i1 :

di(s
0
i1) � Diexp(!i(s

0
i1 ÿ s�0�i1 )

2), (3)

where Di is the free-living mortality rate before evolution
starts, and !i is a constant scaling how fast the cost
grows.

(d) Macroscopic time-scale
We now turn to a longer, evolutionary time-scale on

which mutations occur and replace resident traits. In
making this separation of time-scales, we are assuming
that mutations are su¤ciently rare for the populations to
get close to their equilibrium sizes between mutation
events.

At a qualitative level, quite a lot about phenotypic
evolution of a symbiotic system can be learnt simply from
the sign of the average initial rate of increase of a mutant
(Metz et al. 1992; Genkai-Kato & Yamamura 1998).
Speci¢cally, writing N 0i � (n 0i,~n 0) as the size of the mutant
population, the average rate _N 0i at which it grows when
rare is given by

_N 0i � N 0iLi, (4a)

from equations (1), where

Li �
b̂i(s)ÿ di(s

0
i1)ÿ en̂k(s) en̂k(s)

~̂bi(s
0
ij,s)� ~dk ~̂b(s0ij,s)ÿ ~di ÿ ~dk

 !
, (4b)

and k 6� i. (The resident community can be taken as
remaining at the equilibrium abundances n̂1(s),n̂2(s), ~̂n(s),
set by the resident trait values, when the mutant is rare.)
The average initial rate of increase � of the mutant (i.e.
the dominant eigenvalue of Li) must be positive for the
mutant to stand any chance of becoming established. For
a mutation of small enough e¡ect on the phenotype, � is
given to a good approximation by the determinant and
trace of Li (Genkai-Kato & Yamamura 1998), so the
condition for a mutant to increase, on average, when rare
is

� � detLi=trLi40. (5)

Generically, this approximation for the eigenvalue
becomes exact for s0ij ! sij. With this expression it is
possible to ¢nd relatively simple conditions for the spread
of mutants.
To step from a qualitative condition to the quantitative

dynamics of phenotypic evolution, we use a deterministic
approximation to a stochastic mutation-selection process.
The ¢rst source of stochasticity is mutation itself ; a
mutant birth, with trait value s 0ij, is drawn at random
from a mutation distribution symmetric around the
current resident trait value sij and with small variance.
The second source is the chance of extinction of the
mutant when rare. A mutant that escapes extinction
when rare is assumed to go to ¢xation. Evolution of the
traits can be approximated by the mean path of the
stochastic process, using a system of four equations
(A 6a) derived in Appendix A. These equations describe
the coupled, adaptive dynamics of the four traits. As
each trait evolves, it changes the environment in which
the species live, and this a¡ects the future path of evolu-
tion of each trait; each species both constructs and is
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Figure 3. Model of adaptive dynamics, showing e¡ects of
traits sij on birth rates in symbiosis. (a) The ¢rst trait, a¡ecting
how much resource is lost to the partner, gives the exploiter a
greater birth rate. (b) The second trait a¡ects the proportion
of births that are symbiotic; a numerical example is given
showing how the total birth rate of symbionts is partitioned
between symbiotic and free-living o¡spring.



changed by its environment (Lewontin 1983; Odling-
Smee et al. 1996).

3. RESULTS

We can now determine conditions needed for develop-
ment of a holobiont which, by means of coupled births,
maintains its integrity as a symbiotic unit from one
generation to the next. Below, two cases are considered:
(a) evolution with no costs, in which the rate of coupled
births does not increase substantially, and (b) evolution
with costs, where it can become advantageous to both
partners to remain in symbiosis from one generation to
the next.

In describing these cases, we assume that the following
starting conditions apply.

1. Mixing between the free-living and symbiotic states is
large enough for trLi50; our numerical studies
indicate that this is readily satis¢ed even for small e (in
the numerical example below e�0.005), which means
that a mutant can spread if and only if detLi50 (see
inequality (5)).

2. Traits a¡ecting resource £ow begin with values s11�0,
s2140; species 1 is then the exploiter and species 2 the
victim.

3. Traits a¡ecting coupled births (s12, s22) start close to
zero; as a result it is initially very rare for continuity of
the symbiosis to be maintained from one generation to
the next.

Throughout it is assumed that mutants cause no more
than small e¡ects on the phenotype.

(a) Cost-free evolution
Consider a mutant s 0i1 in species i that reduces the loss

of resource to its partner in symbiosis, thereby gaining a
small increment � ~̂bi � � ~̂b to its birth rate in symbiosis. In
the absence of any cost, the death rate of individuals in
the free-living state is constant, di(s

0
i1) � Di, and, from

inequality (5), the mutant can only increase if

05 (Di ÿ b̂i(s))� ~̂b|����������{z����������}
I

� en̂k(s)(� ~̂bi � � ~̂b)|�����������{z�����������}
II

, (6)

where k 6� i. This condition is satis¢ed for the exploiter: it
has an excess of births over deaths in symbiosis, and
correspondingly an excess of deaths over births in the
free-living state (inequalities (2)), so term I is positive;
term II, comprising only positive factors, is also positive.
Thus s11 is held at zero by natural selection as the
symbiosis evolves. In the case of the victim, our numerical
results indicate that, because of the strong mixing, term
II is large enough for the condition to be met for this
species as well. This is just as one would expect: a mutant
that reduces the loss of resources to its partner has a birth
rate in symbiosis greater than that of the resident
phenotype, irrespective of how these births are
partitioned among free-living and symbiotic o¡spring.
Evolution continues until the species have erected a
complete barrier to resource £ow in symbiosis, at which
point the birth rates in symbiosis are the same as they are in
the free-living state, and the symbiosis is neutral.

Consider now a mutant s0i2 in species i that
redistributes births by symbiotic parents among free-
living and symbiotic states, making a small increment � ~̂b
to the coupled births, and correspondingly a small
reduction ÿ� ~̂b to free-living births. On average, such a
mutant will increase if

05(Di ÿ b̂i(s))� ~̂b. (7)

What matters here is that deaths should exceed births in
the free-living state. This property certainly holds for the
exploiter: it has more births than deaths in symbiosis,
and correspondingly more deaths than births when free-
living (inequalities (2)); mutants with s 0i24s12 are there-
fore favoured. But the reverse applies to the victim, and
mutants with s 0225s22 are selected. The resulting con£ict
prevents a concerted shift towards more coupled births
needed for the holobiont to maintain its integrity from
one generation to the next. Eventually the symbiosis
reaches a state in which the barriers to resource £ow in
symbiosis are complete (s11�s21�0), at which point there
is no further selection on coupled births at all.

An illustration of this evolution, obtained by integra-
tion of equations (A6), is shown in ¢gure 4a. The down-
ward path of s21 is evident; s11, which starts at zero, is held
at zero by selection. How the rate of coupled births
changes depends quantitatively on the rate at which s12
increases and s22 decreases. But there is little change in
these traits before s21, like s11, is zero, and s12 and s22 have
become neutral.

(b) Evolution with costs
The evolutionary path above would end matters, were

it not for costs associated with defence. However, the
outcome can be quite di¡erent if, as in the case of Jeon's
(1972) Amoeba, there is some loss of viability in the free-
living state as the victim evolves in response to its
symbiotic partner. To see the e¡ect of such costs, we
repeat the analysis above with a cost, as given in equation
(3).

The condition for invasion by a mutant s 0i1, causing a
small increment to reproduction in the symbiotic state
(and now an increment �di to mortality in the free-living
state as well) is

05(di(si1)ÿ b̂i(s))� ~̂b|������������{z������������}
I

�en̂k(s)(� ~̂bi�� ~̂b)|�����������{z�����������}
II

�( ~̂b(si1,s)ÿ ~diÿ ~dk)|������������{z������������}
III

�di.

(8)

The exploiter, as before, remains at s11�0, and experi-
ences no cost. In the victim, two things happen. First, as
s21 decreases, the victim's death rate in the free-living state
increases, and term I becomes positive. Second, the
increment in cost can become large enough for term III
(which is negative) to come close to balancing terms I
and II. Figure 4b illustrates the e¡ect this has in arresting
the downward trend of s21 before it reaches zero.

Such behaviour in trait s21 sets up the conditions needed
for substantial increase in the rate of coupled birth events.
Inequality (7) is replaced by

05(di(si1)ÿ b̂i(s))� ~̂b, (9)
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which, after some evolution, is now satis¢ed for the
victim as well as the exploiter. Increased coupled births
are now advantageous to both species, and there is a
concerted shift towards a symbiotic unit capable of
reproducing itself as a whole. This switch in direction of
selection on the victim comes about, not through any
bene¢t it gets from the exploiter, but because the costs
associated with defence make the victim's free-living state
less and less viable.

Figure 4c gives an example of this evolution. The early
decline in s21 corresponds to that in ¢gure 4b. After this
early rapid change, both s12 and s22 increase, and continue
to do so until they have both reached their maximum
values. By time 1750, all births by the victim in the
symbiotic state give rise to holobiont o¡spring. The same
applies to most births by the exploiter, although the small
remaining £ow of resource from the victim to the
exploiter gives some excess o¡spring to the exploiter
which are inevitably free-living. As one would expect, the
rate of evolution of si2 is of a lower order than that of si1;
trait 2 does no more than redistribute a constant birth
rate among free-living and symbiotic states, whereas the
other trait a¡ects birth and death rates directly.
Notice that large changes in abundance come about

over the course of evolution. Equilibrium values at the
start and end of the evolutionary process in ¢gure 4c are
shown in table 1; this gives both the total abundance in
the presence of the other species, and the abundance that
would be achieved if the other species were absent. The
victim's free-living death rate becomes so high that this
species can barely maintain a population at all in the
absence of its partner.

It should be understood that the main results in this
section, the invasion criteria in inequalities (6)^(9), are
based simply on the ecological dynamics as described in
equations (1) and ¢gure 2. The more detailed speci¢ca-
tions of resource £ow, density regulation, and e¡ects of
phenotypic traits are needed for deriving the adaptive
dynamics. But the invasion criteria themselves apply to
much more general settings.

4. DISCUSSION

The results above show that separate lineages can
merge into symbioses capable of reproducing as a single
unit even if resource transfer is entirely unidirectional
from a victim to its exploiter. This happens if, in the
course of developing defences against the exploiter, the
costs experienced by the victim in the free-living state
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Figure 4. Evolution of trait s12 a¡ecting resource transfer, and
traits s21 and s22 a¡ecting the probability of coupled births, in
symbiosis: (a) without a cost (Di�1, !i�0), and (b) and (c)
with a cost (Di�1, !i�10) to evolution; s11 remains at zero
throughout. Constants set as follows: �i�2, �i�1, i�10,
�i�1, �i�1, e�0.005, ~di�1, Ii�10, gi�1, ai�0.002,
�ij�0.001, �2ij�0.01.

Table 1. Data for distinguishing between dependence and
bene¢t of species in symbiosis

model of symbiosis1 viability of
Amoeba

exploiter victim clones2 (%)

before
evolution

partner
absent

4500 4500 93

partner
present

7001 1154

after
evolution

partner
absent

4500 212 7

partner
present

5482 2531 82

1This refers to abundance of species at equilibrium in the simula-
tion in ¢gure 4c before evolution (time 0) and after evolution
(time 2000).
2 This summarizes information on the proportion of viable clones
in an experiment on evolution of Amoeba proteus infected by
bacteria (Jeon1972).



and the increments in these costs become su¤ciently
large. There is then a sustained increase in vertical
transmission such that the symbiosis reproduces more and
more as a single unit. Increasingly, the continuity of the
association is maintained from generation to generation.
The critical feature is that there should be more deaths
than births in the free-living state (and correspondingly,
fewer deaths than births in symbiosis) for both species;
whether this is achieved by increased bene¢ts to each
partner, or by costs that one or other partner incurs in
defending itself, is immaterial.

There has been debate for over a century as to whether
particular evolved symbioses could be said to be
mutualistic (Sapp 1994), and our results illustrate why it
can be so di¤cult to achieve a consensus. A physiologist
would observe the completely unidirectional £ow of
resources in the resulting evolved symbiosis, and would
probably conclude that the association is not mutualistic
(Douglas & Smith 1989). An ecologist, less concerned with
the proximal mechanisms of interaction, might carry out a
perturbation experiment on the evolved symbiosis,
observing the consequences of reducing the abundance of
each species in turn: the abundance of the other species
will fall in each case, indicating that the association is
mutualistic (Odum 1971). See Hurst (1996) for an
evolutionary de¢nition of mutualism.
Such contrasting viewpoints suggest it would help to

have other axes on which to evaluate the character of
symbioses. Following an idea of Douglas & Smith (1989),
consider how the properties of `dependence' and `bene¢t'
evolve in the partners. A species can be said to have
evolved greater dependence on its partner if its abun-
dance, when measured in the absence of its partner,
decreases during the course of evolution with the partner.
Table 1 shows that this happens to the victim, as the
victim declines from an equilibrium abundance of 4500
to 212 as a result of its greater death rate when free-
living; the exploiter, on the other hand, does not change.
Individuals from one species can be said to have come to
bene¢t from those of the other species after evolution if
their abundance in the presence of the partner after
evolution is greater than it was in the absence of the
partner before evolution. Table 1 shows that the outcome
of evolution is to the bene¢t of the exploiter, as its
abundance increases from 4500 to 5482, but not to the
victim, as its abundance decreases from 4500 to 2531.
(There is no implication of group selection in the argu-
ment: evolution can bring about the increase in bene¢t
entirely by selection at the level of the individual.) A
distinction between dependence and bene¢t is helpful
because it indicates when the apparent success of one
partner in symbiosis results from an increasing inability
to live on its own, rather than from any direct bene¢t it
gains from the interaction.
Evolution of dependence without bene¢t was observed

in an experimental study of the evolution of a bacterial
infection of Amoeba (Jeon 1972, 1983). This is of particular
interest as the only detailed experimental study of evolu-
tion of a symbiosis. From an initial state in which Amoeba
colonies were much more viable in the absence of the
bacteria than in their presence, the Amoeba evolved to a
state of low viability when deprived of the bacteria. Yet
there was no sign that Amoeba's viability in symbiosis

became greater than its viability before introduction of
the bacteria (table 1). The cost assumed in our model and
the evolutionary outcome is consistent with these
qualitative features.

The modelling framework, based on adaptive dynamics,
is designed to re£ect as faithfully as possible the selection
pressures generated in symbiosis. Inevitably though, the
ecological setting is schematic, and it is important to be
aware of its limitations. For instance, a full treatment of the
ecological dynamics (equations (1)) would need to deal
with more than two states (free-living and symbiotic), as
holobionts could comprise multiple individuals of one or
both partners. In reality, there would probably be further
events, such as simultaneous death of both partners in
symbiosis, and further traits under evolution, such as the
rate at which holobionts are formed. Most important, the
evolutionary path leading to merger of lineages under
exploitation depends on victims incurring large enough
costs in the free-living state as a result of evolution in
symbiosis: a victim able to control its investment in
defence, switching it on only in symbiosis, can escape this
cost altogether. Such control could readily apply, but
evidently does not do so inJeon's (1972) symbiosis.

We thank A. E. Douglas and N. Yamamura for discussions on
symbiosis and vertical transmission, and the referees of an
earlier version of this paper. The work was supported by the
Wissenschaftskolleg zu Berlin, the International Institute of
Applied Systems Analysis, Laxenburg, Austria, and NERC
grant GR3/8205.

APPENDIX A. DERIVATION OF A MACROSCOPIC

EVOLUTIONARY DYNAMIC

In this appendix we derive a dynamical system to
describe the evolution of phenotypic traits in the
symbiosis, using methods from adaptive dynamics
(Dieckmann & Law 1996).

(a) Microscopic time-scale
The derivation begins at the smallest time-scale of

resource £ux in and out of individuals; on this time-scale
abundance of the species and their trait values are
constant. The rate of change of the internal concentration
ci of an individual of species i is given by

_ci � �iCi ÿ �ibi(ci)� ( kcksk1 ÿ icisi1)ÿ �ici, (A1)

where �i, �i, i and �i are rate constants for the £ows as
de¢ned in ¢gure 1, k 6� i, and the term in large brackets
applies only in symbiosis. Birth rate is proportional to the
internal resource concentration: bi(ci)� ci�i/�i, where �i is
a positive constant.
The internal concentrations at equilibrium can be

obtained by setting the right-hand side of equations (A1)
to zero; this leaves expressions for the birth rates that
depend on the external resource concentrations Ci.
Because these concentrations become variables on the
time-scale of population dynamics, we write the birth
rates as b1(C1) and b2(C2) for free-living individuals,
~b1(C1,C2) and ~b2(C1,C2) for o¡spring of symbiotic indivi-
duals that are born free-living, and ~b(C1,C2) for those
that are born into the symbiotic state.
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(b) Mesoscopic time-scale
The equations below show the full dependence of popu-

lation dynamics on external resource concentrations, and
incorporate the dynamics of these resources:

_n1 � �b1(C1)n1 ÿ d1n1 ÿ en1n2 � ~b1(C1,C2)~n� ~d2 ~n (A2a)

_n2 � �b2(C2)n2 ÿ d2n2 ÿ en1n2 � ~b2(C1,C2)~n� ~d1 ~n (A2b)
_~n � ÿ ~d1 ~n ÿ ~d2 ~n � en1n2 � ~b(C1,C2)~n (A2c)

_C1 � �I1 ÿ g1C1 ÿ a1C1(n1 � ~n) (A2d)
_C2 � �I2 ÿ g2C2 ÿ a2C2(n2 � ~n). (A2e)

The vital rates in equations (A2a^ c) are de¢ned in
¢gure 2. Equations (A2d) and (A2e) describe the resource
dynamics, and include a constant input rate Ii, loss due to
uptake of resource i by individuals of species i with rate
constant ai, and loss from the ecosystem with rate
constant gi. All our numerical integrations of the system
of equations (A2) come to equilibrium (n̂,Ĉ) �
(n̂1,n̂2, ~̂n,Ĉ1,Ĉ2) (we have used the fourth-order Runge^
Kutta method for the purpose).

(c) Macroscopic time-scale
Consider some point t in time on an evolutionary time-

scale. At t the resident populations are assumed to be
monomorphic with respect to phenotype, the phenotypic
state being denoted s. Evolution comprises a sequence of
trait substitutions (Metz et al. 1992), as mutations arise
and go to ¢xation; we write w(s 0ij,s) as the probability per
unit time of the trait substitution sij ! s0ij.

The probability per unit time Mij of a mutant birth
and the probability Sij that the mutant survives extinction
when rare are statistically independent, so we may take
their product and write for trait j in species i

wij(s
0
ij, s) �Mij(s

0
ij, s)Sij(s0ij, s)� ~Mij(s

0
ij, s) ~Sij(s 0ij, s). (A3)

Notice that mutants born free-living (Mij,Sij) have to be
distinguished from those which are born into a symbiotic
state ( ~Mij, ~Sij), as both the probability of the mutant
occurring and its chance of survival depend on this initial
state. The mutation probabilities are

Mij(s
0
ij, s)� �ijMij(s

0
ijÿ sij)

�
b̂i(s)n̂i(s)� ~̂bi(sij,s) ~̂n(s)

�
(A4a)

~Mij(s
0
ij, s) � �ijMij(s

0
ij ÿ sij)

�
~̂b(sij, s) ~̂n(s)

�
, (A4b)

where �ij is the fraction of births which are mutants, and
the mutant trait value is drawn from a probability distri-
bution Mij(s

0
ij ÿ sij), which is symmetric around sij with

constant, small variance �2ij (the two traits in each species
are assumed to be mutating independently). The term in
large brackets in equation (A4a) (respectively (A4b))
gives the probability per unit time that a newborn
individual appears in the free-living (respectively
symbiotic) state.

To determine the probability that the mutant escapes
extinction when rare, we employ a result from the theory
of multitype branching processes based on the dominant
eigenvalue � and the corresponding right and left eigen-

vectors (u�(u1, u2) and v�(v1, v2) respectively) of the
matrix Li (equation (4b)); see Athreya & Ney (1972,
p. 184). The probability that the mutant s 0ij does not
ultimately become extinct is given by Theorem 1 of
Athreya (1993) as

Sij � �v1=, (A5a)

~Sij � �v2=, (A5b)

where  � bi(s
0
ij, s)u1v

2
1 � ~bi(s

0
ij, s)u2v1v2 � ~b(s0ij, s)u2v

2
2, the

right eigenvector being normalized as u1+u2�1, and the
left eigenvector as u1v1+u2v2�1. This result applies to
mutations of small e¡ect; if the mutant is able to increase,
the branching process is said to be slightly supercritical.
A mutant that escapes extinction when rare is assumed to
go to ¢xation.

Using equations (A3), (A4) and (A5), and carrying out
aTaylor expansion for small deviations s 0ij around sij, gives
the deterministic path

d
dt

sij �
1
2
�ij�

2
ij

�
Bi(sij, s)� ~Bi(sij, s)

�
(A6a)

The terms outside the large brackets come from the muta-
tion process and scale the rate at which trait sij evolves; �ij
is the fraction of births that are mutants and �2ij is the
variance of the mutation distribution. The terms inside
the brackets give the contribution to change in trait sij due
to mutants that start as free-living (Bi) and symbiotic
( ~Bi) individuals; these are

Bi(sij, s) �
�
b̂i(s)n̂i(s)� ~̂bi(sij, s) ~̂ni(s)

�
@

@s0ij
Sij(s0ij, s)

����
s0ij�sij
(A6b)

~Bi(sij, s) �
�

~̂b(sij, s) ~̂ni(s)
�

@

@s0ij
~Sij(s 0ij, s)

����
s0ij�sij

. (A6c)

The ¢rst part of the right-hand side of equations (A6b)
and (A6c) gives the rate at which o¡spring are produced;
the second part is called a selection derivative (Marrow et
al. 1992) and carries information about e¡ects of traits on
the ecological dynamics. For mutations with small
enough e¡ects on the phenotype, equation (A6) is a good
approximation to the mean path of evolution.
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Ulf Dieckmann, Tomáš Herben, Richard Law 
(alphabetical order) 

Spatio-Temporal Processes in Plant 
Communities 

1. Introduction 
A spatio-temporal process is a spatial pattern of objects that develops 
over the course of time. Such processes arise in a number of contexts 
from distributions of particles in physics to distributions of organisms in 
the biosphere. They are of particular interest to plant ecologists because 
spatial structure is an obvious feature of terrestrial plant communities 
and is thought to play a central role in their dynamics. In fact, interest in 
spatio-temporal processes in plant ecology goes back at least to the 
1930s, when A. S. Watt started to map the turnover of species in a grass-
land in the Breckland of England, keeping track of the spatial structure 
of the community. This and other work led him to suggest that the plant 
community might be understood as a system of patches cycling through 
several states (pioneer, building, mature and degenerate), the patches 
together forming a spatial mosaic (Watt 1947). These ideas became es-
tablished as a cornerstone of plant ecology under the banner of 'pattern 
and process' (van der Maarel 1996). 

Curiously, for a long time rather little was built on the foundations laid 
by Watt. Plant ecologists became engrossed in the spatial aspects of plant 
communities, rather than the link between spatial structure and temporal 
dynamics (e.g. Greig Smith 1957). Those plant ecologists who were 
interested in dynamical processes turned more to animal ecology for 
inspiration (e.g. Harper 1977), and here the innate mobility of many 
animals means that spatial structure plays a role secondary to temporal 
processes. There are at least two reasons for plant ecologists’ the lack of 
interest in spatio-temporal processes. The first is the labour required to 
obtain the data from natural communities, since regular censuses com-
prising detailed maps of the spatial pattern are needed. Second, there was 
no obvious formal mathematical structure within which such information 
could be analysed (Stone and Ezrati 1996); in other words, ecologists 
would have found it difficult to know what to do with the information 
once they had it. 
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But developments in mathematics, theoretical physics and computation 

are opening up new opportunities for achieving a synthesis of spatial and 
temporal aspects of plant ecology. These opportunities include modelling 
spatio-temporal processes on discretized lattice-like spaces (e.g. Durrett 
and Levin 1994) and the investigation of their dynamics by techniques 
that go beyond simulation (Matsuda et al. 1992, Harada and Iwasa 1994, 
Rand 1994, Hendry and McGlade 1995, Rand and Wilson 1995). 

In this paper we describe the contribution that we were able to make 
towards the synthesis of spatial and temporal processes in plant com-
munities during our stay at the Wissenschaftskolleg in 1996. The report 
has three parts: construction of stochastic models of spatially extended 
processes (Section 3), methods for estimation of model parameters from 
spatio-temporal processes observed in the field (Section 4), and reduc-
tion of the spatio-temporal process to a dynamical system in a relatively 
small number of dimensions (Section 5). To keep the research properly 
anchored in plant ecology, we used data from a grassland community 
from the Czech Republic, and we start with a description of this system 
(Section 2). 

We ought to mention that, as well as the application to plant ecology, 
there are at least two other reasons why it is important to develop an 
understanding of spatio-temporal processes. The first is that ecological 
theory has tended to proliferate into large numbers of rather ad hoc 
models. At the base of many of these special cases, we think there is a 
common formal framework, taking the form of individual-based spatio-
temporal stochastic processes. It would help to clarify the subject if it 
could be shown how the major classes of models can be recovered as 
mathematical limits of the underlying stochastic processes. Second, spa-
tially-extended data are becoming widely available from geographical 
information systems (GIS) technology and remote sensing by satellites; 
new mathematical and statistical techniques are going to be needed for 
the analysis of this information. 

2. Data 
Grassland communities are a good source of data on spatio-temporal 
processes. These communities show fine-scale spatial patterns, and the 
patterns develop rapidly through time (During and van Tooren 1988, van 
der Maarel and Sykes 1993). To a major extent, this is due to the 
frequent occurrence of clonal growth among grassland species, because 
daughters produced clonally tend to occur only in the close proximity of



298                                Wissenschaftskolleg · Jahrbuch 1995/96 
 
their mother plants. Further, as in all other terrestrial plant communities, 
interactions between plants are essentially short range; the growth and 
reproduction of a particular shoot responds not to an 'average' environ-
ment, but to that in its immediate neighbourhood. These two features 
make grassland communities particularly appropriate for treatment as 
spatio-temporal processes. 

For our study, we used data from a mountain grassland in the Mts. 
Krkonoše (Riesengebirge), in the northern part of the Czech Republic. 
The grasslands in this area were created by clearing small patches in the 
original forests during the past few hundred years. Traditionally they 
have been maintained for hay, with mowing once or twice a year, 
grazing in late autumn and manuring once in several years. The rather 
stable management over several centuries has produced grasslands with a 
remarkably well differentiated species composition, ranging from rather 
species-poor (ca. 10 species m-2) to quite species-rich (40 species m-2) 
depending on altitude, water and nutrient regimes. Though artificial 
grasslands occur at all altitudes, true montane grasslands are restricted to 
altitudes from 800 m up to the timberline at about 1300–1400 m. 

The particular data we used came from the Severka settlement (ca. 3 
km NW of Pec pod Snezkou, altitude 1100 m). The climate at the site is 
rather harsh, with cool summers and long winters with thick snow cover, 
usually lasting from November until the end of April; the grassland can 
sustain only one mowing per year. The plant community is rather spe-
cies-poor, and the four principal species that form the basis of our ana-
lysis were: Anthoxanthum alpinum Á. Löve et D. Löve, Deschampsia 
flexuosa (L.) Trin., Festuca rubra L., and Nardus stricta L. These are all 
clonal grasses (Figure 1), though their horizontal growth rates, branching 
frequencies and tussock morphologies differ. There are also other species 
in the grassland, but all of them occur at much lower abundance and may 
be safely assumed not to affect the dynamics of the four grasses 
substantially. Although the system is rather species-poor at the large 
scale, the species coexist at the fine scale, with a species density of 2-4 
species/10 cm2. 
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Nardus
Anthoxanthum

Deschampsia

Festuca

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1. Four grass species used for analysis of spatio-temporal processes 
(drawn by Sylvie Pechác ková) 

 
In this grassland, four permanent plots of 50 x 50 cm were established in 
1984-5, and subdivided into grids of 15 x 15 cells for recording the 
plants. The number of shoots of each species within each cell of each 
grid was counted each year in mid July and, after recording, the plots and 
their surroundings were clipped at the height of 1 cm to simulate 
traditional management. This procedure has continued up to the present 
time and provides detailed information on the spatio-temporal process of 
the community. The information is illustrated for one of the permanent 
plots in Figure 2. The species clearly differ a lot in overall abundance, 
with Deschampsia being the most common; they also differ in spatial 
structure, and Nardus is especially clumped. In addition, the spatial 
structure of Anthoxanthum and Deschampsia is somewhat more labile 
through time. 

Being discrete in space and time, the information from the permanent 
plots can be no more than an approximation to the full process. But, to 
record the community in continuous space, one would need the exact 
spatial location of each shoot, which would not be feasible. Owing to the 
short growing season, discretization of time to a single point each year is 
reasonable. 
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Figure 2. Observed spatial patterns of four grass species in a single plot, from 1984 to 
1994; patterns are shown for alternate years.  The depth of shading of cells 
within a large square indicates for one species and one census the number of 
shoots (white indicates absence of the species). A column of large squares 
depicts the spatial pattern of one species through time;  a row shows the spatial 
pattern of all species at a single time. 
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3. Models of spatio-temporal dynamics 

3.1 Individual-based stochastic model in continuous space and time 

The stochastic model starts with the notion of an individual represented 
as a point x in the plane. The locations of all individuals in each species i 
are collected into the set Li; i.e. there is an individual of species i at the 
point x if and only if x ∈ Li. The contribution of an individual of species 
i at point x' to the spatial density pi(x) of that species is given by the 
Dirac delta-function ( )x xδ ′ , a function which is peaked at x = x' and is 0 
at all other points x. The spatial density (pattern) in species i is obtained 
as the sum of all these individual contributions 

 ( ) ( )
i

i x
x L

p x xδ ′
′∈

= ∑    . 

For a community of N species the spatial pattern of individuals is then 
given by the vector of these density functions: 

 ( )1( ) ( ),..., ( )Np x p x p x=    . 

Clearly p(x) is but one of an infinite number of spatial patterns in which 
individuals could be laid out at an instant in time. Moreover the spatial 
pattern changes over the course of time, as random births, deaths and 
movements occur. It will help to think of the probability P(p) that the 
community has the pattern p(x). One can then envisage the changing 
pattern in space as a Markovian stochastic process, writing the rate of 
change of the probability with respect to time as 

 ( ) ( | ) ( ) ( | ) ( )d P p Dp w p p P p w p p P p
dt

′ ′ ′ ′= ⋅ − ⋅⎡ ⎤⎣ ⎦∫ .          (1) 

This is a function-valued stochastic process describing the flux of 
probability to and from the function p(x), ( | )w p p′  being the probability 
per unit time of the shift from function p'(x) to p(x); to cover all possible 
transitions in and out of p(x), one has to integrate over all functions p'(x). 

The primary events acting at the microscopic individual level are 
births, deaths and movements. It is these that cause the shift from one 
spatial pattern to another, and ( | )w p p′  can be disaggregated into these 
events: 
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( | )w p p′ =
1

N

i=
∑ ( , ) ( ) ( )i x idx b x p p x p u pδ ′′ ′ ′ ′⋅ ⋅ Δ + ⋅ −∫        (births) 

                 +
1

N

i=
∑ ( , ) ( ) ( )i x idx d x p p x p u pδ ′′ ′ ′ ′⋅ ⋅ Δ − ⋅ −∫       (deaths) 

  +
1

N

i=
∑ ( , , ) ( ) ( )i x i x idx dx m x x p p x p u u pδ δ′ ′′′ ′′ ′ ′′ ′ ′⋅ ⋅ Δ − ⋅ + ⋅ −∫∫ . 

                                                                                (movements)            

Here ( , )ib x p′  (respectively ( , )id x p′ ) is the per capita probability per 
unit time for a birth (respectively a death) in species i at the point x' 
when the spatial pattern is given by p(x). The term ( , , )im x x p′ ′′  is the per 
capita probability per unit time for a movement from the point x′  to x′′  
in species i when the spatial pattern is given by p(x). The functions Δ  
are generalized delta functions that select the appropriate event taking 
pattern p to p', ui being an N-vector having value 1 for element i and zero 
elsewhere. For example 

 ( ) 0 ifx i x ip u p p p uδ δ′ ′′ ′Δ + ⋅ − = ≠ + ⋅   ; 

in other words, with a birth at point x′  to species i, Δ  allows an incre-
ment only to the probability P( x ip uδ ′+ ⋅ ) of spatial pattern x ip uδ ′+ ⋅ ; 
the probability of all other spatial patterns is unaltered. In formal terms, 
the generalized delta function is defined by the relation 

( ) ( ) ( )Dp F p p p F p′ ′ ′⋅ Δ − =∫  for any functional F. 
This completes the formalism needed to define the stochastic model. 

Once specific functions have been incorporated for the birth, death and 
movement events, realizations can be generated, and one can then see 
how spatial patterns develop through time. One can also investigate the 
dynamics of moments of the stochastic model; this becomes important 
for dealing with questions of dimension reduction. 

3.2 Individual-based stochastic model in discrete space and continuous  
       time 

Although the dynamics should correctly be thought of in continuous 
space, information from the field is rarely available in this form. It is 
more likely to be discretized in some way, often as numbers of 
individuals within the cells of a 2-dimensional lattice, as in the case of 
our Krkonoše community. Some transformation of the formal stochastic 
framework is needed to deal with discrete space. 
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(1... )
1...

M
Nn  'n

 
We write the number of individuals of species i in cell k of the lattice 

as ( )k
in  with i = 1, ..., N and k = 1, ..., M. The spatial pattern of species i 

at some instant in time is given by the matrix ni of the numbers in each 
cell, and that of the whole community as the vector of matrices n = (n1, 
..., nN). The changing pattern in space can be seen as a stochastic process 
analogous to Equation (1) 

 [ ]( ) ( | ) ( ) ( | ) ( )
n

d P n w n n P n w n n P n
dt ′

′ ′ ′= ⋅ − ⋅∑  ,        (2) 

but now describing the flux of probability to and from the vector of 
matrices n. The abbreviation                      is used. As before, the proba-
bility per unit time of the transition from n to n' can be disaggregated 
into the births, deaths and movements: 

( | )w n n′ = ( )( ) ( ) ( ) ( )

, ,
( ) , ( , ) ( , )k k l l

i i j j
i k j l

b n n n n i j k lδ δ δ′⋅ ⋅ + ⋅∑ ∏      (births) 

     + ( )( ) ( ) ( ) ( )

, ,
( ) , ( , ) ( , )k k l l

i i j j
i k j l

d n n n n i j k lδ δ δ′⋅ ⋅ − ⋅∑ ∏      (deaths) 

     + ( )( , ) ( ) ( ) ( )

, ,
( ) , ( , ) ( , ) ( , ) ( , )k k k l l

i i j j
i k j l

m n n n n i j k l i j k lδ δ δ δ δ′ ′ ′⋅ ⋅ − ⋅ + ⋅∑ ∏ .   

                               (movements) 

Here ( ) ( )k
ib n  (respectively ( ) ( )k

id n ) is the per capita probability per unit 
time for a birth (respectively a death) in species i in cell k when the spa-
tial pattern is given by n. The term ( , ) ( )k k

im n′  is the per capita probability 
per unit time for a movement from cell k to k' in species i when the spa-
tial pattern is given by n. The term ( , ) ( , )i j k lδ δ⋅  is a product of Kron-
ecker delta symbols, returning the value 1 when j = i and l = k, and 0 
otherwise. The product of the outer Kronecker delta symbols then selects 
the appropriate event taking pattern n to n'. 
 

=∑ ∑
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3.3  Individual-based stochastic model in discrete space and discrete  

  time 

Natural communities most often occur in seasonal environments, and it 
is important to have a formalism that allows for the fluctuations in 
ecological processes that result from this. To achieve this, the per capita 
transition probabilities per unit time are made time dependent: ( ) ( , )k

ib n t , 
( ) ( , )k
id n t  and ( , ) ( , )k k

im n t′ . Thus, if time t is measured in years, the 
effects of seasonality can be reflected by assuming that these functions 
possess a period of 1. The per capita probabilities of birth for each time 
step are then obtained as 

 1( ) ( )
0

( ) ( , )k k
i ib n dt b n t= ∫  

and analogous equations hold for the processes of death and movement. 
For ecological systems with this property, it is natural to transform the 

individual-based stochastic model (2) from continuous time to discrete 
time. Equation (2) is replaced by a recurrence relation describing the 
change in probability P(n) from time t to t+1: 

 [ ]1
'

( ) ( | ) ( ) ( | ) ( )t t t
n

P n w n n P n w n n P n+ ′ ′ ′= ⋅ − ⋅∑    . 

For a discrete-time formalism to be adequate, microscopic events (births, 
deaths, movements) that depend on n have to be sufficiently well 
separated in time. We make this explicit in the following equation: 

 
,

( | ) ( | ) ( | ) ( | )m d b
n n

w n n w n n w n n w n n
′′ ′′′

′ ′ ′′ ′′ ′′′ ′′′= ⋅ ⋅∑    . 

This is to be interpreted as a probability ( | )bw n n′′′  that births take the 
spatial pattern to n′′′  given that it starts as n, times the probability 

( | )dw n n′′ ′′′  that deaths take the pattern to n′′  given that it starts as n′′′ , 
times the probability that movements take the pattern to n′  given that it 
starts as n′′ . The summation allows for the different paths possible 
between n and ′n . This separation of the microscopic events is needed 
because of their dependence on the current spatial pattern, and is not 
required for those events which are independent of pattern. 

The birth term is: 

( ) ( )
( )1

( ) ( ) ( )

,
( | ) , ( ),

kni

k k k
b i i j j i j

i k j
w n n n n b n

β
δ β β′ ′= + Σ ⋅∑∏ ∏

…

P   . 
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( )
1...

k
njβ

 

(1... ;1... )M M
μ  ∑

Here ( )( ) ( ),k
i jb n βP  is the probability that there are jβ  births to parent j 

of species i in cell k, this being Poisson distributed with mean ( ) ( )k
ib n ; 

the product over j then gives the joint probability of 1β  births to parent 
1, 2β  to parent 2, and so on. The Kronecker delta symbol returns 1 when 

( ) ( )k k
i j j in nβ ′+ Σ = , and 0 otherwise. The term             is to be under-

stood as ( )k
in  separate summations (one for each parent), over 0, 1, 2, ... 

offspring produced by the parent. The death term 

 ( )( ) ( ) ( ) ( )

,
( | ) ( ), ,k k k k

d i i i i
i k

w n n d n n n n′ ′= −∏B   

is based on the binomial distribution B, with )()( nd k
i  the per capita 

probability of death, )(k
in  the number of individuals, and n ni

k
i

k( ) ( )− ′  
the number that die. The movement term is: 

 ( )
(1... ;1... )

( ) ( ) ( , ) ( , )( | ) , ( )
M M

k k k k k k
m i i k

i k
w n n n n

μ
δ μ μ′ ′

′′ ′= + Σ −∑∏ ∏  

       ( )( , ) ( ) ( , )( ), ,k k k k k
i i

k
m n n μ′ ′

′
∏B . 

The element ( , )k kμ ′  of the  M M×  matrix μ  gives the number of 
individuals that move from cell k to k ′ . With per capita probability of 
movement from cell k to k ′  given by ( , ) ( )k k

im n′ , and ( )k
in  individuals in 

cell k, the probability that ( , )k kμ ′  move to cell k ′  is obtained from the 
binomial distribution B. The Kronecker delta symbol returns the value 1 
when the net change in numbers of species i in cell k obtains 

( ) ( , ) ( , ) ( )( )k k k k k k
i k in nμ μ′ ′

′ ′+ Σ − = , and 0 otherwise. The term                
is to be understood as a sequence of M M×  separate summations, one 
for each pair (k, ′k ), over 0, 1, 2, ... individuals moving from cell k to 
k ′ . 

This formalism defines a stochastic model in discrete space and 
discrete time which matches the kind of information most often available 
from plant communities. In particular it provides an appropriate basis for 
a stochastic model of the Krkonoše community below. 

∑
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4. Parameter estimation 

Section 3 shows how to describe spatio-temporal processes in terms of 
individual-based stochastic models, but there is still a major bridge to be 
built before such models can be taken as a description of an observed 
spatio-temporal process. As in all modelling, we need (1) to specify 
appropriate functions to describe the process, in particular to determine 
rates for the occurrence of macroscopic events, and (2) to obtain 
estimates for the values of parameters in these functions. The choice of 
functions rests on external knowledge about the system; in the case of 
births, deaths and movements of the clonal grasses in our Krkonoše 
community, such understanding is quite well developed, as described 
below (Section 4.1). But there is much less understanding on how to 
obtain parameter values that best fit the data; here we suggest two 
techniques for doing this (Sections 4.2 and 4.3). 

4.1 Functions to describe dynamics 

We concentrate on a stochastic model in discrete space and time, as this 
matches the structure of the data described in Section 2. Consider a cell k 
on the lattice, and a set of neighbour cells S(k). The state of cell k is given 
by the number of shoots of each of the four grass species it contains, 
written as n(k  = ( ){ | { , , , }}k

in i A D F N∈  (A: Anthoxanthum; D: Deschamp-
sia; F: Festuca; N: Nardus). The state of the neighbourhood is written as 
N(k)  = ( ) ( ){ | }l kn l S∈ . 

The stochastic model should update the state of each cell on the basis 
of random births, deaths and movements of shoots. In keeping with the 
available evidence from grasslands (Jónsdóttir 1991, Duralia and Reader 
1993), we assume that interactions occur through sensitivity of births to 
the presence of shoots in the immediate vicinity. The number of 
daughters born to a shoot of species i in cell k following census t is taken 
to be a Poisson-distributed random variable, with a mean given by 

 ( ) ( )

{ , , , }
expk k

i i ij j
j A D F N

b c a n
∈

⎛ ⎞
= ⋅ ⋅⎜ ⎟

⎝ ⎠
∑ . 

The interactions are species-specific, the parameter aij describing the 
effect of species j on i; it is this that leads to a coupling of the dynamics 
of species in the model. The other parameter ci is the mean of the 
Poisson distribution in the absence of any other shoots. Deaths of 
individuals are assumed to be independent of the presence of other
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shoots, the probability that a shoot of species i survives from census t to 
t+1 being si. To deal with movement of shoots, one needs to allow 
changes in position from one cell to another. Movements are small 
(Herben et al. unpublished results), and a four-cell neighbourhood (the 
'north', 'east', 'south' and 'west' neighbours of cell k) is large enough to 
capture most that occur. We write the probability that a shoot of species i 
in cell k at census t moves to either one of these neighbour cells by the 
next census as mi. These movements induce a local coupling of the cells, 
and allow spatial structures to develop. 

The stochastic model is now specified to the level of seven parameters 
(si, aiA, aiD, aiF, aiN, ci, mi) of species i. The si’s have been estimated 
independently by field measurements, and can therefore be taken as 
known; the values sA = 0.2, sD = 0.7, sF = 0.3 and sN = 0.7 are used 
below. The remaining six parameters of each species, denoted by the 
vector vi = (aiA, aiD, aiF, aiN, ci, mi) for species i, have to be estimated 
from the observed spatio-temporal process. 

4.2 Model fitting from single-cell processes 

One way to estimate the parameters vi is to consider each cell as a 
separate item (Law et al. 1997). The number of shoots of species i in cell 
k at census time t+1 can be thought of as a random variable that depends 
on the number of shoots of each species in cell k and the neighbouring 
cells at census time t (n(k), N(k)), and the model parameters can be estima-
ted by a regression of the values observed at t+1, ( )k

in′ , against the ex-
pected values ( )k

in′  predicted by the model based on vi. With the model 
describeed above, )(~ k

in′  is given by: 

 ( ) ( ) ( ) ( ) ( )(1 ) (1 ) (1 )
4 k

k k k l li
i i i i i i i

l S

mn s m n b n b
∈

⎛ ⎞
′ = ⋅ − ⋅ ⋅ + + ⋅ ⋅ +⎜ ⎟

⎝ ⎠
∑ . 

Notice that estimation can proceed separately for each species, because 
species other than i only enter into this equation through their numbers at 
census t. 

Potentially there is a lot of information in the observed spatio-temporal 
process on which to base the estimation, there being 15 x 15 x 11 values 
of ( )k

in′  for each plot. But the number of cells that can be used needs to 
be restricted in several ways. First, boundary cells should be excluded 
because their neighbourhoods are incomplete. Second, there is little 
purpose served in including cell k if there are no shoots of species i in
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this cell or its neighbourhood or both at time t. Third, one may expect 
spatial and temporal correlations to be present that violate the statistical 
assumption of independence. Some subsampling of the cells is needed; 
we worked with one fifth of the cells, cycling through them in such a 
way that a five year period elapsed before returning to the same cell, as 
shown in Figure 3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Tiling used for non-linear regression;  cells chosen for analysis are shown as 

black. The starting position was displaced one cell to the right in successive 
years, so that each cell was revisited for sampling only after five years. 
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Estimation of the parameters vi requires iterative adjustment of vi by 
non-linear regression until the function 

 ( )2( ) ( )( ) ( )k k
i i i

k
d F n F n′ ′= −∑  

reaches a local minimum. The function F is used to correct for a 
dependence of the standard deviation on the mean. Prior analysis 
indicated a power relationship baσ μ= ⋅  between the mean μ  and 
standard deviation σ  of the dependent variable, and the transformation 
F(x) = (1 ) /( (1 ))bx a b− ⋅ −  was used to remove this relationship. The 
parameters a and b were obtained from the relationship between the 
mean and standard deviation using a regression analysis on the 
untransformed data. As there might be concern regarding the reliability 
of the technique, we tested the method on time series of data artificially 
generated with known parameter values, and found that the method 
recovers the parameter values with reasonable accuracy (Herben et al. 
1996, Law et al. 1997). 

The results from parameter estimation confirm that the community is 
essentially competitive, as the interaction coefficients are predominantly 
negative (Table 1). To the plant ecologist, the matrix of interaction terms 
has the interesting feature that it lacks diagonal dominance; in other 
words, intraspecific coefficients on the diagonal are not noticeably larger 
than the off-diagonal ones describing interspecific competition. The 
matrix also has the property of strong asymmetries in pairwise 
interactions; one can see this for instance in the comparison aAD = -0.033 
and aDA = -0.134. Another distinctive feature is the lack of intransitivities 
that would allow cyclic replacement of one species by another; Watt's 
(1947) notion of the mosaic cycle does not seem appropriate for this 
commmunity. 
Table 1 Parameter estimates obtained from non-linear regression analysis.  In cases 

where the 95% confidence limits of the estimate span zero, the estimate is 
shown in brackets. 

Species (i) aiA aiD aiF aiN ci mi 

Anthoxanthum -0.031 -0.033 (-0.015) -0.019 4.889 0.156 

Deschampsia -0.134  -0.037 -0.243 -0.178 0.983 0.358 

Festuca (-0.008) (0.000) -0.023 -0.135 2.481 0.066 

Nardus -0.151 (0.014) 0.068 -0.036 0.950 0.035



310                                Wissenschaftskolleg · Jahrbuch 1995/96 
 
Interaction coefficients form the basic building blocks of community 
ecology, as they make community dynamics more than the sum of the 
independent dynamics of the species present.  Yet they are particularly 
difficult to estimate, and ecologists have had to devise elaborate 
experimental schemes involving the manipulation of densities of plants 
to determine their values (Goldberg and Barton 1992). Non-linear 
regression on spatio-temporal processes as described above opens up a 
new approach that holds some promise for achieving greater under-
standing of plant community dynamics. It has the important feature of 
being non-invasive; the interactions can be estimated without any exter-
nal interference to the community. 

4.3 Model fitting from spatio-temporal moments 

By focusing on changes in single cells over single time steps, the non-
linear regression method (Section 4.2), ignores the larger-scale spatial 
and temporal structure of the data. Such structure includes aggregations 
of shoots within species and the spatial distribution of one species 
relative to another (two aspects of spatial correlations); it also includes 
the location of clumps over the course of time (temporal correlations). 
As one can see from Figure 2, such patterns readily arise, and techniques 
of parameter estimation based on these larger-scale features would be 
using important information unavailable to the regression method above. 

But to make use of such large-scale features, one needs to step outside 
the traditional statistical framework of regression analysis. There is no 
unique function that could be said to capture all the essential features of 
a spatio-temporal process; the mean number of shoots per cell, for 
instance, is not enough, as it lacks all information on the spatial 
structure. Consequently there is no unique measure of the goodness-of-fit 
between two spatio-temporal processes, such as one observed in the field 
and one given by a stochastic model. Novel approaches are needed, both 
to define measures of goodness-of-fit and to move down gradients in the 
parameter space until the difference between the patterns is minimized. 

Here we describe a new method based on a gradient descent on a 
function of the first and second order moments of the spatio-temporal 
process. These moments capture a substantial amount of information 
about the larger-scale spatial and temporal structure of the data. The first 
moment of species i for year t is simply the mean number of shoots per 
cell, given by 
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 ( )1( ) ( )k
i i

k
n t n t

K
= ⋅∑  , 

where K is the number of cells. The second moment describes the spatio-
temporal correlation at a distance r between species i at year t and 
species j at year t+τ  and is given by: 

 1 2

1 2

( ) ( )

( , )

1 1( , , ) ( ) ( )
( ) ( ) r

k k
ij i j

k k Si j r

c t r n t n t
n t n t S

τ τ
τ ∈

= ⋅ ⋅ ⋅ +
⋅ + ∑    , 

where 1 2 1 2{( , ) | dist( , ) }rS k k k k r= = ; the term rS  is the number of 
elements in Sr, and corrects for the finite grid size. The term 

( ) ( )i jn t n t τ⋅ +  normalizes the correlation such that ( , , )ijc t rτ  > 1 
(respectively < 1) implies a positive (respectively negative) correlation at 
a distance r between species i at year t and species j at year t+τ . Figure 4 
shows that ( , , )ijc t rτ  captures important features of the spatial structure 
of the data in Figure 2 in 1984. The strong tendency for Nardus to form 
aggregations appears as a large auto-correlation at small distances, 
whereas Deschampsia, which is much less clumped, has a weak auto-
correlation. It can also be seen that the tendency for Deschampsia to be 
at low density in the vicinity of clumps of Nardus is reflected in a cross-
correlation between the species which is less than 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Spatial correlations ( , , )ijc t rτ  of Deschampsia and Nardus for the grid data   

 shown in Figure 2, with t = 1984, and time delay τ = 0. 
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The moments ( )in t  and ( , , )ijc t rτ  can be computed for an observed 
spatio-temporal process, and also for one generated using the functions 
in Section 4.1, ( )in t  and ( , , )ijc t rτ , for some given parameters vi. We 
use them to construct a function for each species i, the pattern-deviation 
function di, based on a weighted average of the difference between the 
moments of the observed process and those of the model. The smaller 
the value of this function, the better the parameters describe the observed 
spatio-temporal process. At the start of the simulated process, the 
stochastic model is set to the same spatial pattern as the data. As in 
Section 4.2, we do not attempt to estimate the parameters of all species 
simultaneously; the spatial patterns of species other than i are held at 
their field values when the stochastic model is run for species i. 

The function di is defined as 

   (1 )i n ni n cid w d w d= ⋅ + − ⋅  

where  ( )2( )ni t i
t

d w N t= ∑    , 
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The w's are weights given to the various moments and need to be chosen 
externally.  We found it necessary to give the second-order moments a 
greater weight than the first-order one, in order to get an improvement in 
the pattern; wn = 0.25 was used. Moments later in the spatio-temporal 
process were given more weight corresponding to the greater opportunity 
for the stochastic model to diverge from the field spatial pattern the 
longer it runs. Auto-correlations (i = j) and cross-correlations (i ≠  j) 
were given the same weight wij = 0.25. Correlations at large radii are 
likely to be affected by the finite size of the grid and were given a lower 
weight, using a negative exponential function of radius. 
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A particular value of the pattern-deviation function determines a mani-
fold in a six-dimensional space of the parameters (i.e. ( )i id f v= ). It is 
therefore possible to adjust the values of the model parameters iteratively 
in such a way that di goes to a local minimum. For this purpose, we 
developed a technique based on Powell's quadratically convergent 
method (Brent 1973). This algorithm takes sections across the surface in 
a window around the current parameter values, finds the minimum 
within the window on each section in turn, and updates the parameter 
values and the directions of the sections until no further reduction in di is 
possible. We could do no more than sample certain points along each 
section, because at each point the stochastic model has to be run and the 
moments computed. Some random variation is to be expected in the 
course of sampling the section, and we therefore used a least squares fit 
of the values of di to a cubic polynomial to find the local minimum along 
each section. 

Checks on the pattern deviation function suggested that it could be 
rather rugged, and it is therefore important for the parameter values to be 
fairly close to the minimum when starting a gradient descent. For this 
reason, we set the parameters at the start to the values from non-linear 
regression (Table 1). Reductions in the pattern-deviation function were 
still obtained during the course of optimization for each species, and this 
indicates that some improvement in fit to the overall spatio-temporal 
process could still be achieved after non-linear regression. 

Table 2 gives parameter values obtained from the gradient-descent 
method. The estimated values differ from those in Table 1 in that the cis 
tend to be larger, and intraspecific interactions appear stronger in Antho-
xanthum and Nardus. Probabilities of movement between cells mis are 
also somewhat increased. Figure 5 gives a realization of the stochastic 
model using these parameter values. The realization was started in 1984 
using the spatial pattern of shoots in the field as shown in Figure 2; 
 
Table 2 Parameter estimates obtained from gradient descent on the pattern-deviation  

function. The numbers are arithmetic means of the values obtained from 
iteration 41 to 50 of the gradient descent. 

Species (i) aiA   aiD aiF aiN ci mi 

Anthoxanthum -0.137 -0.026 -0.018 -0.016 9.900 0.520 

Deschampsia -0.085 -0.044 -0.292 -0.288 1.285 0.503 

Festuca -0.011 -0.000 -0.031 -0.109 3.627 0.101 

Nardus -0.090  0.010  0.039 -0.112 2.408 0.053
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this allows a direct comparison of the observed and simulated patterns in 
Figures 2 and 5. As one would expect from a stochastic realization, the 
exact patterns become different as time progresses; yet the major spatial 
features of the simulated and observed processes remain broadly 
comparable. There is still room for improving the match between the 
results of the model and patterns in the field, but this may require 
structural alterations to the model rather than improved methods of para-
meter estimation. 

5. Dimension reduction 

5.1 A fundamental dilemma 

Sections 3 and 4 have dealt with the formal structure of models describ-
ing spatio-temporal processes in plant ecology, and how to estimate the 
parameters of these models. We now turn to questions of model analysis 
and interpretation, and here one is faced with a dilemma. 

On the one hand, there are established analytical methods for investi-
gating mean-field dynamics. But such mean-field models only reflect 
temporal change in the ecological system, and do not take into account 
any aspect of its spatial structure. This is why predictions from mean-
field models can go widely astray as soon as the underlying ecological 
system is spatially heterogeneous. Nevertheless, mean-field models are 
convenient and tractable. The number of dynamical dimensions in such 
models equals the number of interacting populations within the 
ecological community, which may be as low as one; in the case of the 
Krkonoše community it would be four. 

On the other hand, there are models for spatially heterogeneous com-
munities such as those introduced in Section 3, as well as others like 
partial differential equations or cellular automata. These paradigms for 
modelling ecological systems in space all have one property in common: 
to describe the state of the system at any particular point in time a very 
large number of dynamical variables (in the order of hundreds, thousands 
or tenthousands) has to be specified. Such numbers reflect the huge 
amount of information potentially present in a spatial pattern and are the 
reason why we refer to such models as high-dimensional. Dynamical 
models of this complexity entail poor efficiencies in numerical simula-
tions and preclude utilizing the rich tool-box of analytical methods 
devised, for instance, in bifurcation theory. Even worse, the 
interpretation, prediction and understanding of complex spatial models
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Figure 5. A realization of the stochastic model for community dynamics, based on the 
parameters in Table 2, estimated from gradient descent on the pattern-deviation 
function.  Layout as described in Figure 2. 
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can be close to impossible since it may be far from obvious on which 
quantities or abstract entities a mechanistic explanation of dynamical 
phenomena observed eventually should be based. Powerful predictions 
from ecological models are based either (i) on analytical methods -- 
which for high-dimensional spatial models are always difficult and very 
often not feasible, or (ii) on heuristically establishing causal relations 
with qualitative conditionals and conclusions -- a goal which is notor-
iously hard to achieve for the more complex spatially explicit models. 

In summary, researchers investigating spatial dynamics in ecology are 
confronted with a decision either to use complex models that have a 
tendency to be incomprehensible, or to use models that are tractable but 
dangerously over-simplified. 

5.2 The potential for dimension reduction 

In this situation one might hope to find some middle ground comprising 
dynamical models of low dimensionality that capture essential features 
of spatial heterogeneity. Such models would combine the virtues of both 
extremes, simultaneously achieving sufficient accuracy and retaining 
tractability, whilst avoiding both over-simplification and excessive 
complexity. This is not an idle hope. Rand and Wilson (1995) have 
demonstrated that the spatio-temporal population dynamics of a partic-
ular three-species community can be reduced to a four-dimensional 
dynamical system. Evidently the introduction of  a single extra dimen-
sion was sufficient to reflect the effects of spatial patterns within the 
community. Rand and Wilson employed a numerical (or top-down) 
approach and, as a consequence, an ecological interpretation of the 
fourth dynamical variable was not made. A constructive (or bottom-up) 
approach, on the other hand, would ensure that the dynamical variables 
introduced are readily interpretable, and also would give deeper insights 
into those aspects of spatio-temporal dynamics that are essential for 
shaping ecological change observed. 

Why should techniques of dimension reduction conceivably work for 
spatio-temporal processes in ecology? Ecological communities are char-
acterized by two general features. First, the interactions between indi-
viduals in such systems are on a local scale. In other words, the spatial 
distance over which one individual affects another is small relative to the 
spatial extension of the system as a whole. For example, in the Krkonoše 
community the interaction of tillers decays rapidly with spatial distance: 
interactions at 5 cm are already weak, and interactions over distances 
greater than 20 cm are negligible. Second, there are several sources of
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stochastic fluctuation in the population dynamics, including demo-
graphic stochasticity and environmental noise; these introduce perturb-
bations that counteract the deterministic changes resulting from eco-
logical interactions. Together these two features mean that deterministic 
effects predominate only at short spatial scales; deterministic influences 
over larger distances are drowned in the stochastic fluctuations. In conse-
quence, spatial patterns which imply a high degree of spatial correlation 
between distant locations in space are very unlikely to be realized in such 
systems. 

From this argument we can infer further that, of all the patterns pos-
sible, only those from a certain subset, characterized by the absence of 
long-range correlations, are at all likely to occur. The dynamics of such 
ecosystems thus effectively reduce to the set R of sufficiently likely pat-
terns. The variables that distinguish patterns in the set R from patterns in 
the set R' (which are not in R) do not correspond to essential dynamical 
degrees of freedom and are dispensable. By removing them from the 
dynamical description of the full spatio-temporal model, the number of 
variables remaining and hence the dimensionality of the model is re-
duced. 

5.3 Which statistics should be chosen? 

When we refer to variables for describing spatio-temporal processes in a 
low-dimensional dynamical system, we are talking about various kinds 
of spatial statistics. At each time step of the spatial dynamics a particular 
pattern is realized. For example, in a discrete-space model, the pattern 
can be specified by simultaneously describing the state of each cell. 
Alternatively, a partial description of the pattern is given by counting the 
number of individuals in each species. Or one might specify the number 
of patches exceeding a certain size for each species. Or one could work 
from the frequency distribution of patch sizes, or employ specific 
indices, characterizing degrees of clumping or clump shapes, as 
occasionally done in plant ecology. The set of spatial statistics we could 
consider for any given pattern appears to be inexhaustable. If aspects of 
spatial heterogeneity are to be included as dynamical variables, the 
choice of an appropriate set of spatial statistics has to be made. What 
should this be? 

The simple answer is that no unique solution exists. But we can at least 
give some conditions that the statistics should meet. As a trivial first 
condition, these statistics are required to measure spatial heterogeneities. 
Second, they should possess a meaningful ecological interpretation. 
Third, they should be accessible to measurements in the field and, as far 
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as possible, they should correspond to common practice in ecological 
field work. Eventually, and this is the strongest condition, a convenient 
set of spatial statistics can be subdivided into subsets S and S' such that: 

C1. the statistics from S and S' together unambiguously characterize 
each of the spatial patterns possible, 

C2. the statistics in S differentiate sufficiently well between spatial 
structures in R, 

C3. statistics from S' assume constant values in R. 

A slightly less demanding alternative to condition C3 is given by as-
sumeing that in R the values of statistics from S' can be inferred from the 
values of statistics from S. However, in this case redefining the statistics 
in S' by subtracting their predicted values obtained from S suffices to 
fulfill condition C3 again. 

In addition to those sketched above there is a further, important cond-
ition for choosing statistics. The next section is concerned with this. 

5.4 Relaxation projections 

Initial configurations of a spatial ecological process can be taken from 
the set of all possible patterns, i.e. the union of the sets R and ′R  denot-
ed by R R′∪ . In contrast, the set of patterns likely to be found after the 
process has run for a while is just R. So what happens in between? 

In Section 5.2 we have seen that the mapping R R R′∪ →  results from 
the destruction of global correlations. For distances larger than the 
interaction range, the rate for this transition is proportional to the sum of 
demographic and environmental noise. In consequence, the decay of 
long-range order often is very fast relative to the dynamics of short-range 
correlations. This separation of time scales guarantees that, even when 
starting the spatio-temporal process from an arbitrary pattern in R R′∪ , 
after a short time τ , a reduced dynamic, operating merely in R, obtains 
with good accuracy. 

For ecological systems in the field that have been left sufficiently 
undisturbed in the past, the period τ  will have already passed. 
Consequently, the entire dynamics p(t) starting from a current pattern 
p(0) will lie within R. Spatial statistics obeying C1 to C3 then provide 
the basis of a dimensionally reduced dynamical description. On the other 
hand, for ecological systems starting from an arbitrary initial pattern, the 
reduced dynamics have to apply to initial patterns in R′  as well as R, 
and a further condition for the spatial statistics is helpful. 
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C4. At time τ , the dynamics of any pattern starting from p(0) in 

R R′∪  with spatial statistics ( (0))S p  and ( (0))S p′  are well 
approximated by ( ( )) ( (0))S p S pτ =  and ( ( ))S p Sτ ∞′ ′= , where 

′∞S  is the set of constant values that the ′S  statistics take in R. 
Mathematically the mappings R R R′∪ →  and S S S S∞′ ′∪ → ∪  are 
projections. They project the full space of possible patterns onto the sub-
space of those patterns likely to be realized after the fast degrees of 
freedom (i.e. the long-range correlations) have relaxed. Such mappings 
that mimic the relaxation process we therefore call relaxation pro-
jections. Any spatial statistics obeying conditions C1 to C4 define such 
relaxation projections. In general, projections are non-invertible map-
pings. Objects projected consequently carry a diminished amount of 
information. In particular, relaxation projections remove the dynamically 
non-essential information from a spatial pattern. 

5.5 Correlation dynamics 

Here we illustrate the general principles proposed in Sections 5.1 to 5.4, 
focusing on a single species, and using a model continuous in space and 
time as introduced in Section 3.1. To do this, we take a simple choice for 
the ecological rates, 

 ( , )d x p D=  

 ( , , ) ( )m x x p M x x′ ′= −  

 ( )( , ) ( , )b x p B n x p=  . 

This means that the per capita death rate is a positive constant D, and 
that the per capita probability of movement from x to ′x  per unit time is 
a non-negative function of the distance between the points x and ′x . The 
per capita birth rate is a non-negative function of the local abundance of 
individuals in the pattern p around location x, defined by 

 ( , ) ( ) ( )n x p dx W x x p x′ ′ ′= − ⋅∫  

where ( )W x x′ −  is a weighting for locations x′  at distance 1x x ξ′ − =  
with 1 1( ) 1d Wξ ξ =∫ . This illustrative ecological model thus incorporates 
birth rates which are locally density-dependent, while processes of death 
and movement occur independent of densities. 
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A particular set of spatial statistics fulfilling conditions C1 to C4 is 
given by correlation functions. For a pattern p of area A, spatial correla-
tion functions of order n are defined by 

 ( )
1

1 1 1 1
1 1

1( ,..., , ) ... ( )
n n

n n n k k k l
k l

C p dx dx x x p x
A

ξ ξ δ ξ
−

− +
= =

= ⋅ − − ⋅∏ ∏∫ ∫ . 

Thus, the first-order correlation function 

 1 1 1
1( ) ( )C p dx p x
A

= ⋅ ∫  

is just the global density of individuals within the spatial pattern p, 
whereas the second-order correlation function 

 2 1 1 2 2 1 1 1 2
1( , ) ( ) ( ) ( )C p dx dx x x p x p x
A

ξ δ ξ= ⋅ − − ⋅ ⋅∫ ∫  

measures the density of pairs of individuals at distance 1ξ . Each higher-
order correlation introduces a further distance 2ξ , 3ξ , ..., as individuals 
are taken in triples, quadruples, and so on. 

In the space of all patterns, expected values C1, 2 1( )C ξ , 3 1 2( , )C ξ ξ , ...  
of the correlation functions are obtained as 

 1 1 1 1( ,..., ) ( ) ( ,..., , )n n n nC Dp P p C pξ ξ ξ ξ− −= ⋅∫  . 

We use this to translate from a stochastic process / ( )d dt P p in the space 
of patterns p to a deterministic dynamic in the space of statistics Cn . As 
a first step, the dynamics of the first-order correlation-function C1  are 

 1 1 1
1 ( ) ( )d dC Dp P p dx p x

dt A dt
= ⋅ ⋅∫ ∫  

and, after some algebra, this yields 

( )1 1 2 2 1 2 1
1 ( ) ( ) ( ) ( )d C Dp P p dx B dx W x x p x D p x

dt A
⎡ ⎤= ⋅ − ⋅ − ⋅⎣ ⎦∫ ∫ ∫ . 

Since we want to transform the right-hand side of this equation to the 
form of correlation functions, we make the simplifying assumption that 
the function B is linear, 0 1( )B n B B n= + ⋅ . The ecological implication of
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this assumption is that the per capita birth rate is linear in local 
abundance, i.e. it is of logistic or Lotka-Volterra type. From this we 
obtain 

 1 0 1 1 1 1 2 1( ) ( ) ( )d C B D C B d W C
dt

ξ ξ ξ= − ⋅ + ⋅ ⋅∫  . 

For spatially homogeneous systems the relation 2 1 1 1( )C C Cξ = ⋅  holds 
and in this case the dynamics of C1  simply reduce to the mean-field 
result 

 2
1 0 1 1 1( )d C B D C B C

dt
= − ⋅ + ⋅  . 

For spatially heterogeneous systems, however, the mean-field result is 
incorrect and the dynamics of the first-order correlation function C1  are 
contingent on those of the second-order correlation function C2 1( )ξ . 
Therefore we need to work out the dynamics of C2 , and these are given 
by the equation 

2 1 0 2 1 1 2 2 3 1 2
1 ( ) ( ) ( ) ( ) ( , )
2

d C B D M C B d W C
dt

ξ ξ ξ ξ ξ ξ⋅ = − − ⋅ + ⋅ ⋅∫     

            2 2 2 1 2( ) ( )d M Cξ ξ ξ ξ+ ⋅ +∫  

            ( )1
1 1 0 1 2 2 2 1 1( ) ( ) ( )C B B d W C Cδ ξ ξ ξ ξ −+ ⋅ ⋅ + ⋅ ⋅ ⋅∫  

with 1 1( )d M Mξ ξ =∫ . We are omitting the delta peak at distance 
1 0ξ = , resulting from self pairing. Notice on the right-hand side of this 

equation that the dynamics of 2C  depend on that of 3C . 
This observation can be generalized: independent of the order n we 

consider, the dynamics of nC  are contingent upon 1nC + . The sequence 
of equations that results is refered to as a moment hierarchy, and it 
prohibits the use of the dynamical equation for 2C , unless we simultane-
ously consider the dynamics of C3  etc. We face a problem of moment 
closure which can only be resolved by truncating moment hierarchies 
using appropriate approximations. For instance, we already have seen 
that, with the relation 2 1 1 1( )C C Cξ = ⋅ , we could remove the 2C  
dependence from the 1C  dynamics, and obtain the mean-field equation. 

We now can improve on the simple mean-field approximation by 
truncating the hierarchy of spatial correlation functions at order 2 instead 
of 1. This is achieved by the relation 1

3 1 2 2 1 2 2 1( , ) ( ) ( )C C C Cξ ξ ξ ξ −= ⋅ ⋅ , 
from which the following equation for the dynamics of 2C  is obtained:
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( )1
2 1 0 1 2 2 2 2 1 2 1

1 ( ) ( ) ( ) ( )
2

d C B D M B d W C C C
dt

ξ ξ ξ ξ ξ−⋅ = − − + ⋅ ⋅ ⋅ ⋅∫  

            2 2 2 1 2( ) ( )d M Cξ ξ ξ ξ+ ⋅ +∫  

            ( )1
1 1 0 1 2 2 2 1 1( ) ( ) ( )C B B d W C Cδ ξ ξ ξ ξ −+ ⋅ ⋅ + ⋅ ⋅ ⋅∫  

As a result the set of equations for the dynamics of 1C  and 2C  is now 
closed. The two equations provide a natural escape from the over-sim-
plified mean-field models. By utilizing the second-order correlation 
function 2C , these dynamics are well suited to deal with the spatial het-
erogeneities that occur in many ecological systems. 

These results are first steps towards more general techniques for 
reducing the complexity of spatial ecological models. A number of 
promising extensions can be considered. 

First, the assumption of linearity made for the dependence of per capita 
rates (like e.g. B) on local abundances should be removed. This is 
important for two reasons. (i) The response of individuals to changes in 
their environment is often non-linear. (ii) Owing to stochastic fluctu-
ations caused by the finite sizes of interaction ranges, local environments 
are bound to differ across individuals. Consequently the mean response 
of a population to a distribution of environments can differ from the 
response predicted for the distribution mean. To compensate for this 
effect fluctuation corrections are required; these act in addition to the 
correlation corrections derived above. This results in a two-fold moment 
hierarchy, that deals with departures from homogeneity originating either 
from spatial correlations or from stochastic fluctuations. 

Second, as long-range order is often absent in ecological systems, 
correlation functions carry essential information only for short distances. 
For this reason a short-range expansion of the equation for C2  can pro-
vide a good approximation to its functional version. The dynamics of the 
correlation function might then be approximated by the dynamics of (i) 
its intensity at distance zero and (ii) its exponential range of increase or 
decay. This would achieve the goal of reducing the dynamical dimension 
of spatio-temporal models, making the dimension as low as three or even 
two in the case of single-species systems. 

Third, some of the structural assumptions underlying the modeling 
approach presented could be relaxed. Individuals may be given internal 
degrees of freedom as well as spatial extension, environmental hetero-
geneities could be introduced, and the premise of pairwise interactions, 
presently pervading most research on spatial ecological systems, could 
be challenged. 
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Fourth, correlation functions are not the only choice of spatial statistics 
for dimension reduction. There are several advantages of these functions: 
(i) truncating their moment hierarchy at correlation order 2 yields a 
natural extension of mean-field models, (ii) correlation functions are 
measurable and ecologically meaningful, and (iii) these functions are 
closely related to our understanding of correlation destruction and are 
therefore expected to define reliable relaxation projections. For particular 
systems, however, other projections might be more appropriate. 
Eventually a suite of successful projections and statistics should become 
available to help ecologists reduce complex spatio-temporal models to 
manageable low-dimensional representations. 

6. Concluding comments 
This report is more a record of work in progress than the final results of a 
completed research programme. We have defined three different classes 
of individual-based stochastic models to provide formal descriptions of 
spatio-temporal processes in ecology. These models support transitions 
between continuous and discrete representations both in the spatial and 
in the temporal domain. This amounts to a first step in establishing a 
network of formal links between different classes of spatially explicit 
models in ecology. We also have devised two quite different techniques 
for estimating parameters of spatio-temporal models. These methods 
have the potential to uncover some of plant ecology's better guarded 
secrets, such as the strength of interactions between species. However, 
the methods for fitting parameters based on spatio-temporal moments of 
observed and simulated processes are particularly novel and require 
further exploration. 

Systematic methods for the dimension-reduction of spatio-temporal 
processes in ecology are just becoming available. Current results are 
promising, yet the strengths and shortcomings of these innovative 
techniques have to be delineated in more detail. Many of the questions of 
interest to a plant ecologist depend on developments in this area. For 
instance, how appropriate are the mean-field approximations widely used 
in plant ecology? Can self-maintaining spatial patterns develop under 
reasonable assumptions about parameter values; in other words, is Watt's 
(1947) paradigm of pattern and process supported by formal analysis? 
What conditions are needed for plant communities to generate their own 
spatial structure? Do alternative spatial or spatio-temporal structures (i.e. 
alternative attractors) develop when starting from different initial 
patterns? Low-dimensional dynamical systems that provide us with 
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approximations to the full dynamics of spatio-temporal processes would 
greatly help ecologists to answer these questions. 
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14
Moment Approximations of

Individual-based Models
Richard Law and Ulf Dieckmann

14.1 Introduction
This chapter illustrates insights into individual-based spatial models of eco-
logical communities that can be gained from deterministic approximations.
To do this we revisit some of the issues raised in Chapter 1 and show how
approximations can help to

� separate the signal of an ecological stochastic process from intrinsic
random variation;

� clarify qualitative dependencies that underlie the ecological stochastic
process;

� determine how ecological stochastic processes depend on their
parameters.

The deterministic approximations we use are the dynamics of spatial
moments. These are closely related to pair-approximation methods (Mat-
suda et al. 1992; Harada and Iwasa 1994; see also Chapters 13, 18, and 19),
but are constructed in a continuous rather than a discrete space. They also
differ from diffusion approximations (see Chapters 16, 17, 22, and 23) in
that they deal specifically with both structure at small spatial scales and the
discrete nature of individual plants and animals. Moment methods repre-
sent a new departure in ecology for understanding the effects of interactions
and movements of individuals in small neighborhoods (Bolker and Pacala
1997; Dieckmann et al. 1997; Law and Dieckmann, in press), and we argue
that they hold promise for gaining understanding of ecological processes
where the mean-field assumption breaks down. Moment methods are par-
ticularly helpful for providing insight into dynamics of plant communities,
because interactions mostly occur with immediate neighbors (see Chap-
ter 2). The methods also have potential for describing ecological dynamics
in certain kinds of structured landscapes (Wiens et al. 1993; Dunning et al.
1995).

252
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Formal treatments of moment methods are given in Chapters 20 and 21.
The equations used here are derived in Chapter 21 and differ in certain re-
spects from those in Chapter 20. The motivation, however, is the same:
to gain insight into the complex behavior of individual-based stochastic
processes of ecological communities. We develop ideas in the context
of plant communities comprising one or two competing species (see also
Chapter 20), but the formal structures can be applied more widely to eco-
logical systems with spatial structure.

14.2 Spatial Patterns and Spatial Moments
Consider a community living in a large, two-dimensional space, with indi-
viduals located at points x = (x1, x2) in this plane. The abiotic environment
is homogeneous in space, and any spatial structure that develops is gener-
ated internally by the community. Locations of individuals of species i at
some point in time t are given by a function pi (x), and these are collected
into a vector of density functions p(x) = (p1(x), p2(x), . . . ) to give what
we call the spatial pattern of the community. If individuals are not located
at random in the plane (i.e., if their pattern is not described by a homoge-
neous Poisson process: see Chapter 5), we refer to the community as having
spatial structure. As explained in Boxes 21.2 and 21.3, an individual is rep-
resented as a Dirac delta function, and the function pi (x) is the sum of all
these individual contributions.

The community changes through three primary, stochastic events acting
on individuals: birth, death, and movement. Whenever an event occurs, a
new spatial pattern p(x) is generated. Depending on how the events take
place, a myriad of different spatial patterns can develop over the course of
time; Figure 14.1 shows results at two points in time from just one realiza-
tion of two competing species. The upper spatial pattern corresponds to a
random layout of individuals of two species at time 0. During the realiza-
tion, the spatial pattern is repeatedly updated, and the lower spatial pattern
in Figure 14.1 shows the pattern that has emerged by time 15, after approxi-
mately 2000 events have taken place. By this time, species 1 has developed
aggregations of individuals and there is some spatial segregation such that
where species 1 occurs, species 2 tends to be absent.

The problem with such realizations is that they are time consuming to
generate and difficult to understand. Approximations based on moments
try to avoid such drawbacks by replacing the spatial pattern with statis-
tics summarizing its main features and then describing dynamics in terms
of these statistics. In a sense this approach has been used in ecology for
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Figure 14.1 Spatial patterns at time 0 (top row) and time 15 (bottom row) from a realization
of a stochastic model of two competing species. Locations of species 1 are given by filled
circles; those of species 2, by open circles. On the right-hand side are the three radial pair
correlation densities that summarize important aspects of spatial information.

many years, because the spatial mean density, widely used by ecologists, is
the lowest-order spatial moment. The new departure is putting into place
dynamics of a second-order spatial moment that carries information about
spatial structure over time.

The two spatial moments we use are defined as follows. The first
moment,

Ni (p) = 1

A

∫
pi (x) dx , (14.1)

is the familiar mean density of species i over a spatial region A. The second
moment, holding information on spatial structure, we call the pair correla-
tion density function. This is a product of pairs of densities of individuals
of species i and j , averaged over the spatial region A:

Ci j (ξ, p) = 1

A

∫
pi (x)

[
pj(x + ξ)− δi j δ(ξ)

]
dx , (14.2)

where j is located at ξ relative to i . [The term δi j δ(ξ) is needed to re-
move self-pairs, and comprises the Kronecker symbol δi j , which takes the
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value 1 when i = j and 0 otherwise, and the Dirac delta function δ(ξ); see
Boxes 21.2 and 21.3 and Section 21.3, Corrected correlation densities.] We
scale the pair correlation densities here and below by dividing them by the
product Ni Nj ; in the absence of spatial structure they then take the value 1;
aggregated (respectively regular) patterns are given by values greater (re-
spectively less) than 1. To make the functions still easier to depict, we dis-
play them in a radial form; this entails integrating over the angle around the
circle, which results in no loss of information if the processes, like many of
those in real ecological systems, are isotropic. The pair correlation density
is not a central moment (see Chapter 20); we use it because the dynamic
equations are then simpler (Chapter 21). It is important to understand that
the second moment is a function rather than a scalar quantity, giving infor-
mation on spatial structure over a range of spatial scales, in keeping with
measures of spatial structure used in the past in plant ecology (Pielou 1968;
Greig-Smith 1983).

To illustrate how pair correlation densities capture information about
spatial structure, we have computed the second moments for the spatial pat-
terns shown in Figure 14.1. In this two-species system there are three cor-
relation functions associated with any spatial pattern: two auto-correlation
functions C11(ξ, p), C22(ξ, p), and a cross-correlation function C12(ξ, p)

(Figure 14.1). At time 0, there is no spatial structure and the functions
are all flat. At time 15, the tendency for species 1 to form aggregations
causes an excess of pairs at small distances, giving values of C11(ξ, p)

much greater than 1 at short distances. Conversely, the segregation be-
tween species 1 and 2 causes a shortage of pairs at small distances, giving
values of C12(ξ, p) much less than 1 at small distances.

During a realization of a stochastic process, the spatial moments (14.1)
and (14.2) take new values each time the pattern changes. But, a realization
is, of course, just one of an infinite ensemble that can be generated from
the stochastic process, and it is the generic properties of the ensemble, not
the properties of an individual realization, that we need to base our under-
standing on. We therefore replace the moments of the pattern at time t with
their averages over all realizations at this time:

Ni =
∫

Ni(p) P(p) dp , (14.3)

Ci j (ξ) =
∫

P(p) Ci j (ξ, p) dp , (14.4)

where P(p) is the probability density for patterns p at time t , and the
integration dp is over the space of functions p.
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The quantities in Equations (14.3) and (14.4) comprise the state vari-
ables of the moment dynamics we use below. We derive a system of equa-
tions for these dynamics in Chapter 21, and these equations couple the
changes in the first and second moments. In this way there is feedback
from the spatial structure to the dynamics of the mean density (and vice
versa) as the spatial system unfolds over time.

14.3 Extracting the Ecological Signal from
Stochastic Realizations

Stochastic processes are a good framework in which to formalize ideas
about ecological events acting on individuals (e.g., Pacala et al. 1996). In
particular, they have the advantage of not glossing over the effects fluctua-
tions have on local and global states of ecological systems. They have the
drawback that it may not be obvious from individual realizations what the
generic behavior of the process is. To illustrate this problem, and to show
how moment dynamics can help to overcome it, we give an example of two
competing plant species from Law and Dieckmann (in press), essentially a
spatial version of the familiar Lotka–Volterra model of competition:

d

dt
Ni = (bi − di) Ni −

∑
j

d ′i j Ni Nj for i, j = 1, 2 . (14.5)

The equations are parameterized here with bi (respectively di ) as a density-
independent birth (respectively death) rate. The term d ′i j is a component
of the death rate that depends on the density of the competing species j ,
competition being intraspecific when i = j , and interspecific when i �= j .

The spatial extension arises in that individuals are indexed by location in
space, and the spatial model keeps track of (1) competition among individ-
uals located close enough together and (2) movements of individuals. As
we are dealing with plant species, we assume that movements are always
associated with seed dispersal (birth of a new plant). Parameters of the
community are set such that, on the one hand, species 1 is the stronger com-
petitor and would replace species 2 in the absence of spatial structure. On
the other hand, seeds of species 2 disperse over longer distances. Once the
dynamics allow for spatial structure, whether species 2 goes to extinction
is an open question.

Stochastic process. From the general birth–death–movement process
given in Chapter 21 [Equations (21.1) and (21.2)], we can write down a
stochastic process explicitly for two competing species. The probability
per unit time of the transition from a pattern p(x) to another pattern p′(x)

is fully defined in terms of two independent events.
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� Birth. The probability per unit time Bi(x, x ′, p) that an individual of
species i , located at point x in a pattern p(x), gives rise to a daughter at
location x ′ is given by

Bi(x, x ′, p) = bi m(b)
i (x ′ − x) , (14.6)

where bi , the birth rate, is multiplied by a dispersal term m(b)
i (x ′ − x)

independent of the birth rate, placing the daughter at location x ′ with
probability density m(b)

i (x ′ − x).
� Death. The probability per unit time Di (x, p) that an individual of

species i , located at point x in a pattern p(x) dies is given by

Di (x,p) = di+
∑

j

d ′i j

∫
w

(d)
i j (x ′−x)

[
pj(x ′)− δi jδx (x ′)

]
dx ′ . (14.7)

Here, di is the neighbor-independent component of the death rate com-
mon to all individuals, and the remaining terms on the right-hand
side deal with the effects of competition with neighbors. Specifically,
w

(d)
i j (x ′ − x) is a competition kernel (see Box 20.1) weighting the effect

of a neighbor of species j at location x ′ according to its distance from
x ; this is multiplied by the density pj (x ′) of plants of species j at x ′,
integrated over all locations x ′, and scaled by the parameter d ′i j . The
expression δi j δx(x ′) removes the target plant of species i at location x
from the competition kernel; it is needed because the target plant does
not compete with itself.

We use Gaussian functions to describe dispersal distances and the effect
of distance on competition, and characterize the functions with two parame-
ters. The first parameter s(b)

i j (respectively s(d)
i j ) is the standard deviation for

dispersal (respectively competition). The second parameter truncates the
functions at maximum radius r (b)

i j (respectively r (d)
i j ) for dispersal (respec-

tively competition), and can be thought of as setting an upper limit on the
distance over which dispersal (respectively competition) takes place. The
functions are normalized so that their integrals are equal to 1. Table 14.1
gives the parameter values; notice the competition parameters are set such
that species 1 is a stronger competitor than species 2, but disperses over
shorter distances than species 2.

Four realizations of the stochastic process, run from time 0 to 15, are
shown in Figure 14.2. (Here, and in all realizations below, the stochastic
process is implemented in a space of unit area with periodic boundaries.)
The graphs give the paths in the plane of population densities of the two
species, and it is important not to confuse this with the physical space in
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Table 14.1 Parameter values for a community of two competing species. Source: Law and
Dieckmann (in press).

Value for species i

Parameter i = 1 i = 2 Explanation

Death di 0.2 0.2

d ′i1 0.001 0.002
}

Species 1 is a stronger
competitor than species 2d ′i2 0.0005 0.001

s(d)
i1 0.03 0.03

s(d)
i2 0.03 0.03

r (d)
i1 0.12 0.12

r (d)
i2 0.12 0.12

Birth bi 0.4 0.4

s(b)
i 0.03 0.2

}
Species 2 disperses
farther than species 1r (b)

i 0.12 0.5

Note: Simulations were done on the unit square with periodic boundaries.

which the two species live and interact. The generic behavior, or signal,
of the stochastic process is not clear from inspection of the paths. Demo-
graphic stochasticity masks any obvious trend: the paths differ from one
another and have the appearance of tangled webs. As one would expect,
matters are improved by taking the mean path of some realizations, but the
number of realizations needed may be quite large. This can be seen in Fig-
ure 14.2e, which shows the mean of 20 realizations; a distinct curl to the
path is now evident.

Moment dynamics. From the general equations for the dynamics of the
first and second spatial moments (21.9) and (21.10), we can write down the
equations as they apply to two competing species. The dynamics of the first
moments (mean densities) are given by

d

dt
Ni = (bi − di) Ni −

∑
j

d ′i j

∫
w

(d)
i j (ξ ′) Ci j(ξ

′) dξ ′ , (14.8)

for i, j = 1, 2. The first term on the right-hand side is the neighborhood-
independent component of births and deaths, and the second term is the
neighborhood-dependent component of deaths. Evidently, in turning from
the nonspatial version of the Lotka–Volterra equations to the spatial ver-
sion, the products Ni Nj of the Lotka–Volterra equations are replaced by
integrals involving the pair correlation densities, compare Equations (14.5)
and (14.8). The effect of competition depends fundamentally on the relative
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Figure 14.2 Plane of population density of two competing species. Graphs (a), (b), (c),
and (d) show the path mapped out by individual stochastic realizations over 15 time units.
(e) Mean path of 20 realizations, with the deterministic approximation (found by solving
the equations for the dynamics of the first and second spatial moments) superimposed as a
smooth curve. The filled circle marks the starting point of each path.
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magnitude of these integrals, and we should therefore expect the outcome
to be radically altered by the introduction of spatial structure.

The dynamics of the second moment (pair correlation densities) are
given by
d

dt
Ci j(ξ) =
+ bi

∫
m(b)

i (ξ ′) Ci j (ξ + ξ ′) dξ ′ + bj

∫
m(b)

j (ξ ′)Cji (−ξ + ξ ′) dξ ′

+ δi j bi m(b)
i (−ξ) Ni + δj i bj m(b)

j (ξ) Nj

− di Ci j (ξ) − dj Cji (−ξ)

−∑
k

d ′ik

∫
w

(d)
ik (ξ ′) Ti jk(ξ, ξ ′) dξ ′ −∑

k
d ′jk
∫

w
(d)
jk (ξ ′) Tjik(−ξ, ξ ′) dξ ′

− d ′i j w
(d)
i j (ξ) Ci j (ξ) − d ′j i w

(d)
j i (−ξ) Cji (−ξ) ,

(14.9)

for i, j = 1, 2. The term δi j is the Kronecker symbol, and Ti jk(ξ, ξ ′) is the
correlation density of triplets, for which we assume the moment closure

Ti jk(ξ, ξ ′) = 1

Ni
Ci j(ξ) Cik(ξ

′) , (14.10)

as explained in Section 21.4. With 10 terms, some of which are integrals,
Equation (14.9) looks somewhat forbidding. But the complexity of the
equation is not altogether surprising, because there are five types of event in
species i affecting the flux in and out of the pair density Ci j (ξ), as given by
the terms in the first column on the right-hand side of Equation (14.9). For
each type of event affecting i , there is an equivalent one affecting j , given
by the terms in the second column. It can be seen from inspection of Equa-
tions (14.8) and (14.9) that they are coupled, so changes in the mean density
affect the rate of change of the pair correlation densities, and vice versa.

Numerical integration of Equations (14.8) and (14.9) clearly indicates
the signal of the stochastic process, shown as the smooth curve in Fig-
ure 14.2e. At the start, species 1 is favored over species 2, but, after a short
period of time, this is reversed. The reason for this reversal is quite inter-
esting and results from the generation of spatial structure in the community
(Law and Dieckmann, in press). To begin with, individuals are situated at
random locations in the plane. Species 1, the stronger competitor, is at an
advantage in these circumstances and starts to increase in density, whereas
species 2 decreases; thus the deterministic path starts by pointing down and
to the right. But species 1 is also a poorer disperser and begins to develop
a clumped spatial pattern which inflates the strength of intra-specific com-
petition. Eventually, clumping becomes strong enough to place species 1 at
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a disadvantage in the community, causing the deterministic path to swing
round in the direction of increasing density of species 2 and decreasing
density of species 1.

The deterministic path in Figure 14.2e provides information on a small
part of the plane of population densities. To illustrate the dynamical be-
havior more broadly, we have taken a larger sample of paths and run them
for a longer period of time, as shown in Figure 14.3 (Law and Dieckmann,
in press). Figure 14.3a gives the mean path, averaged over 20 realizations,
from a grid of starting points of the stochastic process. This shows that
species 1, despite its competitive advantage, is eventually always driven to
extinction due to the excess intraspecific competition it generates by spa-
tial aggregation. Figure 14.3b gives the corresponding deterministic paths
obtained by solving Equations (14.8) and (14.9). There is a close match be-
tween the paths in Figure 14.3a and 14.3b: evidently the moment dynamics
give a good approximation to the behavior of the stochastic process. The
same cannot be said of the nonspatial Lotka–Volterra competition equations
(14.5), shown in Figure 14.3c. These equations neglect the effects of dis-
persal and the small neighborhoods within which competition occurs, and
lead one to expect that species 2 should be driven to extinction. Space is
clearly crucial here – to ignore it is to be qualitatively in error.

The message from this analysis of two competing species is threefold.
(1) The signal of the stochastic process often can barely be seen from look-
ing at individual realizations. (2) The method of moments provides a close
approximation to the average behavior of the stochastic process and can be
used to gain insight into its generic features. (3) The spatial extension is
fundamental to understanding the dynamics of plants competing and dis-
persing in small neighborhoods.

14.4 Qualitative Dependencies in a Spatial Logistic
Equation

Here we show some qualitative properties of stochastic realizations that
can be better understood by means of deterministic approximations. We do
this in the context of a spatial extension of the familiar logistic model of
single-species population growth

d

dt
N = (b − d) N − d ′N 2 , (14.11)

parameterized in the same way as Equations (14.5). The spatial extension
turns out to have some qualitative features that are surprising, at least at first
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Figure 14.3 Plane of population density of two competing species. Paths are given from
a grid of 16 combinations of starting densities. Individuals are placed at random locations
in space at the start, and paths are allowed to run for 100 time units. (a) Mean paths of 20
realizations of the stochastic process. (b) Deterministic paths given by the dynamics of the
first and second moments. The paths are projections from higher-dimensional dynamics,
Equations (14.8) and (14.9), and may therefore intersect one another. (c) Paths given by the
nonspatial, Lotka–Volterra competition equations. Source: Law and Dieckmann (in press).
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sight. Yet these features follow in a simple, natural way from the moment
dynamics, as we show below.

Stochastic process. The stochastic process has much in common with the
spatial Lotka–Volterra competition equation described in Section 14.3, al-
lowing (1) an increased risk of death of individuals located close enough
together and (2) dispersal of seeds. Notationally, the stochastic process is
easier to handle because, with only one species, terms do not need to be
indexed by species. As before, there are two stochastic events.

� Birth. The probability per unit time B(x, x ′, p) that a plant, located at
point x in a pattern p(x), gives rise to a daughter plant at location x ′ is
given by

B(x, x ′, p) = b m(b)(x ′ − x) . (14.12)

� Death. The probability per unit time D(x, p) that a plant, located at x
in a pattern p(x), dies is given by

D(x, p) = d + d ′
∫

w(d)(x ′ − x)
[

p(x ′)− δx(x ′)
]

dx ′ . (14.13)

Terms are as defined in Equations (14.6) and (14.7), and parameter values
that remain fixed in the simulations below are b = 0.4, d = 0.2, and
d ′ = 0.001.

Three sets of realizations of this stochastic process are given in Fig-
ure 14.4. The sets differ in the size of the competition neighborhoods
and in the distances over which seeds disperse. The results are surpris-
ing. Depending on the choice of parameter values for local competition and
seed dispersal, the populations may grow to densities substantially larger or
smaller than one would expect from the equilibrium density of the logistic
equation (14.11), which equals 200 with the parameter values above. This
is a good example of the new phenomena that emerge when the spatial ex-
tension to population dynamics is introduced, as has been stressed at many
places in Part B.

Moment dynamics. Why does the asymptotic density depend on the com-
petition neighborhood and distances over which seeds disperse? The
answer becomes apparent once the equation for the dynamics of the first
spatial moment of the stochastic process is put into place; this is a simplified
version of Equations (14.8),

d

dt
N = (b − d)N − d ′

∫
w(d)(ξ ′) C(ξ ′) dξ ′ . (14.14)
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Figure 14.4 Stochastic realizations of a spatial, logistic model of population growth with
contrasting dispersal and competition neighborhoods. In each case three realizations are
run, starting with 200 individuals located at random (200 is the equilibrium value of the
corresponding nonspatial logistic model). (a) Competition and dispersal take place over
large distances: s(d) = 0.15, s(b) = 0.15. (b) Competition and dispersal take place over
intermediate distances: s(d) = 0.05, s(b) = 0.05. (c) Competition takes place at a smaller
scale than dispersal: s(d) = 0.015, s(b) = 0.15. The maximum radii are three times the
standard deviations. Superimposed on the realizations is the deterministic approximation
obtained from solving the equations for the dynamics of the first and second moments.
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The term N 2 of the nonspatial model is replaced by an integral involv-
ing the pair correlation densities, compare Equations (14.11) and (14.14).
Evidently, the outcome depends on the spatial structure that develops over
time, as given by C(ξ ′), and on the extent to which plants experience this
structure, as given by w(d)(ξ ′). If the integral is greater than N 2, the pop-
ulation comes to equilibrium at a density less than that of the nonspatial
version. Conversely, if the integral is less than N 2, the equilibrium density
is greater than that of the nonspatial version. Clearly, details of the spatial
structure really do matter.

To understand how the spatial structure develops, we need the dynamics
of the second moment:

1

2

d

dt
C(ξ) = + b

∫
m(b)(ξ ′′) C(ξ + ξ ′′) dξ ′′

+ b m(b)(ξ) N

− d C(ξ)

− d ′ C(ξ)

∫
w(d)(ξ ′) C(ξ ′)/N dξ ′

− d ′w(d)(ξ) C(ξ) .

(14.15)

This equation is simplified from Equation (14.9). The two columns on the
right-hand side of Equation (14.9) can be added together, because there is
only one species and the process is isotropic; we then divide both sides
by 2, getting the factor 1/2 on the left-hand side of Equation (14.15).

It turns out that the spatial structure that develops over time depends
on the size of the competition neighborhood and dispersal distances.
Figure 14.5 illustrates this with stochastic realizations using the three com-
binations of parameter values given in Figure 14.4. All three start with
the same random spatial pattern and show the spatial pattern of a realiza-
tion of the stochastic process after a long period of time has elapsed. In
Figure 14.5a, seeds disperse over relatively large distances and the correla-
tion function shows rather little spatial structure. In fact, it would not make
much difference if there were more small-scale spatial structure, because
the neighborhoods of competition integrate over relatively large areas and
would be blind to such structure. In Figure 14.5b, where both dispersal
distances and competition neighborhoods are smaller, matters are different.
Shorter dispersal leads to more aggregation, and the smaller neighborhoods
of competition make the plants sensitive to this structure. Thus the plants
experience a density much greater than the spatial average in the interaction
neighborhoods, and population growth is stopped at lower mean density. In
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Figure 14.5 Effect of contrasting dispersal and competition neighborhoods on spatial pat-
tern in a logistic model of population growth. The spatial pattern at the top shows the initial
state, comprising 200 individuals placed at random locations. Columns (a), (b), and (c)
have parameter values matching Figures 14.4a, 14.4b, and 14.4c, respectively; the radius
of the heavy circle is the standard deviation s(b) of the competition neighborhood, and the
radius of the shaded area is the standard deviation s(d) of the dispersal neighborhood. The
columns show the state of sample realizations at time 100 in terms of the spatial pattern and
the corresponding auto-correlation function.
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Figure 14.5c, the competition neighborhoods are made still smaller (while
the dispersal neighborhood is reset to a larger size), and plants that lie too
close together have very high mortality rates. This high mortality of plants
with close neighbors leads to a regular spatial pattern at short distances.
The correlation function is now much less than 1 in the immediate neigh-
borhood of plants, and the plants experience a local density much lower
than the spatial average. The population therefore continues to grow to a
greater mean density.

How good an approximation to the stochastic process do the moment
dynamics provide? A partial answer is given by placing the time course of
mean density on the stochastic realizations in Figure 14.4. This shows that
the moment dynamics do correctly capture the qualitative outcome and give
a reasonable approximation to the quantitative properties of the dynamics.

The message from this example is that qualitative features of the stochas-
tic realizations, at first sight surprising and non-intuitive, become much
easier to understand once dynamics have been reduced to the first and sec-
ond spatial moments. As an ecological footnote, the logistic equation,
especially its equilibrium density, has played a central role in developing
ideas in ecology. The results here suggest that we may be seriously misled
in applying the nonspatial logistic equation to systems with strong spatial
structure and small neighborhoods of interaction (see Roughgarden 1997).
We should stress though that moment models have still to address some
important properties of population growth, such as the dependence of com-
petition neighborhood on size of individuals (Chapter 2).

14.5 Exploration of Parameter Space
The results in Section 14.4 suggest that the spatial extension of the lo-
gistic equation has dynamics that depend sensitively on the size of the
neighborhoods over which individuals compete and the distances over
which dispersal occurs. But so far we have only investigated three fixed
points in parameter space and have little idea about the overall form of the
dependence. Below, we use the deterministic approximation based on the
dynamics of the first and second spatial moments, Equations (14.14) and
(14.15), to show how more knowledge about the equilibrium density can
be gained.

A convenient method for obtaining equilibrium densities of the moment
dynamics is
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Figure 14.6 Equilibrium densities of a spatial logistic equation, expressed as a function
of competition radius and dispersal distance. (a) Competition radius s(d) is varied between
0 and 0.2 for s(b) = 0.08; (b) shows the effect of varying s(b) over the same interval for
s(d) = 0.05. While outcomes of stochastic realizations (crosses) show considerable scatter,
and mean-field results (dashed lines) are sometimes qualitatively in error, the deterministic
approximation based on spatial moments (continuous curves) provides satisfactory descrip-
tions of how equilibrium densities depend on the radii.

� to determine, with ĉ(ξ) = Ĉ(ξ)/N̂ 2, the equilibrium of the first spatial
moment for a given second moment from Equation (14.14),

N̂ = b − d

d ′
∫

w(d)(ξ ′) ĉ(ξ ′) dξ ′
, (14.16)

� and then, using that solution in Equation (14.15), to solve numerically
for the equilibrium of the (normalized) second moment, d

dt ĉ(ξ) = 0.

Figure 14.6 shows how sensitive equilibrium densities are to changes in
local competition and dispersal. Evidently, the equilibrium density given
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by the mean-field results of the nonspatial logistic equation applies only
in the limits as the interaction neighborhood becomes large and dispersal
distances become large. If the competition neighborhood is small relative
to dispersal, densities much in excess of the mean-field value occur due
to the tendency of other individuals to be absent in this small neighbor-
hood (Figures 14.5c and 14.6a). At the other end of the scale, if dispersing
offspring tend to fall within the competition neighborhood, and the compe-
tition neighborhood is itself small, the population can go extinct (left range
in Figure 14.6b). Extinction comes about as a result of dense aggregations
of individuals within the competition neighborhood. The denominator in
Equation (14.16) is then large; for finite populations, this leads to popula-
tion sizes so small that accidental extinction by demographic stochasticity
becomes very likely.

Clearly, the spatial version of the logistic equation has some new and
interesting features. But the new features that emerge are not easily acces-
sible from numerical studies of the stochastic process itself. It is through
approximation schemes, here the moment dynamics, that we gain under-
standing of how the dynamics depend on model parameters. Once a dy-
namical system that gives an acceptable approximation to the stochastic
process is in place, a battery of analytical techniques (such as methods from
bifurcation theory) is available to gain understanding of the consequences
of spatial heterogeneity.

14.6 Concluding Comments
If a strong foundation for studying the dynamics of spatially structured
communities is to be developed, we need methods that give good approxi-
mations to the underlying, intricate, individual-based processes. We think
methods based on the dynamics of spatial moments hold promise in this
regard. The approximations evidently work well. Moment models enable
the signals from ecological stochastic processes to be extracted reliably and
give new insights into the rich dynamics of spatial ecological processes.
The models are, of course, no more than approximations and work best
where spatial structure applies at a small spatial scale and is not too extreme
in intensity; the range of spatial structures over which the method works has
yet to be determined in detail. Structure at large spatial scales is better dealt
with by diffusion approximations (Chapters 16, 17, 22, and 23); to account
for spatial structure at both small and large scales simultaneously, it may be
possible to amalgamate moment and diffusion approximations.
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A recurring feature of the moment dynamics above is the use of a spa-
tial integral of the pair correlation densities weighted by some function of
distance, Equations (14.8) and (14.9), in place of the product of the aver-
age densities Ni Nj . We are replacing the spatial average of the densities
with what might be termed an average neighborhood that carries infor-
mation about local spatial structure. The integral, in effect, formalizes a
notion of the “plant’s-eye view” of the community that has been in the
plant-ecological literature for many years (Turkington and Harper 1979;
Mahdi and Law 1987). In switching the focus to the average neighborhoods
of plants, some basic changes in plant community dynamics are to be ex-
pected. For instance, it is well established in natural plant communities that
conspecifics tend to be aggregated (e.g., Greig-Smith 1983; Mahdi and Law
1987). As shown in Chapter 20, spatial structure may make it much easier
to achieve coexistence of plant species than has previously been thought.

Evidently, theoretical ecologists have some fundamental thinking to do
about the effects of spatial structure. Many basic ideas in ecology come
from theory based on the mean-field assumption: the maximum sustain-
able yield, the competitive exclusion principle, community stability, and
so on. But terrestrial communities are spatially structured, and mean-field
dynamics are often inappropriate. It is clear from the examples given here
and elsewhere in the book that spatial structure needs to be properly in-
corporated into ecological dynamical systems if we are to avoid coming
to seriously mistaken conclusions about ecological processes. Moment
approximations provide a key for opening the door into spatial structure.
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21
Relaxation Projections and the

Method of Moments
Ulf Dieckmann and Richard Law

21.1 Introduction
Theory in spatial ecology has to steer a narrow and challenging course
between the Scylla of oversimplification and the Charybdis of intractabil-
ity. Until about 15 years ago, most of theoretical ecology was based on the
mean-field paradigm, thus targeting well-mixed ecological systems. Al-
though the underlying assumption of spatial homogeneity is violated for
many, if not most, ecological populations and communities in the field,
mean-field approaches appeared to be the only way forward. They even
took center stage in certain areas, as in epidemiological systems (Bailey
1975; Anderson and May 1991), today recognized as typical examples of
ecological processes for which space matters. It was only with the advent
and ready availability of modern computer technology that explorations
into critical effects of spatial heterogeneities became feasible (Levin 1974,
1976; Weiner and Conte 1981; Weiner 1982; Pacala and Silander 1985;
Holsinger and Roughgarden 1985; Pacala 1986; Hogeweg 1988). Today,
computer screens and journals abound with images of spatially extended
simulations that have convincingly demonstrated that many predictions of
classical ecological theory are inappropriate in the presence of spatially
structured habitats or short-range ecological interactions.

Despite their value as counterexamples to mean-field predictions and
their usefulness in exploring the emergence of macroscopic effects resulting
from microscopic ecological mechanisms, simulation studies often remain
inconclusive. Are the reported phenomena robust under changed ecolog-
ical parameters? Where, among the noisy dynamics of individual-based
and stochastic models, is the ecological signal? How many (usually time-
consuming) spatial simulations have to be run before reliable conclusions
can be drawn? These questions remind us that only part of our ecological

412
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understanding is based on description: on top of this, we look for mechanis-
tic explanations and for reliable generalizations from observations. Specif-
ically, we are interested in qualitative rules, and for this reason we would
like heterogeneous ecological processes to be amenable to tools that allow
robust conclusions to be drawn. For many systems, such sound qualitative
insight can only be derived from careful quantitative analyses (well-known
examples from classical ecological theory are many inequality conditions
and results of bifurcation analyses).

Is it realistic to hope for a middle ground between oversimplified mean-
field models and intractable computer simulations? The answer depends
on how many essential degrees of freedom there are in spatial ecological
systems. A degree of freedom here is a quantitative piece of information
needed to specify the current state of and the expected change in a given
system. How many degrees of freedom are considered essential often de-
pends on the purpose of an investigation. Think of the trajectory traced by
a stone thrown into the air. A detailed description of the flying stone would
account for the state of all its atoms. For practical predictions of the stone’s
expected path, however, most of these details are utterly irrelevant: only
the position and velocity of its center of mass are essential, and even the
stone’s orientation and rotational speed can be neglected. Another illustra-
tion is provided by milk being poured into a cup of coffee. To specify the
initially intricate pattern of milk and coffee mixing, very many variables
are needed. After a short while, however, the milk concentration becomes
uniform and can be specified by a single number. Likewise, in ecological
systems we can often ignore most of the physiological or biochemical de-
tails of individuals, provided that our interest rests at the population level.
Lewontin has introduced the term dynamic sufficiency for distinguishing
between essential and dispensable degrees of freedom: a subset of vari-
ables is called dynamically sufficient if sufficiently accurate predictions of
future dynamics can be based on these variables alone (Lewontin 1974).

Sometimes the dynamically sufficient number of variables is small from
the outset (the thrown stone), and sometimes it quickly decreases as a con-
sequence of internal processes (the milk drop). The rapid “destruction” of
degrees of freedom is also typical for many spatially extended systems: of-
ten, a small set of variables is dynamically sufficient for adequately captur-
ing the system’s state. In a grassland, for instance, observing a few spatial
statistics in a few square meters may provide most of the information re-
quired to characterize the whole area. We do not need to know the precise
position of every single shoot in this area to predict the system’s expected
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Box 21.1 Relaxation projections in spatial ecology

Spatio-temporal processes usually possess some degrees of freedom oper-
ating on a fast time scale: any initial pattern p, taken from the set P of all
possible patterns, will quickly converge to a more limited set Pr of patterns.
A smaller number of variables – called essential degrees of freedom – is re-
quired to characterize patterns within Pr than within P .

Spatial statistics are variables for describing the state of a spatio-
temporal process at any point in time. If S denotes a set of spatial statistics
sufficient to characterize patterns in P , and Sr contains those needed for
Pr , the statistics in S′ = S\Sr are only needed to distinguish between pat-
terns in P ′ = P\Pr and hence are no longer essential after the system’s
fast degrees of freedom have decayed.

State space

Initial state

Relaxation projection

Actual dynamic

Relaxation manifold

Illustration of the rapid decay of initial conditions toward a relaxation manifold in a three-
dimensional dynamic. The relaxation projection defines a relaxation manifold and a projection
of initial conditions onto this manifold; both are supposed to approximate the actual dynamics’
first phase of rapid decay.

As S′ thus retains no essential information about the state of the process
after relaxation, all spatial statistics of resulting patterns can be expressed
approximately as functions of those in Sr , S′ = f (Sr ). Hence, the func-
tions f simplify the complexity of describing the state of a spatial process.
In addition, the functions f simplify the dynamics of the process: in the
space S of statistics, the functions f define

� a projection of arbitrary initial conditions s = (sr , s ′) in S onto a relax-
ation manifold, (sr , s ′)→ (sr , f (sr )), and

� the shape of the relaxation manifold itself, which is the subspace of all
states s in S invariant under that projection, thus satisfying (sr , s ′) =
(sr , f (sr )).

The projection mimics the fast relaxation of the spatio-temporal process.
The relaxation manifold can be used for constructing a simplified dynamic
on that manifold: starting from a state sr on the relaxation manifold, the
missing statistics s′ can be reconstructed as s′ = f (sr ). Now the change
d
dt s of the state s = (sr , s ′) follows from the dynamics of the spatio-
temporal process and implies a change d

dt sr along the relaxation manifold.
continued
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Box 21.1 continued

We call projections of this kind relaxation projections. In general, projec-
tions are non-invertible mappings, and objects projected consequently carry
a diminished amount of information. In particular, relaxation projections
remove the dynamically nonessential information from a spatial pattern.
The art of constructing relaxation projections amounts to finding suitable
small sets of statistics S and simple functions f so that the actual relaxation
process as well as the resulting relaxation manifold are well approximated
and the relaxation projection itself is sufficiently simple to allow for the
derivation of tractable dynamics.

development at the population level: specifying a much smaller number of
essential degrees of freedom will suffice. But only in systems that even-
tually become completely homogeneous, like the milk in the cup of cof-
fee, does the number of essential degrees of freedom become minimal. In
other cases, a certain amount of heterogeneity is preserved in the system
since certain mechanisms counteract full mixing. In ecological systems,
these mechanisms arise from the local interactions between individuals,
their restricted dispersal, and their dependence on a potentially heteroge-
neous habitat; we therefore cannot simply expect all variables apart from
mean densities to become superfluous. Instead, a balance between forces
of mixing and ordering (Watt 1947) will lead to states with more essential
degrees of freedom than in mean-field approximations, but still with only a
fraction of the vast number of degrees of freedom possible.

This general expectation is corroborated by observations and explicit
simulations of spatial ecological dynamics that start from arbitrarily com-
plicated initial configurations and whose internal dynamics, after a while,
reliably sustain only a small class of patterns. Imagine gardeners setting up
a plot with ornate patterns of plants, like those in the baroque gardens at
Versailles. Without continuous examination and lots of effort on the part of
the gardeners, that intricate distribution will soon relax into a more natu-
ral configuration, characterized by considerably fewer essential degrees of
freedom than were initially present. Interactions between plants tend to op-
erate at a local scale; therefore, in the absence of external heterogeneities,
any long-range correlations between plants present in the gardeners’ orig-
inal setup cannot persist – leaving the Versailles gardens unattended for
a century would eradicate most of the artful patterns originally devised.
In our quest for a tractable but still dynamically sufficient description of
ecological systems in space and time, we can capitalize on this tendency
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Box 21.2 The Dirac delta function in spatial ecology

Dirac’s delta function is a particularly useful tool for characterizing the
distribution of individuals across continuous spaces. Imagine a plot of
plants, each occupying a specific location. One way of describing their
spatial distribution relies on quadrat counts: after imposing a square grid
on the ecological space, the number of plant individuals within each square
is counted. The resulting information can be represented as a histogram,
where the volume of each column is proportional to the number of individ-
uals present in the underlying square (Figure a).

0

9

18

27

D
en

si
ty

(a) (b) (c)

200

100

0

2500

0

Histograms of increasing resolution, constructed for the same spatial pattern of individuals
distributed over the unit square (depicted as points on the top plane). The high-resolution
limit yields a Dirac delta function at the location of each individual.

The information captured by quadrat counts, however, is incomplete.
Within each square of the grid, no information is available about the dis-
tribution of individuals. The situation can be improved by choosing a grid
of higher resolution in which each square is of a smaller size. For a suffi-
ciently fine grid, most of the squares will contain either zero or one individ-
ual, with squares containing two or more individuals being the exception.
If the volume of histogram columns is still to correspond to the number of
individuals, the height of columns has to be increased as their base squares
are shrunk (Figure b). To assess the number of individuals within a certain
area, we can then just add the volume of all histogram columns over that
area.

Plants and animals, of course, possess a spatial extension as well as
a spatial location. It is often convenient to distinguish these two aspects
of spatial structure by thinking of individuals as being centered at some
location, while including information about their extension, if necessary,
in the state of individuals. Although on finer grids accuracy is improved,
information regarding the precise location of individuals within squares is
still discarded.

For theoretical considerations, then, it is natural to let the size of squares
shrink to zero, so that full information about the location of individuals is
retained. Keeping our interpretation of the volumes of histogram columns
requires letting their height go to infinity. From this limit we obtain a Dirac

continued
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Box 21.2 continued

delta function at the location of each individual. These functions are zero
everywhere, except at one specific location. There, their height is infinite,
such that their integral is 1 (for illustration of this point, a very fine grid is
shown in Figure c). By integrating over all delta functions within a given
area, we thus obtain the abundance of individuals occupying that area.

In summary, a spatial pattern of individuals can be described by a sum
of delta functions, each peaked at the location of a single individual, thus
describing its contribution to the population’s density function.

of natural systems to “destroy” degrees of freedom by relaxation. Hence,
for models of ecological heterogeneity, we have to cast the set of all possi-
ble configurations onto that much smaller subset toward which the system
will rapidly relax; we call this general procedure a relaxation projection
(see Box 21.1). Relaxation projections help establish the middle ground
between oversimplification and intractability. By culling the dynamically
irrelevant degrees of freedom initially present in many spatially heteroge-
neous systems, we reduce the number of variables to manageable propor-
tions. Obviously, this culling must not go too far: retaining only mean
densities would take us back to mean-field descriptions.

These considerations lead to the following question: if we are to capture
the essential aspects of spatial heterogeneity in a dynamically sufficient
way, which variables should we use to complement mean densities? To ad-
dress that central issue in detail, this chapter uses a widely applicable class
of stochastic models for individual-based and spatially extended ecological
systems, described in Section 21.2. In Section 21.3, we introduce and ana-
lyze a flexible set of spatial statistics, called correlation densities or spatial
moments, which are candidates for providing the extra spatial information
needed on top of mean densities. Section 21.4 explains how relaxation pro-
jections can be applied to the dynamics of spatial moments. We examine
alternative projection schemes and show that some of these provide power-
ful descriptions of spatially heterogeneous ecological change. Section 21.5
considers extensions of the framework and examines consequences of the
stochastic effects that inevitably arise when individuals interact with finite
numbers of neighbors. We conclude that the novel class of ecological mod-
els developed in Sections 21.3 and 21.4 allows for robust and generalizable
insights into the inner workings of spatially structured ecological popula-
tions and communities.
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21.2 Individual-based Dynamics in Continuous Space
In this section we introduce a class of spatially explicit, individual-based,
stochastic birth–death–movement processes that, on the one hand, can be
calibrated to reflect ecological dynamics as observed in the field and, on
the other hand, are suitable targets for applying the technique of relaxation
projections (Sections 21.3 and 21.4). Such individual-based stochastic pro-
cesses in continuous space also underlie the analyses in Chapter 20, and it
is helpful to make them explicit.

Patterns of individuals in continuous space

A natural starting point for specifying ecological details of a spatially ex-
plicit model is the demographic events experienced by individuals. As a
step toward the real world, we allow birth and death rates of individuals
to depend on their local environment. In the class of models below, indi-
viduals can disperse (at birth) and relocate (during their lifetime) within
a given habitat. We think it is preferable to envisage individuals at loca-
tions in continuous space rather than at discrete sites on a grid. Avoiding
the discretization of space into regular cells – which, for most ecological
systems, is artificial – offers a more faithful and direct correspondence be-
tween model parameters and model dynamics and those quantities and pro-
cesses that can be measured in the field. This modeling framework has
the additional advantage of adequately reflecting the gradual effects of in-
creased physical distance on the interaction strength between individuals,
and it allows for continuous changes of dispersal and relocation probabili-
ties with distance traveled.

Individuals can belong to different species i , with i = 1, . . . , n, where n
is the number of species in the community. All individuals inhabit a space
of locations x ; the habitat can have one, two, or three spatial dimensions.
Most applications in plant ecology, of course, focus on planar habitats. The
spatial extension of the habitat is measured by A, denoting the habitat’s
length, area, or volume, respectively. Individuals l in species i are situated
at spatial locations xil , with l = 1, . . . , ANi , where Ni is the mean popu-
lation density of species i . The distribution of individuals in each species i
is described by spatial density functions pi (x) =∑l δxil (x), where δxil de-
notes Dirac’s delta function peaked at location xil (for an explanation of this
representation and the motivation behind it, see Boxes 21.2 and 21.3). The
density function pi (x) is thus peaked at all locations occupied by individ-
uals of species i and is zero elsewhere. At any moment in time, the spatial
pattern within the community is given by collecting the density functions
of all species into a vector p(x) = (p1(x), . . . , pn(x)).
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Box 21.3 Properties of the Dirac delta function

The delta function was introduced by the English physicist Paul A.M. Dirac
(Dirac 1926, 1958), and relates to previous work by G. Kirchhoff and
O. Heaviside (Jammer 1966). Dirac’s idea was to construct a strictly lo-
calized function on the real numbers: δ(x) is zero for any x , except for
x = 0, where it is peaked.

To make this notion precise, the delta function is defined by∫ +∞

−∞
f (x ′)δ(x ′ − x) dx ′ = f (x)

for any continuous function f . This is called the sifting property of the
delta function: since the term δ(x ′ − x) is 0 except at x ′ = x (where the
delta function’s argument vanishes), only at that point can the value of f
contribute to the integral. This can also be expressed by f (x ′)δ(x ′ − x) =
f (x)δ(x ′ − x).

From this definition we can derive other useful properties of the delta
function:

� The delta function is symmetric: δ(−x) = δ(x).
� Its integral equals 1:

∫ +∞
−∞ δ(x ′) dx ′ = 1.

� One or more zeros in the delta function’s argument contribute according
to their inverse slope: δ(g(x)) =∑i δ(x − xi )/|g′(xi )|, summing over
all zeros xi of g.

� Its primitive function is the unit-step or Heaviside function:∫ x
−∞ δ(x ′) dx ′ = θ(x), where θ(x) equals 0 for negative and 1 for posi-

tive x .
� The Fourier and Laplace transforms of the delta function are equal to 1.

The Dirac delta function can also be envisaged as the limit of a series
of functions. Setting h(x) to 1/ε for |x | < ε/2 and to 0 elsewhere, we
can write δ(x) = limε→0 h(x). Compare this with the figures in Box 21.2:
while the width of such a function shrinks to zero, its height goes to infinity.
Setting h to a normal distribution with mean 0 and standard deviation ε has
the same effect. All properties of the delta function can alternatively be
derived from such limit representations (theory of distributions; Schwartz
1950).

In more than one dimension, the delta function is defined as the product
of one-dimensional delta functions: δ(x) = δ(x1)δ(x2) . . . δ(xn) for x =
(x1, x2, . . . , xn). For convenience, the location of a delta function’s peak is
often given as a subscript: δ(x ′ − x) = δx (x ′).
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Birth, death, and movement events

The per capita death rates of individuals can depend on the presence or
absence of other individuals in their local environment. We denote by
w

(d)
i j

(
x − x ′

)
the strength with which an individual of species j at loca-

tion x ′ affects the mortality of an individual of species i at location x . The
functions w

(d)
i j are called interaction kernels for density-dependent death

and are scaled so that they integrate to 1,
∫

w
(d)
i j (ξ) dξ = 1. (In this chapter

we denote absolute spatial locations by xs and relative locations by ξs.)
The reason for calling these functions kernels becomes evident when we
realize that, in the death rate of an individual of species i at location x in a
community with spatial pattern p,

Di (x, p) = di +
∑

j

d ′i j

∫
w

(d)
i j

(
x ′ − x

)[
pj(x ′)− δi jδx(x ′)

]
dx ′ , (21.1a)

w
(d)
i j occurs as the kernel of a convolution integral (see also Boxes 20.1

and 20.2). Here, di denotes the intrinsic per capita death rate of species i ,
and d ′i j weighs the density-dependent effect of species j on the mortality
of individuals in species i . The integral in Equation (21.1a) collects the
contributions from all locations x ′ according to their interaction strength
w

(d)
i j (x ′ − x) and local density pj (x ′). Obviously, individuals do not com-

pete with themselves; therefore the contribution of the focal individual at
location x , given by δx(x ′), is removed from the integration when the sum-
mation over j reaches the focal species i (the Kronecker symbol δi j equals
1 for i = j and is 0 otherwise).

The rate of movement of an individual in species i at location x to an-
other location x ′ is given by

Mi
(
x, x ′, p

) = mi
(
x ′ − x

)
. (21.1b)

Equation (21.1b) implies that rates of movement events are homogeneous
in space; they only depend on the distance moved x ′−x , and not on absolute
location x or on spatial pattern p. Nevertheless, the movement kernel mi

can differ from species to species. It is convenient to keep the movement
kernel unnormalized: its integral |mi | =

∫
mi (ξ) dξ measures the expected

total per capita rate of movement.
Like death events, we allow the per capita reproduction rate for each in-

dividual to depend on its local environment. Unlike death events, however,
an offspring takes, by means of dispersal, a spatial location different from
that of its parent. The rate of reproduction of an individual in species i at
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location x , giving rise to a new individual at location x ′, is given by

Bi
(
x, x ′, p

) = [bi +
∑

j

b′i j

∫
w

(b)
i j (x ′′ − x)

× [pj(x ′′)− δi jδx(x ′′)
]

dx ′′
]
m(b)

i (x ′ − x) .

(21.1c)

Here bi and b′i j denote the density-independent and density-dependent com-
ponents of the per capita birth rate, respectively; w

(b)
i j is the interaction ker-

nel for density-dependent birth and m(b)
i is the dispersal kernel. Like the

kernels of interaction, the dispersal kernel is normalized to 1. In Equa-
tion (21.1c), competitive interactions occur for b′i j < 0; these will be the
most natural choice for many ecological systems. Yet, mixtures of compe-
tition with neutral (b′i j = 0) or mutualistic (b′i j > 0) interactions are also
possible and can be readily incorporated. Equations (21.1a) and (21.1c)
describe the spatial analogues of Lotka–Volterra competition and provide a
natural starting point for exploring interaction effects in spatially heteroge-
neous systems. Alternative assumptions, allowing for nonlinear dependen-
cies of Di and Bi on p, are discussed in Section 21.5.

Pattern dynamics

Starting from an initial spatial configuration, we can now investigate how
a pattern changes with the ecological events described above. According
to Equations (21.1), the dynamics of patterns are stochastic (any two runs
from the same starting patterns are expected to result in different patterns)
and Markovian (rates of change at any moment in time depend only on
the current pattern). Such processes are characterized by so-called master
equations (van Kampen 1992). Denoting by P(p) the probability density
for observing pattern p, the rate of change in this probability density is
given by

d

dt
P(p) =

∫ [
w(p|p′)P(p′)− w(p′|p)P(p)

]
dp′ , (21.2a)

where w(p′|p) is the probability density per unit time that any event will
turn a pattern p into another pattern p′. Hence the first term on the right-
hand side corresponds to an increase in the probability density of pattern
p due to events that lead to p and originate from a different pattern p′,
while the second term captures the decrease of the probability density at p
resulting from events that change pattern p into a different pattern p′.
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Box 21.4 The generalized delta function

The generalized delta function � extends the functionality of the Kronecker
symbol and the Dirac delta function from the realm of integers and real
numbers, respectively, to that of functions.

Markovian jump processes on integers, reals, or functions are described
by master equations (for an introduction, see, e.g., van Kampen 1992). This
class of equations is based on transition rates and characterizes the flow
of probability into and out of states of a stochastic process, as in Equa-
tion (21.2a). Transitions between states often result from different types of
event, each of which changes the state of the process in a particular manner.
Switch functions are used to link descriptions of events and their rates to
transition rates of the process; these functions are “on” only for a particular
transition. An important role for all three delta functions is to serve as such
switches.

State variable Master equation / transition rates / switch function

Integer i d
dt Pi =

∑
i ′ [wi i ′ Pi ′ − wi ′i Pi ]

wi ′i =
∑

∆i E∆i,i δi+∆i,i ′∑
i ′ Fi ′ δi ′i = Fi (Kronecker symbol)

Real number r d
dt P(r) = ∫ [w(r |r ′)P(r ′)− w(r ′|r)P(r)] dr ′

w(r ′|r) =∑∆r E(∆r, r) δ(r +∆r − r ′)∫
F(r ′) δ(r ′ − r) dr ′ = F(r) (Dirac delta function)

Function f d
dt P( f ) = ∫ [w( f | f ′)P( f ′)− w( f ′| f )P( f )] d f ′

w( f ′| f ) =∑∆ f E(∆ f, f )�( f +∆ f − f ′)∫
F( f ′)�( f ′ − f ) d f ′ = F( f ) (Generalized delta function)

While the sums in the equations for transition rates w extend over all possi-
ble jumps ∆i , ∆r , or ∆ f , only permitted jumps with non-vanishing event
rates E contribute to the transition rates w. Substituting the transition rates
into the corresponding master equation, the switch functions select only
those states i ′, r ′, or f ′ that can be reached by permitted jumps.

We can envisage the generalized delta function � as an infinitely
narrow and infinitely high peak in the space of functions f . Such a
heuristic notion, together with the functional integration occurring in
the master equation for functions, is made exact by defining the gen-
eralized delta function so as to collapse the functional integration in∫

F( f ′) �( f ′ − f ) d f ′ by yielding the functional F’s value at the loca-
tion of �’s peak, F( f ). This definition is analogous to that of Dirac’s

continued
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Box 21.4 continued

delta function (Box 21.3). After the functional transition rates are thus
combined with the functional master equation, neither a functional integra-
tion nor a generalized delta function remain in the end result. Or, in the
words of Dirac (1958): “The use of delta functions thus does not involve
any lack of rigour in the theory, but is merely a convenient notation, en-
abling us to express in a concise form certain relations which we could,
if necessary, rewrite in a form not involving delta functions, but only in a
cumbersome way which would tend to obscure the argument.”

The functions w(p′|p) are also known as transition rates and for our
model are simply given by summing and integrating over all possible birth,
death, and movement events that can turn a pattern p into a pattern p′,

w(p′|p) =
∑

i

∫∫
Bi(x, x ′, p)pi (x)�(p + uiδx ′ − p′) dxdx ′

+
∑

i

∫
Di (x, p)pi (x)�(p − uiδx − p′) dx

+
∑

i

∫∫
Mi(x, x ′, p)pi (x)�(p − uiδx + uiδx ′ − p′) dxdx ′ .

(21.2b)

The unit vector ui for species i has 1 as its i th element and zeros else-
where. We refer to � as the generalized delta function (Dieckmann 1994;
Dieckmann et al. 1997, in press), see Box 21.4. Like Dirac’s delta function
δ (Boxes 21.2 and 21.3), it is peaked where its argument is zero, and is zero
elsewhere. Unlike Dirac’s delta function, however, generalized delta func-
tions take functions as arguments. All three sums on the right-hand side of
Equation (21.2b) comprise terms of the form �(pevent − p′). They there-
fore only contribute to the transition rate w(p′|p) when pevent = p′, in other
words, only if the considered event can turn the current pattern p into the
new pattern p′. For example, the expression �(p+uiδx ′ − p′) is “switched
on” when p+uiδx ′ = p′ (that is, only if a birth event in species i , producing
a new individual at location x ′, changes pattern p into pattern p′).

Models of the kind described in this section are flexible tools for study-
ing the dynamics of spatially extended ecological systems. Their param-
eterization gets closer than mean-field models to individual-based pro-
cesses in the field and should permit incorporation of empirical measure-
ments. Moreover, their intrinsic mixture of randomness and determinism



424 D · Simplifying Spatial Complexity: Techniques

(a)

(b)

(c)

Figure 21.1 Examples of individual-based birth–death–movement processes. (a) A sin-
gle species with dispersal and local logistic competition. Owing to spatial aggregation, the
asymptotic mean density is significantly below the mean-field prediction. (b) Two dispers-
ing species with competitive interactions. Under mean-field conditions, this pair of species
cannot coexist. (c) Three dispersing species with competitive interactions. Notice how
quickly any regularity of the initial pattern is destroyed. For all three systems, stochastic
realizations are shown at three different moments in time: initial pattern (left column), in-
termediate pattern (center column), and a pattern from the asymptotically stable distribution
(right column). Parameters for all three systems are given in Table 21.1.

corresponds well to processes in natural populations. Models of this kind
are also easily implemented as computer simulations (see Figures 21.1,
14.1, and 14.5). Thus individual realizations of the stochastic processes
defined above are readily available; their properties can be investigated
in detail without introducing any further simplifying assumptions. At the
same time, these complicated interactive dynamics are ideal candidates for
demonstrating how to simplify spatial complexity. As we will see in the fol-
lowing two sections, considerable insight can be gained by subjecting these
dynamics to relaxation projections and to the resulting method of moments.
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Table 21.1 Parameter values for the three systems in Figure 21.1.

System Timesa Parametersb

Figure 21.1a 0, 10, 30 N1(0) = 200
b1 = 0.4, d1 = 0.2, d ′11 = 0.001

s.d. w(d)
11 = 0.04, s.d. m(b)

1 = 0.02

Figure 21.1b 0, 5, 15 N1(0) = N2(0) = 150
b1 = b2 = 0.6, d1 = d2 = 0.2
d ′11 = d ′22 = 0.001, d ′12 = 0.004, d ′21 = 0.005

s.d. w(d)
11 = s.d. w(d)

12 = s.d. m(b)
1 = s.d. m(b)

2 = 0.06

s.d. w(d)
21 = s.d. w(d)

22 = 0.05

Figure 21.1c 0, 0.2, 2 N1(0) = N2(0) = N3(0) = 200
b1 = b2 = b3 = 0.8, d1 = d2 = d3 = 0.2
d ′11 = d ′22 = d ′33 = 0.001, d ′12 = 0.003, d ′13 = 0.004
d ′21 = 0.005, d ′23 = 0.003, d ′31 = 0.002, d ′32 = 0.006

s.d. w(d)
11 = s.d. w(d)

12 = s.d. w(d)
13 = s.d. w(d)

21 =
s.d. w(d)

22 = s.d. w(d)
23 = s.d. w(d)

31 = s.d. w(d)
32 =

s.d. w(d)
33 = 0.06

s.d. m(b)
1 = 0.06, s.d. m(b)

2 = 0.07, s.d. m(b)
3 = 0.05

a Times at which the three snapshots are taken. Each snapshot depicts the unit square with
periodic boundary conditions.
b Interaction and dispersal kernels are Gaussian with standard deviations (s.d.) as indicated.
Parameters not mentioned are zero.

21.3 Dynamics of Correlation Densities
With the general class of birth–death–movement models in place
(Section 21.2), we consider how to simplify the spatial complexity of these
models by applying a relaxation projection. As a first step in this process,
we have to decide which are the essential degrees of freedom in the spatial
patterns under consideration.

Scales of spatial heterogeneity
Spatial heterogeneity can occur at various scales, and therefore a basic dis-
tinction is helpful here:

� either patterns are small scale relative to the extension of the habitat, in
which case the whole habitat contains many varied instances of a unit
pattern,

� or we are dealing with large-scale patterns, for which the habitat is not
large enough to comprise many replicates of any unit pattern.

The term “unit pattern” here is not meant in the sense of a spatial tiling,
but rather refers to the totality of spatial configurations at the scale above
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which the pattern becomes repetitive and conveys no further information
on essential degrees of freedom (for a way of estimating this scale, see
Chapter 12). Think, for example, of an ecological habitat that is divided
into two disjunct spatial domains, each of which is occupied by a single
species. Here, the pattern of spatial segregation spans the entire habitat
and thus occurs at a large scale relative to this habitat. In contrast, imagine
that local clumps are formed by individuals of one species, and that these
are gradually invaded by individuals of a second species, while at the same
time new clumps of the former are re-established elsewhere. In this case, a
not-too-small habitat will comprise many clumps and we therefore refer to
the pattern as being small scale (with the various shapes of clumps playing
the role of “unit patterns”). The dichotomy is important because essential
degrees of freedom for large-scale patterns vary from pattern to pattern.
This means that for each type of large-scale pattern, it would be necessary
to evaluate which essential degrees of freedom best capture the system’s
state. For small-scale patterns, however, matters are simpler: here, average
information on the local environments of individuals often can capture the
essentials of the spatial pattern. Although relaxation projections can also
be devised for large-scale patterns (Ellner et al. 1998), in this chapter we
focus attention on techniques suitable for understanding the implications of
small-scale spatial heterogeneity.

Correlation densities

Given that interactions between individuals are local, the fate of each indi-
vidual is determined by its local environment. To understand the ensuing
dynamics, we must take a “plant’s-eye view” (Turkington and Harper 1979)
of spatial heterogeneity. If patterns are sufficiently small scale, individuals
within each species experience similar “views,” and essential degrees of
freedom are thus given by descriptions of their average local environment.
For example, Mahdi and Law (1987) measured average local environments
in a community of grassland species by determining the expected densities
of several other species at various radial distances around individuals of a
focal species (see Figure 21.2a). We can do the same for the spatial patterns
simulated in Figure 21.1b; results are shown in Figure 21.2b.

The quantities illustrated in Figure 21.2 are special cases of a general
class of spatial statistics. These statistics are based on the densities at which
certain spatial configurations appear in a given spatial pattern.

� The simplest spatial configuration is a singlet; the density of single in-
dividuals in a species across a given habitat simply corresponds to the
mean density of the considered species.
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Figure 21.2 Pair correlation densities for field data and simulated pattern. Pair densities
are normalized so that mean-field expectations are 1 (shown as dashed lines). (a) Mea-
surements by Mahdi and Law (1987). Species 1 is Carex caryophyllea; species 2 is Carex
flacca; distances are measured in cm. At short distances, small cross-correlations indicate
heterospecific segregation. (b) Pair densities for the spatial pattern in Figure 21.1b at time
t = 15. As can be verified by examining the original pattern, large auto-correlations and
small cross-correlations suggest the existence of conspecific aggregations at spatial scales
of 0.1 to 0.2.

� Now consider the spatial density of pairs comprising an individual of
species i and one of species j (where j can be equal to i) that are a vec-
torial distance ξ apart (see Figures 21.3a and 21.3b). Pair densities thus
give information about the average local environments of individuals in
each species. Local environments often are isotropic, that is, there are
no special directions in space along which the pattern is aligned. In such
cases (as in Figure 21.2), it is convenient to construct angular averages of
pair densities, or, equivalently, to determine the spatial density of pairs
that are a given length r = |ξ | apart (see Figures 21.3c and 21.3d).

� Apart from pairs, we can also examine spatial configurations comprising
three individuals; for instance, individuals of species j and k that are
at distances ξ and ξ ′, respectively, from an individual of species i . In
an isotropic setting, these triangular configurations are characterized by
three radii, r , r ′, and r ′′ = |ξ ′ − ξ |, corresponding to the three edges of
the spanned triangle.



428 D · Simplifying Spatial Complexity: Techniques

Focal
individual

dξ1

dξ2

dr

r

(a)

(b)

r

Pa
ir 

co
rr

el
at

io
n 

de
ns

ity

-0.2
0

0.2

-0.20
0

0.2

1

2

3

(c)

(d)

Pa
ir 

co
rr

el
at

io
n 

de
ns

ity

ξ1

ξ2

0.1 0.20
0

3

2

1

(ξ1,ξ2)

Focal
individual

Figure 21.3 Measuring pair correlation densities. (a) For a given planar pattern of area A
and mean density N , the density of pairs at distance ξ = (ξ1, ξ2) is assessed by counting,
for a focal individual at location x , the number of paired individuals within the square
(x1 + ξ1, x1 + ξ1 + dξ1) × (x2 + ξ2, x2 + ξ2 + dξ2), using a sufficiently small spatial
resolution dξ . Repeating this procedure with each individual in turn being the focal one and
dividing the total count by A and by dξ1dξ2 yields the pair density at distance ξ . Figure (b)
illustrates how the resulting pair densities depend on ξ . (c) For isotropic patterns, it is useful
to average pair densities over all angles of ξ . Equivalently, paired individuals are counted
in rings of radius r = |ξ | and width dr , centered on a focal individual. Total counts over
all focal individuals are divided by A and by 2πr dr . Figure (d) shows the resulting radial
pair density. Pair densities in (b) and (d) are normalized by division through N 2 so that
mean-field expectations are 1.

For any given pattern p we can thus define correlation densities of or-
der m by

Ci1...im (ξ1, . . . , ξm−1, p) = 1

A

∫
pi1(x)

m∏
j=2

pij (x + ξj−1) dx , (21.3a)

where i1 to im specify the species of the m individuals constituting the spa-
tial configuration, and ξ1 to ξm−1 denote the distances of individuals 2 to m,
respectively, from individual 1. The integration extends over all locations
x in the area A, which is assumed to be large enough that effects resulting
from its boundary are negligible. As described above, special cases of cor-
relation densities are given by mean densities (also referred to as global or
singlet densities),

Ci (p) = 1

A

∫
pi (x) dx , (21.3b)
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by pair densities (also referred to as local, environs, or doublet densities),

Ci j (ξ, p) = 1

A

∫
pi (x)pj(x + ξ) dx , (21.3c)

and by triplet densities,

Ci jk(ξ, ξ ′, p) = 1

A

∫
pi (x)pj(x + ξ)pk(x + ξ ′) dx . (21.3d)

All correlation densities are given as integrals over products of spatial den-
sity functions and are therefore also known as spatial moments. Pair den-
sities (second moments) Ci j are also called auto-correlations for i = j and
cross-correlations for i �= j . For mnemonic convenience, we denote mean
densities (first moments) by Ni = Ci and triplet densities (third moments)
by Ti jk = Ci jk .

The spatial pattern p of an ecological community comprising m indi-
viduals is completely characterized (apart from its absolute location and
orientation) by a correlation density of order m. This is because for two
individuals the pair correlation density has a single peak at a location given
by the vectorial distance between the two individuals. For three individuals,
the triplet correlation function would have such a single peak at a location
determined by the distances between individuals in the triangular config-
uration. Analogously, for m individuals, information about all relative lo-
cations of individuals is available from the mth-order correlation density.
Although it is difficult to measure correlation densities of high order, it is
evident that information about a spatial pattern can be represented either
in location-based form (by specifying a pattern p) or in correlation-based
form (by specifying a correlation density C of sufficient order). These two
representations contain exactly the same information about the relative po-
sition of all individuals. We can regard this equivalence as a coordinate
transformation, expressing the same information in two different ways.

What, then, is the advantage of describing the dynamics of spatial pat-
terns in correlation-based form? There are several reasons for doing so;
here we give a preview of features that will be developed in this chapter.

� Quantitative descriptions of spatial patterns ought to be based on suit-
able summary statistics; correlation densities define such statistics. In
particular, this class of statistics includes both mean densities and pair
densities, two statistics that are natural for describing small-scale pat-
terns and are readily applied to field data (Ripley 1981; Diggle 1983).
Therefore, the expected dynamics of low-order correlation densities pro-
vide valuable insight into the main characteristics of a developing spatial
process.
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� Because first-order correlations correspond to mean densities, mean-
field models can be envisaged as a subset of correlation-based models.
Correlation densities thus offer a systematic way of gradually extending
and refining the set of summary statistics by successive integration of
higher correlation orders. Such a task would be more difficult if based
on sets of disparate types of spatial statistics.

� High-order correlations often relax much faster than low-order correla-
tions (see Figure 21.4); consequently, essential degrees of freedom are
captured by the low-order end of the correlation spectrum. It is for this
reason that, for many spatio-temporal processes, relaxation manifolds
(see Box 21.1) take a simple and tractable form in the space of cor-
relation densities, whereas these manifolds tend to have a complicated
topology in the space of spatial patterns or when expressed in terms of
other spatial statistics. This feature of correlation densities greatly facil-
itates the application of relaxation projections.

� Pair densities naturally arise when assessing population-level conse-
quences of pairwise interactions under spatial heterogeneity. In fact, the
integrals over pair densities in Equations (21.1a) and (21.1c) extend the
principle of “mass action” to spatially heterogeneous settings: formally
speaking, individuals respond to linear functionals of spatial distribu-
tions.

� Whereas essential degrees of freedom in large-scale patterns can vary
widely from process to process, correlation densities offer a universal
representation of these essential degrees of freedom for small-scale pat-
terns. A general theory of small-scale heterogeneity in ecological pro-
cesses can therefore be built on the basis of correlation densities.

Corrected correlation densities
A simple modification of the correlation densities defined above is often
helpful. Whenever a spatial configuration of order m > 1 is considered, the
same individual may figure twice in the description of the configuration.
Whereas formally it is correct to count pairs that individuals form with
themselves, from an ecological point of view such pairs are meaningless
and misleading. For this reason, it is useful to construct corrected corre-
lation densities, from which so-called self-pairs and similar repetitive con-
figurations are removed. Corrected pair densities are marked by a tilde
and, corresponding to Equation (21.3c) for uncorrected pair densities, are
defined by

C̃i j (ξ, p) = 1

A

∫
pi (x)

[
pj(x + ξ)− δi jδx(x + ξ)

]
dx . (21.4a)
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Figure 21.4 Relaxation time scales of correlation densities. Already for a single-
species system, dynamics of pair and triplet densities cannot be depicted in full. We thus
use integral statistics c̄ = N−2

1

∫
w

(d)
11 (ξ)C̃11(ξ) dξ and t̄ = N−3

1

∫∫
w

(d)
11 (ξ)w

(d)
11 (ξ ′)

× T̃111(ξ, ξ ′) dξdξ ′ instead and, for convenience, also normalize mean densities to n =
N1/N1(0). As an initial condition, we choose a distribution of individuals, designed to
satisfy t̄ = 0. Even in the reduced state space (n, c̄, t̄), the system’s response to such an
artificial state is evident from the figure: (a) fast relaxation at a very short time scale is
followed by (b) subsequent changes occurring over a much longer time scale. To diminish
the amount of noise, time series are averaged over 10 realizations. Parameters are the same
as in Figure 21.1a, except for s.d. w(d)

11 = 0.015 and s.d. m(b)
1 = 0.05.

With this correction, the focal individual of the first density function at lo-
cation x is removed from the second density function evaluated at location
x + ξ . Of course, such removal is only necessary if the two density func-
tions describe the same species; otherwise, individuals contributing to these
functions belong to different species and therefore can never be identical;
this is taken care of by the Kronecker symbol δi j . Similarly, we can remove
self-pairs and self-triplets from the third-order correlation densities,

T̃i jk(ξ, ξ ′, p) = 1

A

∫
pi (x)

[
pj (x + ξ)− δi jδx(x + ξ)

]
(21.4b)

× [pk(x + ξ ′)− δikδx (x + ξ ′)− δjkδx+ξ (x + ξ ′)
]

dx ,
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where, for the third density function, we have to subtract contributions of
the focal individuals of both the first and second density functions.

With this additional refinement in place, we can now turn to describing
the dynamics of spatial patterns in terms of the corresponding dynamics of
corrected correlation densities.

Correlation dynamics
Whenever a stochastic process of pattern dynamics is run, it creates a dif-
ferent realization (see, for example, Figure 14.2). This is in keeping with
field observations which show that, although we may try to generate very
similar initial spatial setups in, for example, plots of plants intended as
replicates, the actual processes in each plot usually result in a wide variety
of spatial patterns at later points in time. To extract the deterministic sig-
nal of a spatial ecological process from among all accompanying stochastic
noise, averages over replicates are needed. If, however, we were to average
spatial density functions across the many different patterns that can arise
from a single initial condition, we would merely obtain an uninformative
and rather unstructured “average pattern”: in the long run, high abundances
at some location in one replicate would cancel out low abundances at the
same location in other replicates. It is therefore important to average over
spatial statistics, rather than across spatial patterns. For example, the mean
density of a particular species averaged across realizations is a meaningful
ecological quantity.

In this vein, we define expected values of corrected correlation func-
tions as

C̃i1...im (ξ1, . . . , ξm−1) =
∫

C̃i1...im (ξ1, . . . , ξm−1, p)P(p) dp , (21.5)

that is, by weighting the correlation densities for a pattern p with the proba-
bility density P(p) for that pattern to occur. We can now study the dynam-
ics of expected correlation densities [for notational convenience we omit
the arguments (ξ1, . . . , ξm−1) of C̃i1...im in the next three equations],

d

dt
C̃i1...im =

∫
C̃i1...im (p)

d

dt
P(p) dp . (21.6a)

Using Equation (21.2a), this gives

d

dt
C̃i1...im =

∫
C̃i1...im (p)

∫ [
w(p|p′)P(p′)−w(p′|p)P(p)

]
dp′dp , (21.6b)

which, by separating the difference into two integrals, swapping the inte-
gration variables p and p′ in the first of them, and then joining the two
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integrals again, yields

d

dt
C̃i1...im =

∫ {∫ [
C̃i1...im (p′)− C̃i1...im (p)

]
w(p′|p)dp′

}
P(p)dp . (21.6c)

The term in curly braces is known as the first jump moment (van Kampen
1992) of the mth-order correlation density; it describes the correlation den-
sity’s expected rate of change around a given pattern p, and we denote it by
ai1...im (ξ1, . . . , ξm−1, p).

Dynamics of mean densities
We can now evaluate the expected rate of change in mean densities, or
first spatial moments, by using Equations (21.2b) and (21.3b) in Equa-
tion (21.6c). According to Equation (21.2b), ai (p), the first jump moment
of the first spatial moment in species i , can be decomposed into three con-
tributions coming from birth, death, and movement events, respectively,

ai (p) = a(b)
i (p)+ a(d)

i (p)+ a(m)
i (p) . (21.7)

The birth contribution is

a(b)
i (p) =

∫ [
Ni (p′)− Ni(p)

]
(21.8a)

×
∑

j

∫∫
Bj(x, x ′, p)pj (x)�(p + ujδx ′ − p′) dxdx ′dp′ ,

which, after collapsing the integration over p′ using the definition of the
generalized delta function (see Box 21.4), simplifies to

a(b)
i (p)=

∑
j

∫∫ [
Ni(p + ujδx ′)−Ni(p)

]
Bj(x, x ′, p)pj (x)dxdx ′ . (21.8b)

For all j �= i , the term in square brackets is 0, while for j = i it is 1
A .

We see this by considering Ni(p + ujδx ′) = 1
A

∫
(p + ujδx ′)i(x) dx =

1
A

∫
pi (x) dx + 1

Aδi j

∫
δx ′(x) dx = Ni(p)+ 1

A δi j . This gives

a(b)
i (p) = 1

A

∫∫
Bi(x, x ′, p) pi (x) dxdx ′ , (21.8c)

or, by using Equation (21.1c) and exploiting that m(b)
i is the probability

density for dispersal and thus integrates to 1,

a(b)
i (p) = 1

A

∫ [
bi +

∑
j

b′i j

∫
w

(b)
i j (x ′′ − x)

× [pj (x ′′)− δi jδx(x ′′)
]

dx ′′
]

pi (x) dx ,

(21.8d)
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or, when separating terms for density-independent and density-dependent
birth,

a(b)
i (p) = bi

1

A

∫
pi (x) dx +

∑
j

b′i j

1

A

∫∫
w

(b)
i j (x ′′ − x)

×pi (x)
[

pj (x ′′)− δi jδx(x ′′)
]

dxdx ′′ .

(21.8e)

We now replace the integration over x with one over ξ = x ′′ − x , use the
definitions of Ni (p) and C̃i j (ξ, p), and thus obtain

a(b)
i (p) = bi Ni(p)+

∑
j

b′i j

∫
w

(b)
i j (ξ)C̃i j (ξ, p) dξ . (21.8f)

For death events, we have Ni (p−ujδx)− Ni (p) = − 1
Aδi j , which yields

a(d)
i (p) = −di Ni(p)−

∑
j

d ′i j

∫
w

(d)
i j (ξ)C̃i j (ξ, p) dξ , (21.8g)

while Ni(p − ujδx + ujδx ′)− Ni (p) = 0 for movement events gives

a(m)
i (p) = 0 . (21.8h)

Collecting all three results together, and using Equations (21.6c) and
(21.7), gives the expected rate of change in the mean density of species i

d

dt
Ni =+ bi Ni +

∑
j

b′i j

∫
w

(b)
i j (ξ)C̃i j (ξ) dξ

− di Ni −
∑

j

d ′i j

∫
w

(d)
i j (ξ)C̃i j (ξ) dξ .

(21.9)

This result is readily interpreted. Movement does not contribute to the dy-
namics of mean densities at all: moving individuals around does not alter
their abundance. Notice that, according to Equation (21.9), for both birth
and death events the interaction kernels w

(b)
i j (ξ) and w

(d)
i j (ξ) of individu-

als of species j at distance ξ from individuals in species i , are weighted
with the density C̃i j (ξ) at which individuals of species j are expected to
be found at a distance ξ around individuals of species i . Effective lo-
cal densities – that is, the integrals in Equation (21.9) – are then simply
the sum of all such contributions. In this way, the mean densities within
a spatial pattern change according to the “individual’s-eye view” of its
local environment, as described by the pair densities. If spatial hetero-
geneity were removed by setting C̃i j (ξ) = Ni Nj for all i , j , and ξ , we
would recover the familiar Lotka–Volterra dynamics of mean-field theory,
d
dt Ni = (bi − di )Ni +∑j(b

′
i j − d ′i j )Ni Nj . For spatially heterogeneous

systems, however, this simple description is incorrect and the dynamics of
mean densities become contingent on those of pair densities.
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Dynamics of pair densities

To provide the information on corrected pair densities C̃i j (ξ) as required
in Equation (21.9), we need to work out their expected rates of change.
For this purpose, we follow the same sequence of steps as was used for
deriving the dynamics of mean densities and thereby gain the following
general result:

d

dt
C̃i j(ξ) =

Birth

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

+ δi j bi m
(b)
i (−ξ)Ni

+ bi

∫
m(b)

i (ξ ′)C̃i j (ξ + ξ ′) dξ ′

+ δi j m
(b)
i (−ξ)

∑
k

b′ik

∫
w

(b)
ik (ξ ′′)C̃ik(ξ

′′) dξ ′′

+
∑

k

b′ik

∫∫
m(b)

i (ξ ′)w(b)
ik (ξ ′′)T̃i jk(ξ + ξ ′, ξ ′′) dξ ′dξ ′′

+ b′i j

∫
m(b)

i (ξ ′)w(b)
i j (ξ + ξ ′)C̃i j(ξ + ξ ′) dξ ′

Death

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

− di C̃i j (ξ)

−
∑

k

d ′ik

∫
w

(d)
ik (ξ ′′)T̃i jk(ξ, ξ ′′) dξ ′′

− d ′i jw
(d)
i j (ξ)C̃i j (ξ)

Movement

⎧⎪⎪⎨
⎪⎪⎩
− |mi | C̃i j (ξ)

+
∫

mi(ξ
′)C̃i j (ξ + ξ ′) dξ ′

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.10)

The derivation of this equation is provided in Appendix 21.A. All terms
on the right-hand side have a precise interpretation, given below. We first
focus on the i individual of the i j pair; analogous considerations apply to
events undergone by the j individual, as discussed at the end of the section.

The first five terms on the right-hand side describe the increase in the
density of i j pairs at vectorial distance ξ resulting from birth events in
species i .
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� A new i individual, arising from density-independent birth, generates a
parent–offspring pair of type i i with its parent. This is accounted for
by the first term, which therefore only contributes to the expected dy-
namics of auto-correlation densities; this is reflected by the Kronecker
delta δi j . Multiplying the mean density of individuals Ni by the density-
independent per capita birth rate bi gives the rate for such events creat-
ing a pair at any distance ξ ; different distances occur at spatial density
m(b)

i (−ξ) of parents around dispersed offspring.
� The second term also accounts for density-independent birth, but focuses

on the new pair that the i offspring forms with the j neighbor of its
parent. If the i individual of an i j pair at distance ξ + ξ ′ gives birth to a
new individual at distance ξ ′ from its parent, a new i j pair at distance ξ

is generated. The per capita rate for density-independent birth is bi , the
density of i j pairs at distance ξ+ξ ′ is C̃i j(ξ+ξ ′), and the spatial density
of offspring settling around the i parent is m(b)

i (ξ ′). Multiplying these
three factors and integrating over all possible distances ξ ′ of offspring
dispersal yields the second term.

� The third term describes how, under density-dependent birth, a new
parent–offspring pair changes the density of i i pairs. Fecundity of an
i individual can be modified by the presence of a k individual at dis-
tance ξ ′′. The expected density of k individuals around the i individual
is C̃ik(ξ

′′), the interaction kernel for the ik pair yields w
(b)
ik (ξ ′′), so that

integrating over all interaction distances ξ ′′ gives the third term’s inte-
gral. We then have to sum over all species k that exert such an effect:
sign and weight for the contribution of each species are determined by
coefficients b′ik . The resulting density-dependent per capita birth rate
is multiplied by δi j , since this term only affects the dynamics of auto-
correlations, and by m(b)

i (−ξ), the density of parent individuals as seen
from the i offspring.

� The fourth term describes the effect of new offspring–neighbor pairs of
type i j arising from density-dependent birth. As in the previous term,
the fecundity of an i individual in an i j pair at distance ξ + ξ ′ can be
modified by the presence of a k individual at distance ξ ′′ relative to the i
individual. Under these circumstances, an i offspring, located at distance
ξ ′ from its parent, generates a new i j pair at distance ξ . The density of
the original i jk triplet configuration is T̃i jk(ξ + ξ ′, ξ ′′), the interaction
kernel for the ik pair yields w

(b)
ik (ξ ′′), and the spatial density of offspring

around parent individuals is m(b)
i (ξ ′). Multiplying these factors and inte-

grating over all possible dispersal distances ξ ′ and interaction distances



21 · Relaxation Projections and the Method of Moments 437

ξ ′′ weights the effect of species k in the fourth term’s sum. The resulting
integrals are summed over all species k that exert such an effect on i’s fe-
cundity: signs and weights for these contributions are again determined
by the interaction coefficients b′ik .

� The fifth term, the last to account for birth effects, describes the con-
sequences of density-dependence of birth rates within the i j pair. The
density of such pairs at distance ξ + ξ ′ is C̃i j (ξ + ξ ′), and the effect that
interaction with j has on i’s birth rate is given by b′i jw

(b)
i j (ξ + ξ ′). An

i offspring at distance ξ ′ from the i parent, arising at density m(b)
i (ξ ′),

creates a new i j pair at distance ξ . Integrating these three factors over
all dispersal distances ξ ′ yields the fifth term.

The next three terms account for the decrease in the density of i j pairs
at distance ξ due to death events in species i .

� Density-independent death of the i individual of the i j pair occurs at per
capita rate di . Multiplying di by the density C̃i j (ξ) of i j pairs at distance
ξ in the sixth term gives the resulting decrease in that density.

� Density-dependent death of the i individual of the i j pair can result from
the presence of a k individual at distance ξ ′′. Such triplet configura-
tions occur at density T̃i jk(ξ, ξ ′′), and the cumulative effect of individu-
als of species k, situated at different distances from the i individual, is
obtained by weighting the triplet density with w

(d)
ik (ξ ′′), given by the in-

teraction kernel for density-dependent death, and integrating the product
over all interaction distances ξ ′′. Multiplying this contribution of species
k with the corresponding interaction coefficient d ′ik and summing over
all species k gives the seventh term.

� Like birth events, the density-dependent component of death rates can
also be affected by interaction of the focal i individual with its j partner
within the i j pair. The interaction coefficient for this interaction is d ′i j ,
the effect of distance ξ on the strength of interaction is measured by
w

(d)
i j (ξ), and the pair configuration occurs at density C̃i j (ξ). The product

of these three factors gives the eighth term.

The next two terms describe how the density of i j pairs at distance ξ

changes because of movement of the i individual.

� When the i individual moves, the original i j pair at distance ξ is de-
stroyed. The ninth term reflects this: here, the per capita rate |mi | for i’s
movement is multiplied by the density C̃i j (ξ) of the original pair config-
uration.
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� On the other hand, a new i j pair at distance ξ is created when the original
pair distance is ξ+ξ ′ and the i individual moves a distance ξ ′. This effect
is captured by the tenth term, which weights the density C̃i j(ξ+ξ ′) of the
original pair configuration with the movement kernel mi (ξ) for species
i and integrates over all possible movement distances ξ ′.
In all events described above we have focused on the i individual. Of

course, analogous events can occur to the j individual of the i j pair. When
swapping the roles of the i and j individuals, the distance vector ξ must
also be reversed. The last term 〈i, j, ξ → j, i,−ξ〉 accounts for this: it is
shorthand for all preceding terms after changing i to j , j to i , and ξ to −ξ .

21.4 Moment Closures and their Performance
A critical step toward simplifying the spatial complexity of ecological
birth–death–movement models is to close the correlation dynamics derived
in Equations (21.9) and (21.10). In this section, we introduce alternative
closures and investigate their relative performance.

Moment hierarchies and moment closures

While the right-hand side of the mean densities’ dynamics, Equation (21.9),
depends on pair densities, that of the pair densities’ dynamics, Equa-
tion (21.10), contains triplet densities. This observation can be generalized:
when interactions are pairwise, for any order m of correlation densities, dy-
namics are contingent on correlation densities of order m+1. The resulting
sequence of equations is called a moment hierarchy, the head of which is
given by Equations (21.9) and (21.10). This hierarchy precludes exploit-
ing the dynamics of N unless we have information on C̃ ; this information
comes from the dynamics of C̃ , for which we need information on T̃ , and
so on.

To escape from this cascade of dependencies, the moment hierarchy has
to be truncated. In other words, we have to express the correlation densities
of order m + 1 in terms of those of order m and below. Such expressions
are called moment closures. In the previous section, we saw that inserting

C̃i j (ξ) = Ni Nj (21.11)

into Equation (21.9) yields a closed dynamical system that is the mean-
field approximation of the considered birth–death–movement process. This
comes as no surprise: assuming C̃i j (ξ) = Ni Nj for all ξ implies pair
densities that are independent of distance or, equivalently, the absence of
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salient spatial structure. These are precisely the circumstances under which
the mean-field assumption is valid. We therefore conclude that using the
moment closure given in Equation (21.11) to truncate the moment hierar-
chy after the first order recovers the mean-field approximation.

To improve on this result we go beyond the first order of the hierarchy:
the natural next step is to truncate the hierarchy after its second order. For
this purpose, we have to express triplet densities, or third moments T̃ , in
terms of first and second moments N and C̃ . Notice that in the derivation
of Equations (21.9) and (21.10) no approximations have been introduced;
consequently, these equations are exact. The price that has to be paid for
a moment closure is that the resulting description is an approximation. In
fact, the performance of such an approximation may vary with the moment
closure chosen. So what criteria can guide the choice of moment closures
to give a good approximation and the desired truncation of the moment
hierarchy at the second order?

Conditions for moment closures

Moment closures are not uniquely determined and thus alternative versions
can be chosen. Yet, some conditions narrow the range of options.

� Condition (C1). In the absence of any pair correlations, no information
on spatial structure is available to closures for triplet densities, and there-
fore individuals in triplets must also be assumed to be uncorrelated. In
other words, if C̃i j (ξ) = Ni Nj for all i , j , and ξ , any consistent moment
closure ought to yield T̃i jk(ξ, ξ ′) = Ni Nj Nk for all i , j , k, ξ , and ξ ′.

� Condition (C2). Because attention is focused on small-scale spa-
tial structure, pairs of individuals separated by large distances are
assumed to be uncorrelated. Therefore, lim|ξ |→∞ C̃i j (ξ) = Ni Nj

and lim|ξ |→∞ d
dt C̃i j (ξ) = d

dt (Ni Nj) = Ni
d
dt Nj + Nj

d
dt Ni for all i and

j , hold in general: any potentially developing structure is sup-
posed not to affect pair densities at large distances. When evaluat-
ing Equation (21.10) in this limit, consistency with Equation (21.9)
requires that we assume (i) lim|ξ |→∞

∫
w

(d)
ik (ξ ′′)T̃i jk(ξ, ξ ′′) dξ ′′ =

Nj

∫
w

(d)
ik (ξ ′′)C̃ik(ξ

′′) dξ ′′ and (ii) lim|ξ |→∞
∫∫

m(b)
i (ξ ′)w(b)

ik (ξ ′′)T̃i jk(ξ +
ξ ′, ξ ′′) dξ ′dξ ′′ = Nj

∫
w

(b)
i j (ξ ′′)C̃i j (ξ

′′) dξ ′′ for all i , j , and k, and for all
kernels w

(d)
ik , w

(b)
ik , and m(b)

i . Conditions (i) and (ii) are fulfilled if, and
only if, lim|ξ |→∞ T̃i jk(ξ, ξ ′′) = NjC̃ik(ξ

′′) holds for all i , j , k, and ξ ′′.
The two conditions above provide criteria for valid moment closures. We
now have to consider how to characterize good moment closures.
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Moment closures as relaxation projections

To distinguish better moment closures from less suitable ones, the notion of
relaxation projections (see Box 21.1) becomes critical. Usually, not all de-
grees of freedom in a system change on the same time scale. Some degrees
of freedom are fast and decay quickly, while others are slower and thus re-
main essential for a longer time. In particular, triplet densities often have a
much faster pace of change than both pair and mean densities. Figure 21.4
gives an example illustrating this feature.

After a system’s fast degrees of freedom have decayed, they are no
longer independent variables and instead become functions of the slower
degrees of freedom. For example, when pair densities C̃ have decayed, it
must become possible to express them in terms of mean densities N . Such
a relation is provided by Equation (21.11); it truncates the moment hier-
archy at first order. The mean-field approximation therefore can also be
interpreted as a relaxation projection. Likewise, after triplet densities T̃
have decayed, they lose their role as essential degrees of freedom and can
be expressed as functions of pair densities C̃ and mean densities N . Such
relations are the moment closures we are seeking for truncating the mo-
ment hierarchy at second order. As described in Box 21.1, good moment
closures match a system’s relaxation manifold and define a projection onto
this manifold that resembles the system’s actual relaxation dynamics.

Candidate moment closures

To express triplet densities T̃ as a function of pair densities C̃ and mean
densities N , different assumptions for the relaxation manifold can be made.
Here we introduce and investigate four possible candidates:

T̃i jk(ξ, ξ ′) = C̃i j(ξ)Nk + C̃ik(ξ
′)Nj

+ C̃jk(ξ
′ − ξ)Ni − 2Ni Nj Nk ,

(21.12a)

T̃i jk(ξ, ξ ′) = C̃i j(ξ)C̃ik(ξ
′)/Ni , (21.12b)

T̃i jk(ξ, ξ ′) = 1
2

[
C̃i j (ξ)C̃ik(ξ

′)/Ni

+ C̃i j (ξ)C̃jk(ξ
′ − ξ)/Nj

+ C̃ik(ξ
′)C̃jk(ξ

′ − ξ)/Nk − Ni Nj Nk
]

,

(21.12c)

T̃i jk(ξ, ξ ′) = C̃i j(ξ)C̃ik(ξ
′)C̃jk(ξ

′ − ξ)/(Ni Nj Nk) . (21.12d)
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i

j

k

ξ

ξ’

ξ’- ξ

Figure 21.5 Triplet configuration for moment closure. Individuals of species i , j , and k
are separated by vectors ξ , ξ ′, and ξ ′ − ξ .

All these candidate closures satisfy Conditions (C1) and (C2) as
defined above. As a counterexample, consider an alternative candidate,
T̃i jk(ξ, ξ ′) = 1

3 [C̃i j(ξ)Nk + C̃ik(ξ
′)Nj + C̃jk(ξ

′ − ξ)Ni ], for which Condi-
tion (C1) holds but (C2) is violated.

The salient ingredients for these closures are the pair correlations along
the three sides of the triangular configuration of the i , j , and k individuals:
C̃i j (ξ), C̃ik(ξ

′), and C̃jk(ξ
′ − ξ) (see Figure 21.5). The closures above can

be constructed according to the following recipe.

� First, choose the power of the closure. This is the number of pair den-
sities that are multiplied by each other and determines the “building
blocks” of the closure: for a power-1 closure, each building block is a
pair density; for a power-2 closure it is the product of two pair densities;
and for a power-3 closure, the product of three pair densities.

� Second, construct all building blocks arising from permutations among
the three corners of the triangle.

� Third, modify each building block by multiplying or dividing by mean
densities such that it satisfies Condition (C1).

� Fourth, add all blocks.
� Fifth, modify the sum by adding or subtracting Ni Nj Nk blocks and di-

vide by the resulting net number of blocks so that Condition (C2) is met.

Closures in Equations (21.12a), (21.12c), and (21.12d) simply follow this
recipe for powers 1, 2, and 3, respectively. Higher powers are not consid-
ered since they would require repeating pair densities in building blocks.

The closure in Equation (21.12b) is obtained from the same recipe by
modifying the second step. This is motivated by the asymmetric way triplet
densities enter into Equation (21.10): triplet densities there characterize the
density of j and k individuals around a focal i individual (or of i and k indi-
viduals around a focal j individual, see below), whose birth and death rates
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are affected by its local surroundings. The i individual therefore has a spe-
cial role in the triplet; this is reflected in the closure in Equation (21.12b),
which concentrates on the pair densities along those two edges of the i jk
triangle that are connected to the corner occupied by the i individual (i.e.,
the i j and ik edges). For a focal j individual, the same consideration ap-
plies: now the triplet configuration in Equation (21.10) is j ik, and in Equa-
tion (21.12b) the special role is assumed by the j individual. The closure
in Equation (21.12c), in contrast, gives equal weight to all three pairs of
edges of the triangle; the resulting expression for T̃i jk is thus completely
symmetric under permutations of the i , j , and k individuals. Closures that
reflect the special role of the one focal individual cannot be constructed for
powers 1 and 3; thus, the asymmetric power-2 closure, Equation (21.12b),
is the only asymmetric closure included in the considered set of candidates.

The power-1 moment closure in Equation (21.12a) can be motivated by
defining so-called central third moments, T (c)

i jk (ξ, ξ ′, p) = 1
A

∫ [pi(x) −
Ni ][pj(x + ξ) − Nj ][pk(x + ξ ′) − Nk] dx , and is based on the assump-
tion that these are vanishing (see Chapter 20; Bolker and Pacala 1997).
In contrast, the motivation for power-2 closures comes from a probabilistic
argument. When assessing the probability density of a triangular configura-
tion based on pair correlations along edges, we notice that only two of the
triangle’s three edge vectors can be chosen independently; the third edge
vector directly follows from choosing the other two. Envisaging the prob-
ability density for a particular triangle as the joint probability density for
two of its edge vectors and assuming that the contribution of both edges is
statistically independent naturally leads to moment closures that use prod-
ucts of two pair densities as building blocks (see Chapter 14; Dieckmann
et al. 1997, in press). The power-3 closure in Equation (21.12d) has a long
tradition in the literature of theoretical physics, where it is known as the
Kirkwood superposition approximation (Kirkwood 1935; Ziman 1979).

Testing the candidate closures

We now test the performance of the four candidate closures by comparing
the results of individual-based simulations with predictions derived from
these moment closures.

The first test considers triplet densities directly. This requires measuring,
at one moment in time, the distribution of triplets in the three-dimensional
space spanned by the edge lengths (r, r ′, r ′′) of all triangles formed by
triplets of individuals. For a triplet configuration with a pair (ξ, ξ ′) of edge
vectors, we have r = |ξ |, r ′ = |ξ ′|, and r ′′ = |ξ ′ − ξ | (see Figure 21.5).
Contour surfaces resulting from such a measurement of triplet densities are
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Figure 21.6 Comparison of triplet densities in a single-species system with densities pre-
dicted by candidate moment closures. (a) Triplet densities with radial distances (r, r ′, r ′′)
realized at time t = 100 in the system described in Figure 21.4 are shown as contour sur-
faces. Triplet densities can be envisaged as clouds of varying intensity, and contour surfaces
of increasing value are nested inside one another; the surfaces shown correspond to triplet
densities of 2 (left column), 2.5 (center column), and 3 (right column), all measured rela-
tive to a mean-field expectation of 1. Notice that the three main diagonals of the boundary
planes through the origin span a pyramid, outside of which triplet densities are zero – a
confinement resulting from the three triangle inequalities for (r, r ′, r ′′). Realized singlet
and pair densities at time t = 100 are combined with one of the four moment closures in
Equations (21.12a) to (21.12d) and predicted triplet densities are shown in panels (b) to (e),
respectively. To diminish the amount of noise, densities are averaged over 100 realizations.
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depicted in Figure 21.6a, based on the same system as in Figure 21.4 at
time t = 100. Figures 21.6b to 21.6e are obtained by applying the moment
closures in Equations (21.12a) to (21.12d), respectively, to the mean and
pair densities of the individual-based dynamics measured at the same time.
All four closures describe the triplet density’s shape roughly correctly; it
would be difficult to say which one performs best. An obvious discrepancy
occurs for the asymmetric power-2 closure, which does not approximate
the triplet density for small distances r ′′ very well. This is not surprising
as, in a triplet, r ′′ measures the distance between the two neighbors of a fo-
cal individual; the pair correlation density between these neighbors (which
can differ from 1 when r ′′ is small) does not enter into Equation (21.12b).
Ideally, one would want to repeat comparisons as in Figure 21.6 for differ-
ent points in time, different initial conditions and process parameters, and
different numbers of species. Measuring, depicting, and comparing den-
sities in three-dimensional spaces, however, is relatively difficult and time
consuming and we therefore turn to describing two alternative types of test.

In a second test, we consider the performance of the candidate clo-
sures in predicting time series of mean densities for different parameter
settings of a single-species system. When used in conjunction with Equa-
tions (21.9) and (21.10), to what extent can the closures forecast the tran-
sient and asymptotic behavior exhibited by mean densities? We use three
different parameter settings, leading to mean densities that are similar to
(Figure 21.7a), lower than (Figure 21.7b), or higher than (Figure 21.7c)
those expected from the mean-field approximation. As one would expect,
there is little to choose between the closures when the dynamics are close
to those of the mean field (Figure 21.7a). Under strong spatial aggregation
(Figure 21.7b), the asymmetric power-2 closure performs better than the
others. In the case of overdispersion (Figure 21.7c), the symmetric power-
2 closure performs best.

We extend the comparison of closure performances to predict population
dynamics in a two-species system. In a third test, we investigate phase
portraits of trajectories for the mean densities of two competing species,
with each trajectory starting from a different initial condition. Results of
individual-based dynamics are shown in Figure 21.8a. Moment closures in
Equations (21.12a) to (21.12d) are used to describe the dynamics of auto-
correlation and cross-correlation pair densities, Equation (21.10), which
affect the dynamics of mean densities, Equation (21.9). The phase portraits
predicted by those moment closures are displayed in Figures 21.8b to 21.8e.
In this test, the power-2 closures clearly perform best and yield accurate
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Figure 21.7 Comparison of mean-density dynamics of a single-species system with pre-
dictions by candidate moment closures. For a spatial logistic model, three different pa-
rameter combinations result in asymptotic mean densities (a) similar to, (b) lower than,
or (c) higher than the mean-field equilibrium of N1 = 200. In each case, time series of
mean densities for three realizations are shown in gray. Dynamics predicted by pair cor-
relation dynamics in conjunction with one of the moment closures in Equations (21.12a)
to (21.12d) are superimposed in black. Parameters are the same as in Figure 21.1a,
except for (a) s.d. w(d)

11 = 0.15, s.d. m(b)
1 = 0.15; (b) s.d. w(d)

11 = 0.05, s.d. m(b)
1 = 0.05;

(c) s.d. w(d)
11 = 0.015, s.d. m(b)

1 = 0.15.
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Figure 21.8 Comparison of phase portraits of a two-species system with predictions by
candidate moment closures. Each panel shows trajectories of mean densities (N1, N2),
starting from a grid of 16 initial conditions. (a) Mean paths of the stochastic pro-
cess, averaged over 20 realizations. (b to e) Phase portraits predicted by pair correla-
tion dynamics in conjunction with one of the moment closures in Equations (21.12a) to
(21.12d): (b) power-1 closure; (c) asymmetric power-2 closure; (d) symmetric power-
2 closure; (e) power-3 closure. Notice that trajectories are projections from higher-
dimensional dynamics and may thus intersect one another; see also Figure 14.3. Pa-
rameters: b1 = b2 = 0.4, d1 = d2 = 0.2, d ′11 = d ′22 = 0.001, d ′12 = 0.005, d ′21 = 0.002,
s.d. w(d)

11 = s.d. w(d)
12 = s.d. w(d)

21 = s.d. w(d)
22 = s.d. m(b)

1 = 0.03, s.d. m(b)
2 = 0.2.
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portraits of the actual dynamics. In particular, only the asymmetric power-
2 closure captures the fine details of the phase portrait. Performance of the
power-1 closure is compromised by an instability at small densities, and the
power-3 closure even results in prediction of a wrong attractor.

The first test above (summarized in Figure 21.6) is independent of the
correlation dynamics and therefore directly probes the accuracy of the
moment closures. In contrast, the last two tests (recorded in Figures 21.7
and 21.8) rely on evaluations of the joint performance of closures and cor-
relation dynamics. While a benefit of the first test is its independence of
additional theory, more discriminating results and more direct relevance to
predictive quality are advantages of the latter pair. On the basis of these
tests, we have chosen the asymmetric power-2 closure for exploring eco-
logical processes in Chapter 14. There is, however, much to be learned
about moment closures, and we do not intend to suggest that this particu-
lar closure performs best under all circumstances. To gain further insight,
there appears to be no alternative to empirical tests for particular ecological
settings, in the manner of Figures 21.7 and 21.8.

21.5 Further Developments and Extensions
In this chapter we have derived a closed dynamical system for describing
spatially heterogeneous change in general ecological communities of inter-
acting species. Instead of considering the simultaneous dynamics of mean
and pair densities, Equations (21.9) and (21.10), we can further simplify
the description by using Equation (21.10) alone. This is possible because
Condition (C2), see Section 21.4, which is satisfied for small-scale spatial
patterns, implies lim|ξ |→∞ C̃ii (ξ) = N 2

i : consequently, information about
mean densities is implicit in the description of pair dynamics. After insert-
ing one of the moment closures from Equations (21.12), Equation (21.10)
represents the central result of this chapter and provides a powerful tool for
reducing the complexity of individual-based models. We have explained
how this result is based on the method of moments: expressing the essen-
tial degrees of freedom for a developing spatial pattern in terms of spa-
tial moments and truncating the resulting moment hierarchy using a suit-
able moment closure yields an approximation for the expected dynamics
of moments. The utility of such moment dynamics for describing and un-
derstanding ecological processes under spatial heterogeneity is examined
in Section 21.4; a variety of successful applications are also presented in
Chapter 14.
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To conclude this chapter, we briefly review several directions for further
elaborations on the method of moments. These extensions remove some
remaining restrictions of the results presented and broaden the scope of
ecological systems amenable to simplifying spatial complexity.

External heterogeneity and internal states

Moment dynamics can account for small-scale spatial heterogeneity in the
external environment of populations. As discussed in Section 4.3, which
variables are considered external to a system depends on how the system’s
boundaries are defined. On a short time scale, for example, the concen-
tration of soil nutrients in a spatially extended plant community may be
fixed in time and thus can be considered external to the system. In the long
run, however, we expect feedback between the dynamics of plants and nu-
trients. Another example is the effect that landscape patterns have on the
dispersal behavior of animals. Some butterflies, for instance, inhabit mead-
ows that arise in gaps created by forest fires, and while the meadows are
easily traversed, stretches of forest act as dispersal barriers. In this case,
there is no significant feedback between the dynamics of butterflies and
forest trees. With or without such feedback, spatial heterogeneity of en-
vironmental conditions encountered by a focal population can be formally
treated on par with the heterogeneity arising from the presence of extra
populations. Straightforward generalizations of Equations (21.10) there-
fore account for a population’s unfolding against the backdrop of a hetero-
geneous landscape. Salient state variables are the auto-correlations of the
focal population, complemented by the auto-correlations of environmental
conditions (these may be variable or fixed) as well as the cross-correlations
between the population and its environment. Moment dynamics of this
kind can provide insights into complex interactions between internal and
external mechanisms of ecological pattern formation.

Another extension of moment dynamics allows the incorporation of de-
tails about the state of individuals. For example, instead of characterizing
a population of trees just by the locations on which they are centered, the
size of each tree (height or crown diameter) can be accounted for as well.
Implications of asymmetric competition for light, for instance, can thus
be studied in spatially heterogeneous settings. Also, a plea for dynamic
neighborhoods (see Section 2.5) that vary with, for example, plant size can
be met in this way. Other such internal states by which location-based
information can be augmented are the age of individuals, their physiologi-
cal status, or their phenotype. In each case, pair correlation densities take
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two extra arguments, measuring the internal state of paired individuals in
addition to their distance. Merging physiologically structured and spatially
structured population models in such a way is not easy; yet, such integration
would bring models closer to the reality of field systems and is therefore an
important path to follow in developing ecological theory.

Fluctuation and correlation corrections

The importance of taking an “individual’s-eye view” in determining the re-
sponse of a population to its environment has already been emphasized. In
this context, we must realize that, for populations of finite density, any
bounded neighborhood around an individual will comprise only a finite
number of individuals. When numbers of neighbors are large, resulting
sampling variation is negligible. But for many systems, neighbors around
each individual are few enough for the latter to experience substantially
varying local environments. We thus have to ask whether and how such
fluctuations feed through to population dynamics and their description by
moment equations. The answer comes in three steps.

We observe, first, that local fluctuations do not bear on the expected
dynamics of moments if individuals respond linearly to the local densi-
ties of individuals in their surroundings. Equations (21.1a) and (21.1c) are
based on this assumption – per capita birth and death rates in these spa-
tial analogues of Lotka–Volterra competition depend linearly on the pattern
of individuals – and therefore no fluctuation-related terms arise in Equa-
tions (21.9) or (21.10). Under such circumstances, the mean response of a
population to a distribution of environments equals the response predicted
for the distribution mean; consequently, local fluctuations have no effect.

Second, even in the absence of spatial structure (i.e., without pair corre-
lations), the behavior of a well-mixed population of individuals that respond
nonlinearly to relatively small numbers of neighbors is different from that
of a population under mean-field conditions. A typical result is explained
in Box 21.5.

Third, we can investigate the implications of nonlinear responses of
individuals to local fluctuations in the presence of pair correlations.
Let us consider a single species for which per capita birth and death
rates are nonlinearly dependent on local densities, so that, analogous
to Equations (21.1a) and (21.1c), we have D(x, p) = d (n(x, p)) and
B(x, x ′, p) = b (n(x, p)) m(b)(x ′ − x), with local densities n(x, p) =∫

w(x ′′ − x)[p(x ′′)− δx(x ′′)]dx ′′. Under mean-field conditions, the global
mean density simply changes according to d

dt N = f (N )N , with a per
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Box 21.5 Fluctuation corrections in well-mixed systems

Even in the absence of spatial structure, fluctuations in the local environ-
ments of individuals can cause departures from mean-field predictions if
individuals respond nonlinearly to their environment.

As an example (R. Ferrière, personal communication; Leitner, unpub-
lished), consider a completely randomly distributed population of individ-
uals, whose recruitment from one season to the next is affected by the num-
ber of competing neighbors.

a
a

For a mean density N and a uniform weighting of competitors within a
neighborhood area a, the average number of neighbors equals aN . Around
this average, neighbor numbers vary according to a Poisson distribution:
the probability of finding n neighbors is Pn = 1

n! (aN )ne−aN . If we as-
sume that recruitment in the absence of any competition is R0 and that it de-
creases by a factor c with each competing neighbor, then for n neighbors we
have Rn = R0cn . The expected per capita offspring number is thus given
by 〈R〉 = ∑∞

n=0 Rn Pn = R0e−aN ∑∞
n=0

1
n! (acN )n = R0e−aN eacN =

eln R0−a(1−c)N . If the between-season dynamics depend entirely on recruit-
ment, the next season’s mean density is N ′ = N 〈R〉 = Ner(1−N/K ), with
r = ln R0 and K = ln R0

a(1−c) . This is the famous Ricker equation (Ricker
1954) and is quite different from N ′ = N R0caN , the result expected in the
absence of fluctuations.

Results of this type are also available for more complicated interac-
tions between individuals (Durrett and Levin 1994b; Czárán 1997) and are
always important if individuals respond nonlinearly to small numbers of
neighbors. Notice that even though the systems described by these mod-
els are assumed to be well mixed, the discreteness of individuals and the
finiteness of population densities can result in substantial departures from
mean-field predictions. To distinguish such corrections of mean-field re-
sults from those arising from spatial structure, we refer to the former as
fluctuation corrections and to the latter as correlation corrections.
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capita growth rate f = b − d . With local fluctuations and correlations,
however, reasoning analogous to that in Section 21.3 shows that the mean-
field result ought to be replaced with d

dt N = [ f (n̄) + 1
2σ

2 f ′′(n̄)]N , with
an average n̄ = N−1

∫
w(ξ)C̃(ξ)dξ and a variance σ 2 of local densities.

Comparing both dynamics for the global mean density, we observe two
corrections relative to the mean-field result. First, a correlation correc-
tion replaces the global mean density N with the average local density n̄
in the argument of the response function f . This reflects the fact that, in
the presence of correlations, the average environment around individuals is
different from the environment averaged over the entire habitat. Without
pair correlations, we have C̃(ξ) = N 2 [see Equation (21.11)], which yields
n̄ = N , thus recovering the mean-field result. Second, a fluctuation correc-
tion adds the extra term 1

2σ
2 f ′′(n̄) to the population’s response function.

Notice that the sign of the term and thus the direction of this correction de-
pends on the response function’s curvature at the average local density. We
also see that this term vanishes if there are no fluctuations in local densities
(σ 2 = 0) or if the response function is linear ( f ′′ = 0).

Other spatial statistics and further reductions of complexity

Low-order correlation densities often capture the essential degrees of free-
dom in spatial ecological processes. For isotropic systems, spatial com-
plexity can be simplified even further by considering angular averages of
pair densities, as explained in Section 21.3 and Figure 21.2. Such a trans-
formation of Equation (21.10) then describes pair densities as a function
of radial distance instead of vectorial distance. One further step in remov-
ing non-essential degrees of freedom can be accomplished by a short-range
expansion of Equation (21.10), approximating pair dynamics by the dy-
namics of intercept, slope, and curvature of pair densities at distance zero.
That slope in particular is often a good measure of a pattern’s correlation
length, characterizing how rapidly pair correlations decay with distance.
Correlation lengths can change in the course of ecological dynamics and
thus carry key information about patterns as well as processes.

These extensions emphasize that alternative kinds of spatial statistics
may be most appropriate for describing a given ecological system. In fact,
correlation functions are not the only choice of statistics suitable for sim-
plifying spatial complexity – for particular systems, other relaxation pro-
jections may offer superior performance. Chapter 15 provides an example
by constructing a patch-based approximation of a spatial host–parasite sys-
tem. Instead of tracing through time the probabilistic cellular-automaton
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dynamics of that system, only the expected average abundances of species
in patches of different types are considered, thus yielding a deterministic
description of substantially reduced complexity. Other examples are the so-
called local structure approximations of Hiebeler (1997) and the pair-edge
approximation of Ellner et al. (1998). The latter approach is especially
suited to a class of large-scale spatial patterns where two types of popu-
lations live in adjacent domains and a traveling invasion wave develops at
their interface (see also Chapters 16, 17, 22, and 23); for such patterns, the
position of the invasion front is the central degree of freedom.

This chapter has introduced a general theory of small-scale heterogene-
ity in ecological processes that is based on correlation densities. Eventu-
ally, a tool kit of successful relaxation projections and associated spatial
statistics should become available to help ecologists reduce various kinds
of complex spatio-temporal models to manageable approximations.

Appendix 21.A Derivation of Pair Dynamics
In this appendix we explain how to derive the dynamics of corrected pair densities,
presented in Equation (21.10).

The expected rates of change in corrected pair densities C̃i j (ξ) are determined
by the first jump moments of these densities, see Equation (21.6c),

d

dt
C̃i j (ξ) =

∫
ai j (ξ, p)P(p) dp , (21.13a)

with contributions coming from birth, death, and movement events,

ai j (ξ, p) = a(b)
i j (ξ, p)+ a(d)

i j (ξ, p)+ a(m)
i j (ξ, p) . (21.13b)

Let us focus on the birth contribution first. From Equation (21.6c) and Equa-
tion (21.2b), we have

a(b)
i j (ξ, p) =

∫ [
C̃i j (ξ, p′)− C̃i j (ξ, p)

]
×
∑

k

∫∫
Bk(x, x ′, p)pk(x)�(p + ukδx ′ − p′) dxdx ′dp′ ,

(21.14a)

which, after collapsing the integration over p′ using the definition of the general-
ized delta function (see Box 21.4), simplifies to

a(b)
i j (ξ, p) =

∑
k

∫∫ [
C̃i j (ξ, p + ukδx ′)− C̃i j (ξ, p)

]
× Bk(x, x ′, p)pk(x) dxdx ′ .

(21.14b)



21 · Relaxation Projections and the Method of Moments 453

With C̃i j (ξ, p + ukδx ′) = 1
A

∫
(p + ukδx ′)i (x)[(p + ukδx ′)j (x + ξ) − δi jδx (x +

ξ)] dx = 1
A

∫ [pi (x) + δikδx ′(x)][pj (x + ξ) + δjkδx ′(x + ξ) − δi jδ(ξ)] dx =
C̃i j (ξ, p)+ 1

A [δjk pi (x ′−ξ)+δik pj (x ′+ξ)+δikδjkδ(ξ)−δikδi jδ(ξ)] = C̃i j (ξ, p)+
1
A [δjk pi (x ′ − ξ)+ δik pj (x ′ + ξ)], we obtain

a(b)
i j (ξ, p) =
=
∑

k

1

A

∫∫ [
δjk pi (x ′−ξ)+δik pj (x ′+ξ)

]
Bk(x,x ′,p)pk(x)dxdx ′

= 1

A

∫∫ [
pi (x ′−ξ)Bj (x,x ′,p)pj (x)+ pj (x ′ + ξ)Bi (x,x ′,p)pi (x)

]
dxdx ′

= 1

A

∫∫
pi (x)pj (x ′+ξ)Bi (x,x ′,p)dxdx ′+〈i, j,ξ → j,i,−ξ〉 . (21.14c)

As in Equation (21.10), the expression 〈i, j, ξ → j, i,−ξ〉 is shorthand and stands
for all its preceding terms after changing i to j , j to i , and ξ to −ξ . Inserting Bi

according to Equation (21.1c) yields

a(b)
i j (ξ,p) = 1

A

∫∫
pi (x)pj (x ′+ ξ)

[
bi +

∑
k

b′ik

∫
w

(b)
ik (x ′′ − x)

× [pk(x ′′)− δikδx (x ′′)
]
dx ′′
]
m(b)

i (x ′− x)dxdx ′+ 〈i, j,ξ → j,i,−ξ〉 ,

(21.14d)

or, when separating terms for density-independent and density-dependent birth,

a(b)
i j (ξ, p) = + bi

1

A

∫∫
pi (x)pj (x ′ + ξ)m(b)

i (x ′ − x) dxdx ′

+
∑

k

b′ik
1

A

∫∫∫
pi (x)pj (x ′ + ξ)

× [pk(x ′′)− δikδx (x ′′)
]

m(b)
i (x ′ − x)w

(b)
ik (x ′′ − x) dxdx ′dx ′′

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.14e)

The x-integration of pi pj in the first term and of pi pj pk in the second resembles
the definitions of C̃i j and T̃i jk in Equation (21.4a) and (21.4b), respectively. For
full compatibility with integrands in these definitions, we must subtract (and then
add in again) one self-pair term for C̃i j , pi (x)pj (x ′ + ξ) = pi (x)[pj (x ′ + ξ) −
δi jδx (x ′ + ξ)] + pi (x)δi jδx (x ′ + ξ), and two such terms for T̃i jk , pi (x)pj (x ′ +
ξ)[pk(x ′′)− δikδx (x ′′)] = pi (x)[pj (x ′ + ξ)− δi jδx (x ′ + ξ)][pk(x ′′)− δikδx (x ′′)−
δjkδx ′+ξ (x ′′)] + pi (x)δi jδx (x ′ + ξ)[pk(x ′′)− δjkδx ′+ξ (x ′′)] + pi (x)[pj (x ′ + ξ)−
δi jδx (x ′ + ξ)]δjkδx ′+ξ (x ′′). With ξ ′ = x ′ − x and ξ ′′ = x ′′ − x , we thus obtain
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a(b)
i j (ξ, p) =+ bi

∫
m(b)

i (ξ ′)C̃i j (ξ + ξ ′, p) dξ ′

+ δi j bi m
(b)
i (−ξ)Ni (p)

+
∑

k

b′ik

∫∫
m(b)

i (ξ ′)w(b)
ik (ξ ′′)T̃i jk(ξ + ξ ′, ξ ′′, p) dξ ′dξ ′′

+ δi j m
(b)
i (−ξ)

∑
k

b′ik

∫
w

(b)
ik (ξ ′′)C̃ik(ξ

′′, p) dξ ′′

+ b′i j

∫
m(b)

i (ξ ′)w(b)
i j (ξ + ξ ′)C̃i j (ξ + ξ ′, p) dξ ′

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.14f)

We now turn to calculating the death contribution,

a(d)
i j (ξ, p) =

∑
k

∫ [
C̃i j (ξ, p − ukδx )− C̃i j (ξ, p)

]
Dk(x, p)pk(x) dx . (21.15a)

With C̃i j (ξ, p − ukδx ) = 1
A

∫ [pi (x ′) − δikδx (x ′)][pj (x ′ + ξ) − δjkδx (x ′ + ξ) −
δi jδ(ξ)] dx ′ = C̃i j (ξ, p) + 1

A [−δjk pi (x − ξ) − δik pj (x + ξ) + δikδjkδ(ξ) +
δikδi jδ(ξ)] = C̃i j (ξ, p)− 1

A {δik[pj (x+ ξ)− δjkδ(ξ)]+ δjk [pi (x− ξ)− δikδ(ξ)]},
we obtain

a(d)
i j (ξ, p) =− 1

A

∫
pi (x)

[
pj (x + ξ)− δi jδ(ξ)

]
Di (x, p) dx

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.15b)

After inserting Di according to Equation (21.1a), this yields

a(d)
i j (ξ, p) =− di

1

A

∫
pi (x)

[
pj (x + ξ)− δi jδ(ξ)

]
dx

−
∑

k

d ′ik
1

A

∫∫
pi (x)

[
pj (x + ξ)− δi jδ(ξ)

]
× [pk(x ′′)− δikδx (x ′′)

]
w

(d)
ik (x ′′ − x) dxdx ′′

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.15c)

Notice that the integral in the first term matches the definition of C̃i j . To achieve
full compatibility with the definition of T̃i jk in the second term, we subtract (and
then add in again) a self-pair term, as we did in calculating the birth contribu-
tion: pi (x)[pj (x + ξ) − δi jδ(ξ)][pk(x ′′) − δikδx (x ′′)] = pi (x)[pj (x + ξ) −
δi jδx (x + ξ)][pk(x ′′)− δikδx (x ′′)− δjkδx+ξ (x ′′)] + pi (x)[pj (x + ξ)− δi jδx (x +
ξ)]δjkδx+ξ (x ′′). With ξ ′′ = x ′′ − x , we arrive at

a(d)
i j (ξ, p) =− di C̃i j (ξ, p)

−
∑

k

d ′ik

∫
w

(d)
ik (ξ ′′)T̃i jk(ξ, ξ ′′, p) dξ ′′

− d ′i jw
(d)
i j (ξ)C̃i j (ξ, p)

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.15d)
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Finally, we calculate the contribution of movement events to the dynamics of
corrected pair densities,

a(m)
i j (ξ, p) =

∑
k

∫∫ [
C̃i j (ξ, p − ukδx + ukδx ′)− C̃i j (ξ, p)

]
× Mk(x, x ′, p)pk(x) dxdx ′ .

(21.16a)

With C̃i j (ξ, p − ukδx + ukδx ′) = 1
A

∫ [pi (x ′′)− δikδx (x ′′)+ δikδx ′(x ′′)][pj (x ′′ +
ξ)−δjkδx (x ′′+ξ)+δjkδx ′(x ′′+ξ)−δi jδ(ξ)] dx ′′ = C̃i j (ξ, p)+ 1

A [−δjk pi (x−ξ)+
δjk pi (x ′−ξ)−δik pj (x+ξ)+δikδjkδ(ξ)−δikδjkδx ′(x+ξ)+δikδi jδ(ξ)+δik pj (x ′+
ξ)− δikδjkδx (x ′ + ξ)+ δikδjkδ(ξ)− δikδi jδ(ξ)] = C̃i j (ξ, p)− 1

A {δik[pj (x ′ + ξ)−
pj (x + ξ)− δjkδx (x ′ + ξ)+ δjkδ(ξ)] + δjk [pi (x ′ − ξ)− pi (x − ξ)− δikδx (x ′ −
ξ)+ δikδ(ξ)]}, and with Mi (x, x ′, p) = mi (x ′ − x) from Equation (21.1b), we get

a(m)
i j (ξ, p) = + 1

A

∫∫
pi (x)

[
pj (x ′ + ξ)− pj (x + ξ)

− δi jδx (x ′ + ξ)+ δi jδ(ξ)
]
mi (x ′ − x) dxdx ′

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.16b)

For matching the definition of C̃i j , we rewrite this equation by splitting the integral
in two,

a(m)
i j (ξ, p) =+ 1

A

∫∫
pi (x)

[
pj (x ′ + ξ)− δi jδx (x ′ + ξ)

]
mi (x ′ − x) dxdx ′

− 1

A

∫∫
pi (x)

[
pj (x + ξ)− δi jδ(ξ)

]
mi (x ′ − x) dxdx ′

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.16c)

With ξ ′ = x ′ − x , this yields

a(m)
i j (ξ, p) =+

∫
mi (ξ

′)C̃i j (ξ + ξ ′, p) dξ ′

− C̃i j (ξ, p)

∫
mi (ξ

′) dξ ′

+ 〈i, j, ξ → j, i,−ξ〉 .

(21.16d)

Inserting the three results from Equations (21.14f), (21.15d), and (21.16d)
into Equations (21.13) recovers the dynamics of corrected pair densities,
Equation (21.10).
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