












Fig. 5. The effects of complex variance–covariance functions on evolutionarily singular foraging
strategies. (a) The variance–covariance function constraining the evolution of foraging strategy
is chosen such that evolutionary changes in foraging effort on one resource are positively correlated
with evolutionary changes in foraging effort on nearby resources, and negatively correlated
with changes further away; for the derivation of the particular function shown, see Dieckmann et al.
(2006). (b) For a smooth resource distribution, such covariances have no visually discernible effect
on the singular foraging strategy (thick curve; cf. with Fig. 1b). The thin curve shows the potential
intake rate p (computational inaccuracies cause some unevenness in the numerical results when
foraging effort is very low). However, for a highly variable resource distribution, the effects imposed
by the variance–covariance function can be large. In (c), the step function (thin curve) shows
the singular foraging strategy in the absence of genetic constraints. In the presence of genetic
constraints, this singular foraging strategy is not convergence stable. The convergence-stable
singular foraging strategy, in contrast, only roughly tracks the variability in resource abundance. (d)
Similar results are obtained when the resource distribution is smooth but rugged: unconstrained
(thin curve) and constrained (thick curve) singular foraging strategies differ, with this
difference increasing as the resource distribution becomes more fine-grained. In panels (c) and (d),
genetic constraints result in the violation of the ‘equal intake rule’, so that the potential intake rate
p varies along the gradient (thin curves at the bottom, with values multiplied by 5 for improved
visibility).
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We have applied three complementary methods (Dieckmann et al., 2006; Parvinen et al., 2006) for
finding evolutionarily singular foraging strategies. Solving the canonical equation of
adaptive dynamics, either analytically or numerically, is perhaps the most intuitive method.
Unfortunately, an analytical approach of this sort is often impossible as equations easily get
intractable. The numerical approach, in contrast, will always work, although it is usually
difficult to gain as many general insights into a model’s behaviour as when based on
analytical solutions; computational challenges might also occur. Both methods of solving
the canonical equation allow characterization of evolutionary transients and evolutionary
singularities. The third alternative is to use the calculus of variations. As we have seen in this
study, this method can provide analytical results even when solving the canonical equation
analytically proves impossible. The calculus of variations also allows characterizing the
second-order conditions that characterize the evolutionary stability of singularities
(Parvinen et al., 2006). The disadvantage of this method is that it can tell us nothing about
evolutionary transients, nor does it help to evaluate whether a particular singularity is
evolutionarily attractive in terms of convergence stability.

Function-valued traits naturally arise in many situations in which adaptations depend
on continuous variables describing an individual’s environment or state. Examples include
age- and size-dependent traits such as energy allocation strategies, and reaction norms in
response to environmental variables like temperature (see Kingsolver et al., 2001, for a review). Outside
biology, problems of optimal control and search have also called for function-valued
solutions (Pontryagin et al., 1962; Stone, 1975). Modelling the evolution of function-valued traits has
until recently relied on quantitative genetics or optimality models (e.g. Stearns and Koella, 1986;

Gomulkiewicz and Kirkpatrick, 1992; Beder and Gomulkiewicz, 1998). In practice, a limitation of these
approaches is that they over-simplify or ignore ecological feedback. While such a
simplification is often acceptable in experimental settings, which have motivated much of
the earlier work, understanding long-term evolution in natural systems requires accounting
for ecological feedback. This feedback is easily accounted for in the adaptive dynamics
approach, which is hence ideally suited for studying the evolution of foraging strategies
under frequency-dependent ecological interactions. Other models based on this framework
include evolutionary models of phenotypic plasticity (Ernande and Dieckmann, 2004), maturation
reaction norms (Ernande et al., 2004), metabolic investment strategies (Dieckmann et al., 2006;

Parvinen et al., 2006), and flowering phenology (Dieckmann et al., 2006).
Not unexpectedly, predictions of classical patch models (reviewed by Kacelnik et al., 1992) are

recovered for resource gradients, as long as the simplifying assumptions underlying those
models are maintained: at evolutionary equilibrium, resource intake is uniform across the
gradient, and the distribution of foraging effort is proportional to resource availability.
However, allowing for greater realism by relaxing these simplifying assumptions results in
systematic deviations from the classical predictions.

In the simplest possible setting, patches have just two attributes, resource abundance
and number of foragers. We have considered three additional attributes: mortality risks,
foraging costs, and resource qualities. The effects of mortality risks and foraging costs are
to divert foraging effort away from risky and costly resources, while high resource qualities
have the opposite effect. Interestingly, when measured in a common currency – that is, in
terms of fitness implications – these resource attributes affect the distribution of foraging
effort in a similar way: mortality risks (d), foraging costs (c), and resource quality (q) always
appear as one dimensionless compound variable (d + c)/q. This happens in our model
because these factors all affect the fitness benefits of foraging directly. If there were
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feedbacks – for example, through density-dependent mortality risks or through the
deterioration of resource quality caused by inducible defences – this simple relationship
would break down. We have found that whenever the ratio (d + c)/q varies along the
resource gradient, the classical prediction of equal intake breaks down. However, when
costs and benefits are measured properly, in terms of overall fitness benefits, these fitness
benefits are uniform along the resource gradient at evolutionary equilibrium. Interestingly,
Fretwell and Lucas (1970) had formulated their theory in terms of fitness, whereas the bulk of
the later literature has adopted resource intake as a surrogate measure of fitness.

While the importance of functional responses in predator–prey interactions has generally
been acknowledged (e.g. Abrams, 1982; Kacelnik et al., 1992), only a few models based on ideal free
distribution theory have incorporated non-linear functional responses (e.g. Sutherland, 1983;

Bernstein et al., 1988, 1991; Krivan, 1997, 2003). In particular, we are not aware of any systematic analysis
of the consequences of non-linear functional responses. An important caveat is to realize that
if equal potential intake rates are assumed, then non-linear functional responses will not
alter the predictions of forager distribution – as the functional response then amounts to no
more than a uniform transformation that does not alter the relative benefits of different
resources. More generally, however, the assumption of equal intake will not hold, so that
functional responses become crucially important for predicting foraging strategies. In
particular, based on any saturating functional response, such as one of Holling type II,
foragers cannot take full advantage of resources that provide high potential intake rates.
This tends to amplify any differences that exist in intake rates for other reasons. For
example, if some resources are more risky to forage on, they will be exposed to less foraging
effort than their renewal rate would suggest, and thus provide above-average intake rates.
This violation of the input matching rule is known as ‘undermatching’ (Baum, 1974) and is
commonly observed in empirical tests of ideal free distribution theory (Kennedy and Gray, 1993;

Giannico and Healey, 1999), as well as in models allowing for predation (McNamara and Houston, 1990;

Moody et al., 1996). In summary, while functional responses are not sufficient to explain
undermatching, they can significantly amplify it.

In this study, we have analysed two non-trivial settings for coupling the dynamics of
foragers and their resources that go beyond the existing literature. The first is based on pure
exploitation competition: foragers are only affected by each other through their collective
effect on the available amounts of resources. The second, more general, setting includes
interference in resource acquisition (as in the classic model) in addition to exploitation
competition. These alternative couplings result in qualitatively different predictions. Under
pure exploitation competition, some resources may not be used at all and thus remain at
their carrying capacity. If the ratio (d + c)/q is uniform across the gradient, all exploited
resources will have the same equilibrium biomass, irrespective of their intrinsic growth rate
or carrying capacity. When interference in resource acquisition is included, the equilibrium
resource biomasses roughly track variations in carrying capacities, but some resources may
be exploited to extinction. The distribution of foraging effort follows the equilibrium
resource biomasses in a way that is similar to the classic model, but now those biomasses
are determined jointly by foragers and resources. In contrast, under pure exploitation
competition, one should expect to observe no more than a weak correlation between
resource availability and foraging effort.

The classical models assume very specific and unusual resource dynamics. In these
so-called continuous input models, resources become available continuously and are
immediately consumed or otherwise disappear. The dynamics of resources and foragers are
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thus essentially decoupled, because foragers are not having any influence on resource
dynamics. Since resources are fully characterized by their renewal rates, which are assumed
to be constant in time, all changes in foraging conditions are caused by the foragers
themselves. Such continuous input systems are probably uncommon in nature (Kacelnik et al.,

1992; Tregenza, 1994). Nevertheless, attempts to include more realistic resource dynamics and
coupling them to forager dynamics are surprisingly rare. Lessells (1995) considered a model in
which the harvestable biomass produced by resources at a constant rate could accumulate in
patches. While this is more realistic than the classical assumption, as resources here need
not be consumed immediately, the model still remains rather special because resource
populations are not influenced by foragers. Also, equal intake in Lessells’s model was taken
as an assumption rather than obtained as an evolutionary outcome. Realistic resource
dynamics seem to have been studied for the first time by Frischknecht (1996), although this
model focused on comparing pre-defined rules for the switching of foragers between
resource patches. Adler et al. (2001) studied the consequences of variable forager body size on
foraging strategies in a model that also included resource dynamics. Their focus, however,
was on analysing the interactions between differently sized foragers, rather than on connect-
ing resource dynamics to forager dynamics. Krivan (2003) presented a patch model that is
similar to our model with resource dynamics and pure exploitation competition among
foragers, but without including forager dynamics. Krivan’s results are broadly in agreement
with ours in that the distribution of foraging effort is proportional to the intrinsic growth
rates of resources. He also predicts that some resources may not be used at all and thus stay
at their carrying capacity. In another study, Krivan (1997) presented a two-patch model in
which both the predator and the prey were dynamic, coupled through a linear functional
response. This study’s focus, however, was on how adaptive foraging behaviour affected
predator–prey dynamics. Our study thus appears to be the first to systematically compare
evolution of foraging strategies under both trivial and more realistic coupling between
resource dynamics and forager dynamics.

It is typically expected that the selection gradient at evolutionary equilibrium becomes
uniform, and remains positive, across the whole resource gradient. This expectation can be
seen as the appropriate generalization of the input matching rule, with fitness benefits being
matched instead of resource intake. Our results show, however, that the selection gradient
does not become uniform when genetic constraints prevent foragers from accurately
tracking variability in resource availability. This is realistic, as perfect adaptation is usually
very costly and often impossible (Egas et al., 2005). Some relevant costs can indeed be captured
as genetic constraints due to antagonistic side-effects of feasible mutations that would
improve foraging effort on a particular resource. Moreover, genetic constraints of the more
sophisticated type presented in Fig. 5a can probably even approximate the effect of certain
other types of costs for which distances along the gradient matter. Prominent examples in
this category are movement costs (Bernstein et al., 1991). Also, imperfect information (Bernstein et al.,

1988) could result in a smoothing of actual foraging strategies relative to the ‘perfect’ one
akin to our results shown in Fig. 5.

Several factors were not considered in our study. The first is density dependence in the
death rates of foragers. For example, per capita death rate may increase when many
individuals utilize the same resource (Moody et al., 1996). Second, resource abundance may show
temporal variability owing to environmental fluctuations. While our framework is deter-
ministic, some progress in understanding the consequences of such variability could
probably be made without resorting to numerical methods, by describing variability along
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the lines developed, for example, by Earn and Johnstone (1997) and Hakoyama (2003). Third,
individual differences between foragers have been shown to have important effects on their
distribution across patches (e.g. Parker and Sutherland, 1986; Grand and Dill, 1999; Adler et al., 2001), but the
approach we have developed here is not suited to highly polymorphic forager populations.
Fourth, we have assumed that the coupling of foraging across different resources occurs
only through total effort constraints and genetic constraints. In addition to movement costs,
information limitations, and non-localized competition (Bernstein et al., 1988, 1991; Sasaki, 1997),
other mechanisms may couple foraging efforts on adjacent or similar resources. For
example, it is conceivable that saturation effects represented by functional responses jointly
apply to groups of resources.

Most earlier work on the distribution of foragers in heterogeneous environments has
been based on models assuming just two patches. This often suffices to capture some general
effects of spatial structure, so that a higher number of patches would only seem to make
analyses more difficult. One might therefore think that moving up from two patches to a
gradient with an infinite number of resources would be unwieldy and intractable. This,
however, turns out not to be the case. Aided by recently developed tools for analysing
the evolutionary dynamics of function-valued traits (Dieckmann et al., 2006; Parvinen et al., 2006), we
could obtain analytical results even for models that include generic functional responses
and resource dynamics fully coupled with forager dynamics.

Our results highlight several issues that impinge on empirical studies of consumer–
resource interactions. First, the ecological interactions involved in foraging have a profound
impact on observable relationships between foraging effort, potential and actual intake
rates, and resource biomass. For example, different resource types may stay unused depend-
ing on whether or not foragers experience interference competition. Second, when mortality
risks (d), foraging costs (c), and resource qualities (q) are measured in a common currency,
in terms of their fitness implications, they affect the distribution of foraging effort only
jointly, appearing as a single dimensionless compound variable (d + c)/q. Third, hetero-
geneity in any of these three resource attributes suffices to invalidate the input-matching
rule and the equal-intake prediction. When mortality risks, foraging costs, and/or resource
qualities are heterogeneous, experimental and observational studies cannot be designed or
interpreted without accounting for such heterogeneity.
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APPENDIX 1: USING THE CANONICAL EQUATION FOR FINDING
EVOLUTIONARILY SINGULAR FORAGING STRATEGIES

The selection gradient is obtained by taking the functional derivative of the fitness function
in equation (2) with respect to the mutant strategy x�,

gx(a) =
∂

∂ ε
r(x + εδa, x) � = 0, (19)

where δa refers to the Dirac delta function peaked at a (Dieckmann et al., 2006). When evaluating
this expression, the epsilon derivative is to be taken before the integral over a is collapsed

with the help of δa. For an evolutionary singularity x*, 
d

dt
x*(a) = 0 must hold for all a.

‘Classical’ ideal free foraging

The selection gradient and the corresponding canonical equation for the classical model are
given by equations (5) and (6), respectively. The right-hand side of equation (6) equals zero
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if 
r0(a)

x*(a)
= �

r0(a�)

x*(a�)
da�. The evolutionarily singular foraging strategy is obtained from this

equation by exploiting the fact that the integral on its right-hand side is a single number that
is independent of a. Denoting this number by C, we get x*(a) = r0(a)/C. Because we have
shown before that the evolutionarily singular foraging strategy implies using all foraging
effort, it has to satisfy the constraint ∫x*(a)da = 1. We can thus solve for the unknown
parameter C, yielding C = ∫r0(a)da, and thereby recover equation (7).

Heterogeneous mortality risks and foraging costs

When death rates are not uniform (d(a) > 0 for some or all a), the selection gradient is

gx(a) =
r0(a)

n̂(x)x(a)
− d(a). By inserting this expression into the canonical equation (4) and

assuming the simple variance–covariance function σ2
x(a, a�) = σ

2[δ(a − a�) − 1] (Dieckmann et al.,

2006), we see that the singularity x* must now satisfy 
r0(a)

x*(a)
− d(a) = � �

r0(a�)

x*(a�)
− d(a�)�da�.

Again, the right-hand side of this equation is a constant that we denote by C. We thus get
an expression for the singularity that contains one unknown parameter, x*(a) = r0(a)/
[n̂(x*)(d(a) + C)]. Using the equality r(x*, x*) = 0, we can show that C = d0/∫x*(a)da. Since
the selection gradient in this model can be negative, we cannot immediately see whether
the singularity involves using all effort. However, if ∫x(a)da < 1, then the fitness r(x�, x) of
mutants x� with ∫x�(a)da = 1 is always positive. The evolutionary singularity must thus
imply using all effort, so that C = d0 and equation (9) is recovered. We also see that when
∫x*(a)da = 1, the fitness r(x�, x*) is zero for all mutants x� that do not waste effort and
negative for all mutants that do so; x* is thus neutrally evolutionarily stable.

When foraging costs are not uniform (c(a) > 0), the analysis proceeds in exactly the same
way as described above for mortality risks.

Heterogeneous resource qualities

The analysis proceeds in very much the same way when heterogeneous resource qualities

are considered. The selection gradient is gx(a) =
r0(a)(q(a) + q0)

n̂(x)x(a)
− d(a), and the same line of

argument as described above can be used to show that the singularity is of the form
x*(a) = r0(a)(q(a) + q0)/[n̂(x*)(d(a) + C)]. Again, one finds that the singularity implies using
all effort, so that C = d0 and equation (10) is recovered.

APPENDIX 2: USING THE CALCULUS OF VARIATIONS FOR FINDING
EVOLUTIONARILY SINGULAR FORAGING STRATEGIES

The calculus of variations is a mathematical optimization technique that has recently been
adopted to determine evolutionary singularities of function-valued traits (Parvinen et al., 2006).
This is based on noting that evolutionarily singular strategies are local fitness extrema,
∂

∂x�
r(x�, x*)

x� = x*
= 0, that also correspond to ecological equilibria, r(x*, x*) = 0. For the
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problems analysed here, local and global inequality constraints of the form x(a) ≥ 0 and
∫x(a)da ≤ 1 apply, and we therefore follow the corresponding line of analysis given
in Section 2.3.2 of Parvinen et al. (2006). We must thus solve so-called Euler-Lagrange

equations 
∂

∂x�
L

x� = x*
= 0, where L is the problem’s Lagrange function. For our problems,

this means solving equations of the form 
∂

∂x�
ρ

x� = x*
= λ, where ρ is the integrand of the

fitness function in equation (2) and λ is known as a Lagrange multiplier.

Non-linear functional responses

The fitness function is given by equation (2). Initially, we have local and global inequality
constraints x(a) ≥ 0 and ∫x(a)da ≤ 1. However, as we shall see below, for a singular strategy
x* the latter constraint is satisfied with equality ∫x*(a)da = 1. The Euler-Lagrange equation
is then

f � r0(a)

n̂(x*)x*(a) � − d(a) = λ. (20)

Since the function f is continuous and monotonically increasing, a unique inverse function

f −1 exists. We can thus rearrange the equation above to yield f � r0(a)

n̂(x*)x*(a) � = λ + d(a) and

then apply the inverse function on both sides. Solving for x*(a) yields

x*(a) =
r0(a)

n̂(x*) f −1 (λ + d(a))
. (21)

The value of the parameter λ ≥ 0 is specified by the equality ∫x*(a) da = 1, if it holds.
Otherwise, λ = 0 and the inequality ∫x*(a) da < 1 holds instead.

Now the condition r(x*, x*) = 0 implies

r(x*, x*) = �x*(a)[ f ( f −1 (λ + d(a))) − d(a)] da − d0 = λ �x*(a)da − d0 = 0. (22)

If we had λ = 0, r(x*, x*) = −d0 ≠ 0 would follow. As this is impossible, we must have λ > 0,
so that the equality ∫x*(a) da = 1 holds. Therefore, we can infer from equation (22) that
λ = d0. From equation (21), we then obtain the evolutionarily singular foraging strategy as

x*(a) =
r0(a)

n̂(x*) f −1 (d0 + d(a))
, (23)

thus recovering equation (11). As we now know that ∫x*(a)da = 1, we can exploit that
condition to solve for the equilibrium population size n̂(x*) using equation (23).

The fitness r(x�, x*) of a mutant x� when the resident is at the singularity x* is found by
noting that the potential intake rate in that case is simply given by p(a) = f −1(d0 + d(a)). This
is the argument of the function f in equation (2) and thus allows simplification of that
equation so as to yield equation (8).
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Dynamic resources: exploitation competition with interference in resource acquisition

The starting point for this analysis is very similar to the derivation above, with the main
difference being that the constant renewal rates r0(a) are replaced with the dynamic resource
biomasses Bx(a). The Euler-Lagrange equation is thus given by

f � hB̂(x*, a)

n̂(x*)x*(a) � − d(a) = λ. (24)

This leads to an equation for the singularity similar to equation (21), except that this time
the result contains three unknowns, n̂(x*), λ, and B̂(x*, a):

x*(a) =
hB̂(x*, a)

n̂(x*) f −1(λ + d(a))
. (25)

To determine these unknowns, we first solve for the equilibrium resource biomasses by

setting 
d

dt
 B̂(x*, a) = 0. The term in equation (13) corresponding to the removal of resource

biomass by foragers can be greatly simplified by taking advantage of equation (25) twice,
yielding equation (14). This result can now be inserted into equation (25). The rest of the
analysis, to obtain λ and n̂(x*), proceeds as for the previous example.

Dynamic resources: exploitation competition without
interference in resource acquisition

The Euler-Lagrange equation is given by

f (B̂(x*, a)) − d(a) = λ. (26)

Solving this equation for B̂(x*, a), we recover equation (17). Inserting the result into
r(x*, x*) = 0 and solving for λ yields λ = d0. The result that λ ≠ 0 means that the singularity
implies no wasting of effort, ∫x*(a)da = 1. The singularity can be found by setting
d

dt
 B̂(x*, a) = 0 and solving for x*, yielding equation (18).
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