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Figure 3: Geometric analysis of first example. The two phenotypic components x, and x, measure survival probabilities in two alternative habitats.
A-boundaries are shown as thin lines, I-boundaries as dashed lines, and trade-off curves as thick lines; arrows indicate the direction of the local
selection gradient. Shading visualizes the potential for evolutionary branching, as measured by C, — C; (white, branching impossible, C, — C; < 0;
gray, branching possible, C, — C, > 0; darkest gray, highest values of C, — G). A, In the left column, the recruitment fraction from habitat 1 is
¢, = 0.5. Comparing the geometric signatures in this diagram to those in figure 2 shows that, in this model, all points (x,, x,) can be alternatively
turned into a continuously stable strategy, an invasible repellor, or an evolutionary branching point; this only requires that the trade-off’s shape be
chosen appropriately. On the other hand, no trade-off whatsoever can induce a Garden of Eden configuration here. In addition, the potential for
evolutionary branching turns out to be highest when the two survival probabilities x, and x, are low. B, Enlargement of the boxed area in A. For
three different trade-off curves, the resulting evolutionarily singular strategies are shown by solid circles. Trade-off R induces an invasible repellor,
trade-off B an evolutionary branching point, and trade-off C a continuously stable strategy. C, In the right column, the recruitment fraction ¢, from
habitat 1 has been reduced to ¢, = 0.35: in response to this environmental change, A- and I-boundaries become shallower. The altered geometry
implies that, for all trade-off curves, there now is a stronger selection pressure toward survival in habitat 2. Also, as shown by the shading, evolutionary
branching now is more likely when survival in habitat 2 exceeds survival in habitat 1. D, Enlargement of the boxed area in C. Along trade-off R,
a larger set of initial phenotypes (left of the repellor) will now evolve toward high survival in habitat 2. Along trade-off B1, no evolutionary branching
is possible any more; instead, evolution simply seeks to maximize survival in habitat 2. Trade-off B2 gives an example of a curve shape that induces
evolutionary branching under the altered environmental conditions. The continuously stable strategy along trade-off curve C moves left and up,
corresponding to enhanced survival in habitat 2 at the cost of diminished survival in habitat 1. “Two Illustrative Examples” provides further details
about the first example.
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point, which requires C; < C; < C,. We can therefore vi-
sualize the potential for evolutionary branching by de-
picting the difference C, — C, through gray scales in trait
space, with white indicating all negative values and 0 and
with the darkest gray corresponding to the maximal dif-
ference and thus to the highest potential for evolutionary
branching. This method is particularly useful for assessing
through which parts of trait space a trade-off curve has
to pass and which shape it has to possess there for it to
induce a population-level polymorphism.

Notice that once the potential for dimorphism has been
established, the corresponding dimorphic evolutionary at-
tractor is determined by considering the invasion fitness
f(x', x,, x,) of phenotypes x’ in a dimorphic population
dominated by phenotypes x, and x,. Analytical details are
explained elsewhere (e.g., Geritz et al. 1998), and no geo-
metric method appears to exist as yet to replace the es-
tablished analytical techniques.

Two Illustrative Examples

As a deliberately simple first example, we consider an an-
nual organism in an environment consisting of two types
of habitat, where the two probabilities x; to survive in
habitat i = 1, 2 can change evolutionarily. While it is nat-
ural to assume that a trade-off exists between these survival
probabilities, we do not wish to restrict ourselves to any
ad hoc choice. At the beginning of seasons, individuals are
randomly distributed across habitats, and at the season’s
end, a fixed number of randomly selected individuals are
recruited from each habitat, with a fraction ¢, coming from
habitat 1 and a fraction ¢, = 1 — ¢, coming from habitat
2. We now consider a phenotype x’ at frequency p in a
population with resident phenotype x at frequency q =
1 — p. At the end of the season, the frequency of x’ is thus
given by p = ¢, pxi/(px, + gx,) + c,pxi/(pxs + gx,).
Phenotype x’ increases in frequency if its per capita growth
rate, log (p/p), is positive. The invasion fitness of x" in the
environment set by x is its per capita growth rate when
rare (p = 0), f(x', x) = log(c,x1/x, + c,x5/x,).

Results of our geometric analysis are presented in figure
3. Inspection of diagrams like figure 3A and 3B reveals
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that for any value of ¢, any point in trait space can be
turned into a continuously stable strategy, an invasible
repellor, or an evolutionary branching point if only the
trade-off between x, and x, is chosen appropriately. By
contrast, in this model, no choice of trade-off can ever
bring about a Garden of Eden configuration. In addition,
the distribution of gray scales highlights that evolutionary
branching points become more likely if the evolutionarily
singular survival probabilities induced by a trade-off are
low and proportional to recruitment, x,/x, = c,/c,.

We can also easily draw the following comprehensive
conclusions concerning the implications of particular
trade-off shapes. A continuously stable strategy arises for
all convex trade-offs (trade-offs Cin fig. 3C, 3D) and also
for linear trade-offs, as used, for example, by de Meeus
and Goudet (2000). Slightly concave trade-offs will result
in evolutionary branching points (trade-offs B! in fig. 3C
and B2 in fig. 3D). It can even be shown (both analytically
and geometrically) that the particular trade-off shape re-
sulting from normally distributed utilization along a one-
dimensional phenotypic axis, as used by Kisdi and Geritz
(2001), can lead only to either continuously stable strat-
egies or evolutionary branching points. By contrast, our
geometric analysis shows that any trade-off that, at the
singular phenotype it induces, is more concave than the
local A-boundary brings about an invasible repellor (trade-
offs Rin fig. 3C, 3D). This last possibility was systematically
overlooked in previous work on this model, through which
only particular trade-off families were analyzed.

An important additional feature of the geometric anal-
ysis is that it allows predicting, independently of trade-off
shape, how environmental change affects evolutionary
outcomes. The transition from figure 3C to figure 3D il-
lustrates the effect of decreasing the fraction ¢, of indi-
viduals recruited from habitat 1: it results in shallower A-
boundaries throughout trait space. Given the direction of
the local selection gradient, this means that there will be
selection for a higher survival in habitat 2 at the expense
of a lower survival in habitat 1, whatever the shape of the
trade-off curve. Accordingly, along trade-off C, the con-
tinuously stable strategy shifts left. Along the slightly con-
cave trade-off BI, no slope matches the new A-boundaries

Figure 4: Geometric analysis of second example. The two phenotypic componentsx, and x, simultaneously affect carrying capacity and competition
strength. The degree of niche partitioning in both habitats is measured by 1/¢°. Lines, arrows, and shading are as specified in figure 3. A, Case
o° = o corresponds to the absence of niche partitioning: evolutionary branching is impossible. For 0” < o, all four types of evolutionarily singular
strategies displayed in figure 3 can be induced by trade-off curves of suitable position and shape. B with ¢ = 5 and C with ¢° = 3 show how the
degree of niche partitioning affects the geometry of A- and I-boundaries and thus the evolutionary outcomes that trade-offs can induce. Notice
that no trade-off curve can induce evolutionary branching in the white area, which shrinks as niche partitioning increases; by contrast, only inside
that area can trade-offs induce Garden of Eden configurations. D—F show evolutionary outcomes resulting from the selection pressures in C in
conjunction with different trade-off curves. Other parameters used arec, = 0.5 and k = r = 1. Further explanations concerning the second example

are provided in “Two Illustrative Examples.”
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such that the evolutionary branching point on BI disap-
pears and is replaced by directional evolution to the left
(trade-off B2 illustrates that evolutionary branching points
can yet be induced by a different trade-off shape). Finally,
along the more strongly concave trade-off R, the invasible
repellor shifts to the right, thus increasing the basin of
attraction of the phenotype maximizing survival in habitat
2.

In our second example, we consider an organism living
in an environment consisting of two habitat types and
possessing two phenotypic components x;, i = 1, 2. This
time, the environment is aseasonal: individuals randomly
encounter the two habitat types with probability ¢, ex-
perience the same intrinsic per capita growth rate rin each
habitat, and are density regulated through symmetric
Lotka-Volterra competition. The carrying capacity of phe-
notypes in each habitat differs according to K{x) = kx,
where k is a scaling factor. We assume that the competition
coefficients between two different phenotypes are high-
est for similar phenotypes, a,/x’,x) = exp [—(1/2)(x; —
x;)’/0*], where 1/0° measures the degree of niche parti-
tioning in both habitats. With the equilibrium densities
of a monomorphic resident population with phenotype x
thus given by K(x) and K,(x), the invasion fitness
of a rare phenotype x’ is obtained as f(x',x) = ¢,r[l —
a,(x’, ) K, (x)/K,(x")] + ¢,r[l — a,(x’, x) K,(x)/K,(x")]. Con-
trary to the first example, the relative contribution of each
habitat is thus no longer fixed but instead varies with
phenotype.

For ¢ = oo, competitive outcomes between phenotypes
depend on only the ratio of their carrying capacities. Once
established, phenotypes with higher carrying capacities are
better able to suppress the growth of potential invaders.
Therefore, phenotypes that can be reached through gradual
evolution cannot be reached through direct invasion. As
shown in figure 44, this leads to the possibility of Garden
of Eden configurations. Niche partitioning occurs for
0® < » and yields an advantage to rarity, since competition
between different phenotypes is then weaker than com-
petition among them. Accordingly, the potential for en-
countering evolutionary branching points increases as o°
decreases; this is illustrated in figure 4B (¢ = 5) and 4C
(o0 = 3). Figure 4D shows that, contrary to Levins’s con-
clusion for evolution under frequency-independent selec-
tion, polymorphisms can originate from a convex trade-
off. As mentioned before, this only requires that the
I-boundaries are also convex with a curvature lower than
that of the trade-off curve. Figure 4E demonstrates that,
again contrary to Levins’s conclusion, the combination of
a concave trade-off and concave fitness contours can result
in monomorphic evolutionary outcomes. For this to hap-
pen, the concave A- and I-boundaries just have to possess
a larger curvature than the trade-off curve. Finally, figure

4F illustrates how trade-offs with more intricate shapes
can induce complex forms of evolutionary bistability, in
this case between a continuously stable strategy and an
evolutionary branching point. All conclusions obtained
above through geometric inspection can be derived ana-
Iytically using the tools described in appendix A.

Discussion

We have introduced a systematic framework for geomet-
rically understanding constrained two-dimensional life-
history evolution under frequency-dependent selection.
The method enables us to visualize in phenotypic space
three important characteristics of frequency-dependent se-
lection: A-boundaries show phenotypes attainable by small
evolutionary steps, I-boundaries show phenotypes that can
invade an established resident, and shading shows the po-
tential for evolutionary branching (as in fig. 34, 3B; fig.
4A-4C). Possible trade-off curves can then be superim-
posed to visualize evolutionary outcomes easily (as in fig.
3C, 3D; fig. 4D-4F). Since the particular shapes of most
life-history trade-offs are uncertain and often controver-
sial, we propose the following advantages of this analysis:
first, evolutionary implications of all relevant trade-off
shapes can be analyzed in one go; second, evolutionary
outcomes overlooked in earlier analysis based on specific
trade-offs can be revealed; third, evolutionary conclusions
are robust to variations within the classes of trade-off
shapes delineated by the analysis itself; and fourth, qual-
itative effects of environmental changes on evolutionary
outcomes can be derived independently of the trade-off
considered. Our framework thus brings a vast range of
fundamental life-history questions involving frequency de-
pendence into the remit of a geometric method that can
separate between the evolutionary implications of selection
pressures and of adaptive constraints. Any life-history
trade-off involving two evolutionarily variable continuous
phenotypes can thus be investigated. Naturally, life-history
trade-offs critically involving three or more independent
phenotypic components are not amenable to a geometric
analysis based on two-dimensional diagrams.

It may sometimes be desirable to extend the approach
presented here to situations in which the gradual evolution
of a two-dimensional phenotype x is described by
dx/dt o< v(x) - g(x), where g is the local selection gradient
and v equals either a population’s genetic variance-
covariance matrix (quantitative genetics approach) or the
variance-covariance matrix assumed for the distribution
of evolutionary innovations (adaptive dynamics ap-
proach). Our geometric framework can accommodate this
generalization simply by plotting the vectors v - g instead
of g in diagrams like figures 3 and 4. Notice that, while
this may affect which parts of a trade-off curve or which



interior singular phenotypes are evolutionarily attracting
(Leimar 2001), evolution along a trade-off curve is one-
dimensional and consequently does not involve a variance-
covariance matrix.

Evolutionary responses to frequency-dependent disrup-
tive selection and thus establishment of population-level
polymorphisms differ in models based alternatively on
quantitative genetics or adaptive dynamics. In general,
asexual populations are bound to become bimodal in re-
sponse to disruptive selection, while such evolution may
be prevented in sexual populations through segregation
and recombination (Felsenstein 1981). In the quantitative
genetics approach based on Lande (1979), the assumption
of normally distributed phenotypes with constant vari-
ances precludes evolution of bimodality; this approach is
thus more geared to sexual organisms. By contrast, the
bimodalities that can arise in asexual organisms are well
described by the adaptive dynamics approach. Yet, it has
recently been highlighted that sexual populations can also
become bimodal through frequency-dependent disruptive
selection as long as mating between the two modes is (or
evolves to become) sufficiently assortative (e.g., Johnson
et al. 1996; Dieckmann and Doebeli 1999). Addressing
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questions of this nature requires genetically explicit mod-
eling, which is beyond our scope here.

Finally, we would like to draw attention to the power
of the analytical counterpart of the geometric approach
introduced here. Especially for life-history models involv-
ing a multitude of parameters or trade-offs, it can be ad-
vantageous to replace the visual inspection of diagrams by
derivations and proofs. Appendix A provides the tools
necessary for such analyses.

Acknowledgments

U.D. gratefully acknowledges financial support by the Aus-
trian Science Fund; by the Austrian Federal Ministry of
Education, Science, and Cultural Affairs; and by the Eu-
ropean Research Training Network ModLife (Modern Life-
History Theory and Its Application to the Management
of Natural Resources), funded through the Human Po-
tential Programme of the European Commission. We
thank B. Clark, D. Murrell, and two anonymous reviewers
for helpful comments on a previous version of this
manuscript.

APPENDIX A

Analytical Methods

Analysis of constrained life-history evolution of phenotypes x = (x,, x,) under frequency-dependent selection is based
on a function f(x’, x) describing invasion fitness and on one or more trade-off curves. The local selection gradient
resulting from fis g(x) = (g(x), &:(¥) = (Offx], affax))],_.

A trade-off curve T = {(x,, X1,)} demarcates the feasible part of trait space. It can be represented either explicitly,
Xp, = T(xq,), or parametrically, x, = (7,(p), 7,(p)). Its slope at x. is S; = T'(x,) or S; = 7,(p)/7/(p), and its curvature
there is C; = oT"(x;)[1 + T?(x;)] 7 or C; = w[r/(p)7)(p) — 7 (P)T(PIr*(p) + 772(p)] > (Lelong-Ferrand and Ar-
naudies 1977). The orientation factor w realizes our sign convention for curvatures, w = sgn g,(x).

The A-boundary of phenotype x, denoted A(x) = {(x,,, x,,)}, demarcates the region of phenotypes reachable from
x through gradual directional evolution. Being everywhere orthogonal to the local selection gradient g, it has the slope
of ¢'s normal and hence solves the differential equation x,(x,,) = —g(x,)/g,(x,) with initial condition x,,(x,) = x,.
Accordingly, its slope at x is S, = —g,(x)/g,(x), and its curvature there is C, = w(3S,/dx, + S,3S,/9x,)(1 + Sp)~*".

The I-boundary of x, I(x) = {x;|f(x,, x) = 0}, demarcates the invader set of x, that is, the region of phenotypes
able to invade x. Its slope at x is S, = S,, and its curvature there is C, = —w(@*f/dx;> + 2S,0°flox|0x}, +
S flax)afiax) (1 + S 7 _,

A phenotype x; along a trade-off curve is evolutionarily singular iff S, = S; = S; at x,. It is convergence stable
iff C; < C, at x, and it is locally evolutionarily stable iff C;. < C; at x;. This means that x; is a continuously stable
strategy iff C; < C,, C,, an invasible repellor iff C,, C, < C;, a Garden of Eden configuration iff C, < C; < C,, and an
evolutionary branching point iff C; < C < C,. In particular, evolutionary branching points can occur only at phenotypes
x; at which C, — C,> 0.

Some models may incorporate more than a single trade-off, which may cause evolution to converge on interior
attractors without ever being constrained by the focal trade-off. Analyses of multidimensional adaptive dynamics are
then required; these are not the focus of this article and are addressed elsewhere (Dieckmann and Law 1996; Leimar
2001; Meszéna et al. 2001).
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Performance in environment 2

Performance in environment 1

Figure B1: Evolutionary outcomes in Levins’s original geometric analysis. Thin continuous lines are contours of the adaptive function, while thick
lines are fitness sets. Arrows indicate the direction of the local selection gradient, and solid circles show the evolutionary outcomes. A, If the fitness
set is convex, a single generalist evolves. B, If the fitness set is concave and the adaptive function linear, a single specialist evolves. C, If the fitness
set is concave and the adaptive function hyperbolic, a mixture of two specialist strategies evolves.

APPENDIX B

Classical Fitness Set Analysis

Richard Levins’s fitness set analysis was inspired by his interest in the adaptation of organisms exposed to heterogeneous
environments. Levins initially focused on the situation in which an organism has access to two habitats or niches
requiring differential adaptation. By considering an organism’s performance in these two environments, Levins defined
a two-dimensional trait space, spanned by the components of fitness in each environment. Two different quantities
are then considered (Levins 1962a). First is the fitness set, which simply is the subset of trait space allowed by a trade-
off or constraint. Only combinations of performances lying inside the fitness set are feasible and can thus be reached
by evolution of those performances. Second is the adaptive function. Restricting attention to frequency-independent
selection, this function is defined for all points in trait space and measures the organism’s fitness in the heterogeneous
environment resulting from its performance in the two separate habitats.

Relying on the notion of adaptive evolution maximizing frequency-independent fitness, Levins reached the following
conclusions about expected evolutionary outcomes. When the fitness set is convex (looking along the main diagonal
toward the origin), a single generalist evolves (fig. BLA). When the fitness set is concave and the adaptive function is
linear, a single specialist evolves (fig. B1B). When the fitness set is concave and the adaptive function is hyperbolic, a
mixture of two specialist strategies evolves (fig. B1C). This can correspond to either an individual-level mixed strategy
(in which each individual probabilistically switches between two pure strategies) or a population-level mixed strategy
(in which two different phenotypes coexist in a dimorphism). Like in evolutionary game theory (Maynard Smith 1982),
these two biologically quite distinct situations are formally equivalent in Levins’s approach.

APPENDIX C

Comparison of Approaches

Two critical modifications are required for extending Levins’s geometric approach to frequency-dependent selection.
First, components of fitness can no longer be used as axes defining a population’s trait space: since the fitness of an
organism no longer depends only on its own phenotype but also on those in the remainder of its population, fitness
components no longer uniquely characterize a phenotype. Our new framework is therefore directly based on the
underlying phenotypic traits; these same axes are also traditionally used to define adaptive landscapes. As a result of
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this change of axes, Levins’s fitness sets are replaced by the more general notion of trade-off curves. Second, to describe
frequency-dependent selection, we have to replace Levins’s adaptive function by the more general notion of invasion
fitness. Since fitness contours dynamically vary as evolution proceeds, static contours—a key feature in Levins’s
geometric analysis—are unavailable under frequency-dependent selection. Only when frequency-dependent selection
is absent do the I- and A-boundaries introduced in this article coincide and concur with the contours of Levins’s
static adaptive function.

Compared with Levins’s original classification of evolutionary outcomes (app. B), we must draw attention to two
important changes relative to his conclusions. First, even when trade-off curves are convex, evolution can become
polymorphic: we only need C, < C; < C, (fig. 4D). Second, even when trade-off curves and fitness contours are concave,

evolution can remain monomorphic: we only need C; < C,, C, (fig. 4E).
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