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Abstract 

The paper presents a risk minimization approach to estimate a flexible form that meets a 
priori restrictions on slope and curvature by means of constraints on both the estimated 
parameters and the function values. The resulting constrained risk minimization combines 
parametric and nonparametric estimation and contains integrals and implicit constraints. 
Within econometrics, simulation has become a common tool to solve problems of this 
kind. However, it appears that in our case, the simulation approach only applies when the 
model is linear in parameters, has simple constraints on parameters and a quadratic risk 
function. To deal with other cases, we use a stochastic optimization technique known as 
the stochastic quasi-gradient method for stationary and nonstationary problems with 
Cesàro averaging. This method is also applicable to an expanding series of random 
observations, and produces asymptotically (weakly) convergent estimates.  
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and the projection )(F ⋅Π  is on the interval ]F,0[ . Sequence (3.14) gives a consistent estimate of 

the , and provides an indication of the quality of fit for model (3.1). Other statistics 

that involve the calculation of expectations can be evaluated in a similar way.  

)β(Fmin N
Bβ∈

  
Approximation of the constraint set 
 
In the previous section, we stressed the possibly complex structure of constraint set B , which 
may include inequalities like (2.14a)-(2.14e). Here we present a tractable approximation technique 
to address this difficulty. 
  Suppose that {  is an i.i.d. sample of variable }x,...,x t1 x , obtained during t iterations of 
the stochastic quasi-gradient method. In this case, the function (2.14a) can be approximated by  
 
 ∑ ∂∂= =∈

n
1j jij}x,...,x{x

t
i x)x(hmin)( t1 ββϕ .      

 
By construction  is a convex function and bounded from below: . If  

functions 

)(t
i βϕ )()( i

t
i βϕβϕ ≥

ix) ∂j x(h∂  are continuous on  and {  are sampled from a positive measure 

on , then by the law of large numbers, functions  pointwise converge to 

X }x,...,x t1

)(t
i βϕX )(i βϕ  with 

probability one. However, because of the convexity of  and the separability of )(t
i βϕ nR , the 

function uniformly converges to  )(t
i βϕ )(i βϕ  on any compact set in  with probability one 

(see Rockafellar, 1970).   

nR

 Alternatively, to approximate function  (2.14b), we must, besides { , also 

independently sample the directions (  from the set 

}x,...,x t1

),..., t1 ll }1| ≤+ lr{ ∈=+ lr RL  and evaluate 
the sequence: 
 
 ( )∑ ∑ ∂∂= =∈

n
1j ji iji)},x(),...,,x{(),x(

t x)x(hmin)( tt11 ββϕ l
lll

.  (3.16)   

 
By the same argument as for (2.14a), these functions satisfy , are convex and 
uniformly convergent to 

)()(t βϕβϕ ≥
)(βϕ  with probability one. Functions from (2.14c)-(2.14e) can be 

approximated in a similar way, whereas the function from (2.14f) is linear and need not be 
approximated. Replacing constraint functions by their approximations, we obtain an outer 
approximation  of the original feasible set BBt ⊆ B . If the replaced inequality constraints satisfy 
Slater’s condition, then tB  converges to B  in the sense of  “set convergence” as defined in 
Rockafellar and Wets (1998).  
 The next step is to formulate the stochastic quasi-gradient estimation procedure for this 
specification with a nonstationary feasible set: 
 
 ,  (3.17)  )( t

t
t

B
t

t ξρβΠβ −=

 
If after iteration T , we stop updating set tB  then method (3.17) becomes (3.7) and the results on 
convergence (Theorem 3.1), statistics (3.12) and variance estimate (3.13) apply to (3.17) with B  

 13



 
 
 
 

replaced by TB .  The properties of a fully nonstationary estimation procedure are summarized in 
Theorem A.1 of the Appendix. Remark that sets tB  are defined by a growing system of linear 
inequalities. Projection on tB  amounts to a quadratic programming problem and every previous 
projection can be used as a starting point for the next. It is also possible to apply a technique for 
dropping nonbinding constraints (see, for example, Hiriart-Urruty and Lemaréchal, 1993). 
Therefore, procedure (3.12) is implementable numerically. We also mention that techniques are 
available which avoid solving optimization subproblems at each iteration of the stochastic quasi-
gradient algorithm, such as the constraint aggregation principle (Ermoliev et al., 1997), Polyak’s 
method (Polyak, 1983), and average gradients methods (Mikhalevich et al., 1987). 

)x(

z

z(δ)z(

)z( N
k∑ =

dydx

(g N
θ

(h−)( β

                                                  

  
4.  Parameter estimation on the basis of kernel density distributions 
 
So far, we supposed that the densities  are known. In this section, we apply nonparametric 
(kernel density) estimation to obtain this density and we also consider the alternative problem that 
makes uses of a regression function to estimate the regression function  and the marginal 

density . We show that both approaches are equivalent in case of least squares. 

)y,x(g N

)x(y N

g N

Our approach can be looked at as building on Härdle and Mammen (1993) who propose a test to 
compare the non-parametric and parametric fits. In fact their proposed test function is almost 
identical to our risk function.1 
 We start from the sample of observations { . The empirical 
distribution defined by this sample can be represented by the empirical density: 

}N,...,1k),x,y( kkk ==

 

 ∑ −= =
N

1k
kN )z

N
1G  (4.1) 

 
where z denotes the vector (y, x) and  is the delta-measure concentrated at point . 
Alternatively, for a given smooth kernel density such that K(z)≥0, 

)( kzz −δ kz
∫ =+mrR 1dz)z(K , we have the 

smoothed empirical density: 
  

 )/)zz((K
N

1g 1
k

mr
N −=

+
θ

θθ .  (4.2) 

 
  The corresponding risk minimization problem similar to (3.2) reads: 

 

 B
NN min)x,y(g))'xy(L

2
1F ∈→∫= βθθ β .  (4.3) 

  
There are a number of reasons to use a smooth density  rather than the empirical form 

(4.1). First, at the practical level it is easier to interpret the data pattern on the basis of a smooth 
density than from the spikes of the empirical density that produce a field of “needles”. Second, as 

 goes to infinity the estimated kernel density  uniformly converges to a true density. 

)x,y(g N
θ

)xN ,y

 
1 Härdle and Mammen (1993) draw many samples of fixed size to calculate both a parametric and a nonparametric 
regression and in this way derive an empirical distribution of the risk. Here we only draw one sample from the 
kernel regression but we could repeat the sampling (bootstrapping) and develop similar tests for our estimators. 
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Unlike the empirical density that only converges weakly, i.e. in distribution. Third, smoothing 
suppresses outliers, and interpolates to fill data gaps. Fourth, it helps to avoid singularities in data, 
making it possible to improve the identifiability. Finally, smoothing makes estimators more stable to 
data updating. In a certain sense, smoothing as defined by the choice of kernel and window width, 
implements informal knowledge how the data should actually look like, thus supplementing the 
parametric model that incorporates the a priori information about the relationship between the 
variables. 
 Function (4.3) could be a candidate criterion for risk minimization. However, as in (2.12) 
there is scope for further simplification. Assume that )y(K)x(K)z(K yx= , where , )(K x ⋅ )(K y ⋅  

are also densities. Define the conditional and marginal densities 
 

 )x(g)/)xx((K)/)yy((K
N

1)x|y(g Nk
x

N
1k

k
ymr

N
θθ θθ

θ
−∑ −= =+

  (4.4) 

and 

 )/)xx((K
N

1)x(g N
1k

k
xr

N ∑ −= = θ
θθ . (4.5) 

 
Substituting these in (4.3) yields for 2  2

1)(L ⋅=⋅  : 

 

 dx)x(g dy)x|y(g)'x(hy
2
1)(F NN2N

θθθ ββ ∫ −= .  (4.6) 

 
Hence, it becomes possible, as in (2.12), to reduce (4.3) to 
 

 dx)x(g)'x(h)x(y)x(ydy)x|y(gy2/1)(F N2N2NN2N
θθθθθ ββ ∫ 




∫ −+−=   (4.7) 

 
where  is a given nonparametric regression curve. For given window size 
θ, since the first two terms in (4.7) are constants, this amounts to minimizing  

∫= dy)x|y(yg)x(y NN
θθ

 

 dx)x(g)'x(h)x(y
2
1)(F N2NN

θθθ ββ ∫ −= ,   (4.8) 

 
which means that we must compute the value β  that minimizes the integral square error of deviation 
between the nonparametric function  and the parametric function )x(y N

θ β)'x(h , as in (2.16). We 
can deal with this problem either by calculating the terms of the estimation via Monte Carlo before 
we apply ordinary least squares, or with an SQG-algorithm of  section 3. In case of a more general 
risk function 
 

 dx)x(g))'x(h)x(y(L
2
1)(F NNN

θθθ ββ ∫ −= , (4.9) 

 
ordinary least squares does not apply. In (4.8) and (4.9) we see data smoothing of two types: y-data 
are smoothed via the nonparametric regression curve, and x-data are smoothed via the kernel density 
estimator. As a stochastic quasi-gradient  in (3.7), (3.12) and (3.13) one could use an expression tξ
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similar to (3.8): , where  is sampled from empirical density 

, or expression   with   uniformly sampled 
in

))()()(( tNtttt xyxhxh θβξ −′=

)'x(h)(x(h tttt βξ −=

tx

g)))x(g N
θ )x(x(y tNtN

θθ
tx

X . 

NBmin) ∈→ β

θ
NF ∞

B N →
Mβ

=

,...}t (g N

∑∑ −=
==

N

1
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−
k
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1k

kk ((K/)/)xx((Ky θ )xx /) θ

∑ −=
=

N

1k

k
r )/)xx((K

N
1 θ
θ

K

0g N

)x(g N
θ

,...,x,y{ 11=ω
0=

)x

,...}

(y N
θ

x,y tt

θ

∑=
=

N

1
−

k

k )xkN
0 x(y)x(y δ )k(δ

xx( −δ

5.  Consistency of estimators 
 
In this section, we study the consistency  properties of a sequence of estimators obtained as exact or 
approximate solutions of  
 
 ,  (5.1) N (Fθ β

 
with , defined in (4.3) or (4.9),  an increasing sample size )(β →N  and  0)N( →θ , 

. Below we consider three kinds of solutions for (5.1), one is the set  of optimal 

solutions of (5.1), the other is an approximate solution  obtained after 

B *
NB

M  iterations of the 

SQG-method applied to (5.1), and the third is the corresponding Cesàro average Mβ . In case of 
least squares, we may suppose that the Monte Carlo integration was sufficiently accurate to ensure 
that all three yield more or less the same solution but in the general case where SQG is required, the 
distinction is important. We proceed as follows. Referring to a theorem by Bierens (1988), we 
establish strong point-wise consistency of kernel density and kernel regression estimates. Next, we 
show uniform convergence of the risk functions. Finally, we turn to the consistency of the 
parameter estimates, and prove strong consistency for the case with exact solutions, weak 
consistency for the Cesàro averaging, and weak consistency for the approximate solution in case of 
a quadratic norm. 
 
Strong point-wise consistency of kernel density and kernel regression estimates  
 
We treat the use of the empirical density in (4.3) as a special case with 0θ . The kernel regression 
curve and the kernel density estimate constructed with  the sequence of observations 

sampled from density , have the following forms: x,y,..., t

N )x(yθ , (5.2a) 

N )x(gθ ,  (5.2b)        

where  is a density. Functions  and  are random and depend on the  )x(

path (sequence of observations)  . To unify notations we suppose  
that  (i.e. )(x ) corresponds to the empirical distribution and that  defines an 

empirical regression curve, 

)(0 xy N

 , where 1=xx −   if   and kxx =

0=)k  otherwise.  

First, we consider convergence (consistency) of solutions  of (5.1) to the unique *
NB

solution  of the true estimation problem  *β
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 Bmin)(F ∈→ ββ  , (5.3) 

 
where )(F β  is given by (2.17),  is a convex compact set in . It can be shown that if B nR

0(= )N →θθ  as ∞→N , then  approximates a marginal density )x(g N
θ ∫= mR dy)y,x(g)x(g

)x(g/dy

  

and    approximates the  true regression curve)x(N
θy )y,x()x(y ygmR∫=   

(consistency). Many − weak, strong point wise and uniform − consistency results are available 
(see e.g. Bierens, 1987; Haerdle, 1990).  Here we cite a theorem by Bierens (1988) that 
establishes strong point wise consistency of these estimators. Similar results can be found in 
Nadaraya (1989) and Noda (1976).   
 
Theorem 5.1 (strong point-wise consistency of kernel density and regression estimates, Bierens, 
1988).  
Assume that 
(i)   ∫ =rR 1dx)x(K ,     ∫ ∞<rR dx)x(K ,      ∞<)x(Ksupx ; 

(ii)  ,   ∞<)x(gsupx ∞<)x(g)x(ysupx ,  sup ,   ;  ∫ ∞<dy)y,x(gy4
x ∫ ∞<dydx)y,x(gy4

(iii) ∞<∑∞
=

−−
1t

r32 )N(N θ . 
 
Then, with probability one  at every continuity point of , and  

 at every continuity point of  such  that .◊ 

)x(g)x(glim N
)N(N =∞→ θ )x(g

)x(y)x(ylim N
)N(N =∞→ θ )x(y 0)x(g >

 
Now if we take )x(K  and  to be continuous and to have bounded supports, then 
conditions (i), (ii) of the above theorem are satisfied and we can state the following lemma: 

)y,x(g

 
Uniform convergence of the risk function 
 
Lemma 5.1 (uniform convergence of  risk functions).   
Assume that  
(i)  functions  and  have bounded supports, and )x(K )y,x(g )x(K  is bounded; 
(ii)  functions  and  may be discontinuous only on the set of Lebesgue measure 

zero; 
)x(y )x(g

(iii)  with probability one  at every continuity point of   )x(g

 ; )x(g)x(glim N
)N(0)N(,N =→∞→ θθ

(iv)  with probability one at every continuity point of   and , for ,     )x(y )x(g 0)x(g >

 ; )x(y)x(ylim N
)N(0)N(,N =→∞→ θθ

(v)  and  are continuous. )(⋅h )(⋅L
 
Then, the approximate risk functions  from (5.2) uniformly converge, in every compact )(F N

)N( βθ
nRA⊂ , to the true risk function (2.17): 

  
∫ ′−= rR dx)x(g))x(h)x(y(L)(F ββ . 
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Proof. Fix any . Remark that due to the separability of space , convergence with 
probability one in (iii), (iv) holds not only separately at each point of continuity of  and 

 but jointly for all such points. So we may consider sample paths 

nR∈β rR
)x(y

)x(g 1Ωω∈  such that (iii) 
takes place for all points of continuity of  while (iv) holds at all )x(g x , such that  and )(g ⋅ )(y ⋅  
are continuous at x  and . Thus, the probability measure of the set 0)x(g > 1Ω  equals one. Since 

by assumption (i) and boundedness of )N(θ , all functions  have uniformly bounded 

supports, integral in (5.2) is taken over some bounded set .  Functions  are bounded 

by (i),  is bounded on  by continuity assumption (v), and  are bounded due to 

boundedness of kernel 

)

()N

x(g N
)N(θ

g N
(θ

S )x(yN
)N(θ

)x)x(h S

K . Therefore, integrand  in 

(5.2) is bounded on  and functions   converge point-wise with probability one to 

)x()x(Nϕ = g N
)N(θ))'x(h)x −(y(L N

)N(θ β

S
)'x(h)

)x(Nϕ
)x(g)x(y(L)x( βϕ −= : (a) for all Sx∈  such that  0)x(g =  and g  is continuous at x , 

by (iii),  (b) for all Sx∈  such that   and 0>)x(g g,y  are continuous at x ,  by (iv), (iii), i.e. 
convergence may fail only for points of discontinuity of  or   that are negligible by (ii). 

Now for paths 

)x (y(g )x

1Ωω∈  (i.e. with probability one) convergence of   to )( βF N
)N(θ )(F β  follows 

from the Lebesgue dominance convergence theorem.� 
 
Strong consistency of exact risk minimizers 
 
Not surprisingly, for a sequence of convex optimization problems (5.1) we have convergence of 
exact minimizers . N

NB )(θ

 
Lemma 5.2 (convergence of exact risk minimizers with probability one). If in (5.3) with 
probability one the convex objective functions  converge to the strictly convex 

function

)(F N
)N( βθ

)(F β  (point wise) and feasible sets NB  are monotonically decreasing ( 1NN BB −⊆ ) 
and converge to a nonempty convex compact set B  (in the sense of set convergence of 
Rockafellar and Wets (1998)), then any sequence  of minimizers of (5.1) converges to the 

minimizer  of (5.3) with probability one.◊ 

*
NB

*β
 
Note that by similar arguments, the minimizers of  the problem that use the empirical distribution  
 

 NB

N

1k

kkN
0 min))x(hy(L

N
1)(F

∈=
→∑ ′−=

β
ββ  (5.4) 

 
converge to the minimizer  of **β
 
 BR0 mindxdy)y,x(g))x(hy(L)(F mr ∈→∫ ′−= + βββ . (5.5) 

 
This minimizer differs from problem (5.3) because here the objective function penalizes 
deviations between all y and β)'x(h , whereas (5.3) uses the function y(x) and thus aggregates 
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over all y at given x before penalizing, i.e. it does not penalize for the spread of  y at given x. The 

minimizers  and  coincide in case *β **β 2  
2
1)(L ⋅=⋅

Mβ

, similar to (4.8). 

)

*β

∞N

[ t
N β1 =

y(L∂

F N
N(θ∂

h−∈

x,..., t

t

k

kβ
+

=
∑=

A⊂

)(

1=

NM

τ

) 2N
τρ

 
Weak consistency of Cesàro estimates.  
 
Now consider convergence of SQG-approximations , obtained after a finite number 

 of iterations of SQG-method and corresponding Cesàro estimates N(MM = Mβ , to solutions 

 of problem (5.1). If to apply SQG-iterations to (5.1) infinitely many times one can approach 

to 

*
NB

NB  and hence to  with probability one. The problem is to give a reasonable stopping 
criterion for the number of iterations. Condition (ii) of Theorem 5.2 below gives such minimal 
stopping requirements that  guarantee (weak) convergence of obtained approximations to the true 
value     as .    *β →

 In a general case to approximate the optimum *
NB , , one can 

apply 

)(Fmin)B(F N
)N(B

*
N

N
)N( N βθβθ ∈

=

M stochastic quasigradient iterations: 
 
 , , ]t

tB
t ξρΠβ −+ 11 B∈β M,...,2,1t = , (5.6) 

where  
  ))x(h)x()x( tttN

)N(
tt βξ θ ′−

 
is a stochastic gradient of the function , i.e. the conditional expectation 

, for 

)(F N
)N( βθ

}{)(}x|{E t
)

1t βξ ∈ ⋅∂  denoting a subdifferential of the corresponding 

function. The corresponding Cesàro estimates are of the form 
 

          1t
1t

t
1t

1t

1k k

1

1 k
1t )1( +

++

+

=

+ +−=∑ βσβσρρβ ,    ∑=
+

=
++

1t

1k k1t1t ρρσ .  (5.7) 

 
We can now prove the following consistency properties. 
 
Theorem 5.2 (weak consistency of Cesàro estimates for a general risk function / stopping 
criterion for SQG-method with Cesàro averaging). 
Assume that  
(i) with probability one functions  uniformly converge to a strictly convex function  on 

compact set 

N
)N(Fθ F

nR  and monotonously decreasing feasible sets NB  ( ) converge to a 
nonempty convex compact set ; 

1NN BB −⊆
A⊆B

(ii) number of iterations of SQG-method ∞→)N(M , average step sizes 

0(

1
→= ∑∑ =

M
N ττ

ρρ  and  as ∑ ∞→
=

)N(

1 tρ
M

t
∞→N . Then, the Cesàro estimates 

)N(Mβ  converge in probability to the true estimate  (solution of (5.1)) as . *β ∞→N
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Proof. By Theorem A.1(b) Cesàro estimates )(NMβ  satisfy condition 

 ≤







∑








∑+≤−

==

)N(M

1

)N(M

1

2*
N

12*
N

)N(MN
)N( 2C)B,(distF)(EF

τ
τ

τ
τθ ρρββ  

       0C2)B,(dist N
)N(M

1

*
N

12 →+







∑≤
=

ρρβ
τ

τ . 

Then, 
 +−+−≤− *

N
)N(MN

)N(
)N(MN

)N(
)N(M*)N(M F)(FE)(F)(FEF)(EF ββββ θθ   

0FF **
N →−+ , 

and hence sequence *)N(M F)(F −β  converges to zero in probability. By continuity, for any 

0>ε  there exists 0)( >εγ  such that  whenever distance . 
Thus, probability 

)(F)(F * εγβ ≥− εββ ≥),( *dist

 0)}(F)(F{P}),(dist{P *)N(M*)N(M →≥−≤≥ εγβεββ .� 
 
Weak consistency of SQG  
 
We only prove consistency for the quadratic case. Condition (vi) of Theorem 5.3 below gives a 
minimal (stopping) requirement on the number of iterations  of SQG-method to guarantee 

(weak) convergence of obtained approximations to true value  as 

)(NM
*β ∞→N . 

 
Theorem 5.3 (weak consistency of SQG-estimates in case of quadratic risk function). 
Assume that  
(i) with probability one functions  uniformly converge to a strictly convex function  on 

compact set 

N
)N(Fθ F

nRA ⊂  and monotonously decreasing feasible sets NB  ( ) converge to 
a nonempty convex compact set ; 

1NN BB −⊆
AB ⊆

(ii) H)x(h t ≤ ,       m)'x(h)x(h tt ≤ ,         22
t N≤ε ; 

(iii) 2tt L)'x(h)x(h' βββ ≥  for all , where  are positive constants. lR∈β NLmH ,,,
Suppose that  
(iv)  step sizes tρ ,  t , in procedure (5.6) satisfy conditions )N(Mt0 ≤≤

   2t m3
L

t
R

t
r

≤≤≤ αα ρ ,     0 }2,1min{ Lr≤<α ,  

where α,,, bRr  are deterministic positive constants;  
(v)  number of iterations of SQG-method ∞→)N(M  as  ∞→N . 

Then, SQG-estimates  converge in probability to the true estimate  (solution of (5.1)) 
as . 

)N(Mβ *β
∞→N

 
Proof. By (i) sets  are uniformly bounded for sufficiently large , hence  NB N b*

N
t ≤− ββ  for 

 and some constant . By Theorem A.2  0NN ≥ b
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)N(M

QE
2*

N
)N(M

α
ββ ≤− ,      }3,max{

222
2

α−
=

Lr
NmRbQ ,      ,  (5.8) 0)( tNM ≥

and 0*
N

)N(M →− ββ  in probability as ∞→N  . By Lemma 5.2 0**
N →− ββ  with 

probability one (and hence in probability) as ∞→N .  
Since **

N
*
N

)N(M*)N(M ββββββ −+−≤−  then  0*)N(M →− ββ  in probability as 

. �  ∞→N
 
6. Conclusion 
 
We have described a risk minimization approach to estimate a flexible form that meets a priori 
restrictions on slope and curvature by means of constraints on both the estimated parameters and the 
function values. The resulting constrained risk minimization combines parametric and 
nonparametric estimation and contains integrals and implicit constraints. We found that the 
simulation approach, which is common in econometrics, only applies when the model is linear in 
parameters, has simple constraints on parameters and a quadratic risk function. To deal with other 
cases, we use a stochastic optimization technique known as the stochastic quasi-gradient method 
with Cesàro averaging. This method is also applicable to an expanding series of random 
observations, and produces asymptotically (weakly) convergent estimates.  
 With respect to further research, formulation of tests on parameters and predictions would 
be a first priority and for this the simulation approach of Härdle and Mammen (1993) discussed in 
section 4 would seem practicable. Furthermore, building on the nonstationary version presented in 
section 3, serial correlation between observations could be allowed for.   
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Appendix: Mathematical background 
 
The following lemma is a stochastic version of the Lyapunov function method for discrete time 
stochastic processes and is used to prove convergence of SQG-estimates. 
 
Lemma A.1 (Ermoliev and Norkin, 1998).  
Let , 0vt ≥ 0t ≥ρ , w , t tγ , , be a sequence of random variables (scalars). Suppose that 

each of the following conditions is fulfilled with probability one: 

1t ≥

 
  (i)  ,wvv tttt1t γρ +−≤+     all ;                                                                          1t ≥

  (ii)  lim ,0tt =ρ       ;                                                                                  ∑ +∞=
∞

=1t tρ

  (iii)  ;                                                                                                     

      

+∞<∑+
∞

=1t ttv γ

  (iv)  for any {  if  then lim                                   }ts ∞→ 0vinflim
sts > 0winf

sts >

  (v)  for any {  if }ts ∞→ +∞<
sts vsuplim  then lim .                       +∞<|w|sup

sts

Then, , with probability one. ◊ 0vlim tt =

 
The next lemma establishes the rate of convergence to zero for sequences satisfying some 
recurrent inequality. 
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Lemma A.2 (Katkovnik, 1976, p.282).  
Let {  be a sequence of nonnegative numbers such that 

0
} tttv ≥

  (i)  
γαα

ρ
++ +








−≤

t
Cv

t
1v t1t ,   +∞<1v ;     

  (ii)  10 ≤<α ,   ργ <<0 ,    . 0>C
Then,  

 
γt

Qvt ≤ ,      }C,vmax{
0t αρ −

=Q ,     t .◊ 0t≥

 
Lemmas A.1 and A.2 are used in the proofs of Theorems A.1 and A.2, respectively.  
 
Theorem A.1 (convergence of stochastic quasi-gradient method and corresponding Cesàro 
sequence). 
Let  
(i) convex functions (F t  uniformly converge to function )β )(F β  on some compact set 

nRA ⊂ , 
(ii) monotonic (decreasing) sequence of convex compact sets }ABB{ 1tt ⊂⊆ −  
 converges to a compact set  AB ⊆ ; 
(iii) sequence of approximations { tβ is constructed by stochastic quasi-gradient method: }

 ,      ,      t)]([ tt
t

t
B

1t
t βξρβΠβ −=+ 11 B∈β ,...2,1=  ,                                    

with stochastic quasi-gradients  such that  and  )( tt βξ )(F}|)({E ttttt βββξ ∂∈

C)( tt ≤βξ , adjustment coefficients 0≥tρ  are measurable with respect to .   },...,{ t1 ββσ

Then,  
(a) for adjustment coefficients such that 0≥tρ  a.s.,  a.s. , , with 

probability one, the sequence  converges to 

∑ ∞=∞
=1t tρ

(Fminarg B

∑ ∞<∞
=1t

2
tE  ρ

tβ )ββ∈  and 

; )(Fmin)(Flim B
t

t ββ β∈=

(b) for any nonnegative deterministic adjustment coefficients tρ , the Cesàro sequence 

 ∑∑=+−= ==
− t

1
t

1
t

t
1t

t
t )1( τ ττ

τ
τ ρβρβσβσβ ,                                              

satisfies estimates 









∑








∑ −+∑+≤−

==
∈

=

t

1

t

1 A

t

1

212t 2)(F)(FmaxE2C*)B,(Ed*F)(EF
τ

τ
τ

τ
βτ

τ
τ ρββρρββ  

where bmin*)B,(d *Bb −= ∈ ββ  . 

 
Proof. The proof of statement (a) is based on sufficient conditions from Lemma A.1 for 
convergence to zero of a nonnegative sequence of random variables with probability one. Let  
be the set of minimizers of 

*B
F  on , B *B*∈β  and *)(F*F β= . Denote  and the )( ttt βξξ =
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conditional expectation by }|)({E tttt ββξξ = . As Ct ≤ξ  by assumption, it follows that 

Ct ≤ξ . Since *β  belongs to all ,  tB

− tρ
2

*β

− 2

2−

tF− * −

tF(tβ

(F β

t )

)βAβ∈

( tβ

( β

( β

d) ≤

)t

tγ+

} ∑
∞

=t

t (1 ) ρ

1=

≤

+1tβ (2
τ

( τβ(EF β

 =−−≤−=−+ 2t
t

t2tt
B

1t **][t ξρβββξβΠβ  

         =+−−=
2t2

t
tt

t
2t *,* ξρββξρββ  

                
2t2

t
ttt

t
tt

t
2t *,2*,* ξρββξξρββξρββ +−−+−−= . 

By convexity 
 tttt ,)(*)(F ββξββ ≥ , 

and, therefore, 
2t2

t
ttt

t
tt

t
221t *,2))(F*)(2** ξρββξξρββρβββ +−−+−+−≤−+  

    +−−+−+ *,2))(F*)(2* ttt
t

t
t

2
ββξξρβρβ−≤ tβ  

    
2t2

t
t

t
tt *)(F*)(F2(F)( ξρββρββ +−+−t F2ρ+ . 

Denote (F)(Fsup tt β∆ −= . Now let us introduce function bd Bb −= ∈ ββ *min)(  and 

choose  such that *
tβ )d*

t
t ββ =− . Then, )(d 1t*

t
1t ++ ≤− βββ  and we obtain inequality 

 *
t

ttt2
t

2t
t

t
t

t1t ,C4*)F)F(2)((d ββξξρ∆ρρββ −−+++−−+ .  (A1) 

Denote ν , , (t d β= t
tt

t C4))F*F(2w ρ∆ ++−= *
t

ttt
tt ,2 ββξξργ −−= .  Thus, 

,wvv ttt1t ρ−≤+

{ t

    all t . Sequence {  constitutes a martingale with respect 

to a sequence of σ-algebras  generated by . By assumptions (iii) and (a), 

martingale 

1≥

tF

}
t

1t ∑=
=τ

τγµ

,x,...,y,x{ t11 }yt

µ  a.s. converges, i.e.  a.s. Quantities +∞<
1 tγ tttt ,,w, γρν  satisfy conditions of 

Lemma A.1, hence { }tν  converges to zero with probability one. Since convergence with 

probability one is preserved under continuous transformations, lim  a.s. *F) =(F t
t ∞→ β

 To prove assertion (b) we follow Nemirovski and Yudin (1983). Taking expectations from 
both sides of (A1), we obtain 
 22CE4*)F)(EF2)(Ed(Ed τ

τ
τ

τττ ρ∆ρβββ ++−−+ . 

Summing these inequalities from τ  until , we get t

 . ∑+∑+∑−∑−≤≤
====

t

1

2
t

2t

1

t

1

t

1 t
1 CE4)*F)(EF)(Ed)(Ed0

τ

τ

τ
τ

τ
τ

τ ρ∆ρρβρβ

By convexity, ∑∑≤
==

t

1

t

1
t

t )EF)
τ

τ
τ

ρρ . Finally we obtain 

 







∑








∑+∑+≤−

===

t

1

t

1

2
t

2t

1

1t 2CE4)(Ed*F)(EF
τ

τ
τ

τ

τ
τ ρρ∆ρββ � 
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Theorem A2 (rate of convergence of SQG-method in case of quadratic risk function). Assume 
that B is a convex set and  for all : t
(i) Hxh t ≤)( ,       m)'x(h)x(h tt ≤ ,         22 Nt ≤ε ; 

(ii) 2tt L)'x(h)x(h' βββ ≥  for all ,  lR∈β

where  are positive constants. Suppose that for all t , NLmH ,,, 0t≥

(iii) b*
N

t ≤− ββ ;  

(iv)  23m
L

t
R

t
r

t ≤≤≤ αα ρ ,     0 1≤< α ,       Lr20 << α ;  

where α,,, bRr  are deterministic positive constants.  Then, 

 
α

ββ
t
QE

2*
N

t ≤− ,      }
Lr

NHR3,bmax{
222

2
α−

=Q ,      t . 0t≥

 
Proof. The following estimates hold true 

2**2*1 )])()'()(([ tN
tt

t
t

ttN
t

N
t xhxh εββρββββ −−−−≤−+  

       t
t

tN
t

tN
tt

t
t

tN
t

tN
t xhxhxh εββρββββρββ )'()(2)()'()()'(2 ***2* −+−−−−≤         

++−+ 2222*22 )(3)'()((3        t
t

ttN
tt

t
t

tt xhxhxh ερββρ  

    +−−−−≤ )()'()()'(2    **2*
N

tt
t

t
tN

t
tN

t xhxh ββββρββ  

≤+−+−+ 2222*22* 3 3m)'()(2        tt
t

tt
t

tN
t

t NHxh ρββρεββρ  

  
222*

2*22*

3)()'(2

)32(

tt
t

tt
t

t

t
t

ttt
t

NHxh

mL

ρεββρ

ββρρββ

+−+

+−−−−≤
.        (A2)     

 
From (A2) by (iii), (iv) for all we have  t

 αα εββρββββββ 2

222
*2*2*2*

1
1 3)()'(2

t
RNHxhL

t
r

t
t

tt
t

tt
t

t
t

t
t +−+−−−≤− +
+ . 

Taking expectations from both sides of this inequality and denoting 
2*

t
t

t Ev ββ −= , for all  

,  we get 0tt ≥

α21 )1(
t
Cv

t
Lrv tat +−≤+ ,         .                                                      2223 RNHC =

Then, by Lemma A.2 for },1min{0 Lr<<α  we have 

 αt
Qvt ≤ ,      },max{

0 α−
=

Lr
CvtQ .� 

 
This theorem estimates the mean rate of progress of method (4.10) for all t. To estimate the rate of 
convergence we can strengthen (iii) to require boundedness of B . Step sizes tρ  can be random 

but by (iv) lie within deterministic bounds (note that ).  ∑ +∞∞=
=

T
tt t0
ρ =
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